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Various investigators such as Khan (1974), Chandra (2002), and Liendler (2005) have determined
the degree of approximation of 2sr-periodic signals (functions) belonging to Lip(a,r) class of
functions through trigonometric Fourier approximation using different summability matrices with
monotone rows. Recently, Mittal et al. (2007 and 2011) have obtained the degree of approximation
of signals belonging to Lip(a,r)- class by general summability matrix, which generalize some
of the results of Chandra (2002) and results of Leindler (2005), respectively. In this paper, we
determine the degree of approximation of functions belonging to Lipa and W(L", ¢(t)) classes
by using Cesaro-Norlund (C' - N,) summability without monotonicity condition on {p, }, which
in turn generalizes the results of Lal (2009). We also note some errors appearing in the paper of Lal
(2009) and rectify them in the light of observations of Rhoades et al. (2011).

1. Introduction

For a given signal (function) f € L" := L"[0,2x], r > 1, let

n

su(f) =sa(f;x) = (%) +i(akcoskx+bksinkx) = > u(f;x) (1.1)

k=1 k=0

denote the partial sum, called trigonometric polynomial of degree (or order) n, of the first
(n + 1) terms of the Fourier series of f. Let {p,} be a nonnegative sequence of real numbers
such that P,(= >} _,pk#0) — wasn — coand P.; =0 =p_;.
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Define
No(f) = Nalfi) = P 3 prssi(f33), W20, 12
k=0

the Norlund (IN,) means of the sequence s,(f) or Fourier series of f. The Fourier series of
f is said to be Norlund (N,) summable to s(x) if N, (f;x) — s(x) as n — oo. The Fourier
series of f is called Cesaro-Norlund (C' - N,p) summable to S(x) if

n k
tN(f) = (n+ 1) D P preisi(fix) — S(x) as n— oo (1.3)

k=0 i=0

We note that N, (f) and t$NV (f) are also trigonometric polynomials of degree (or order) .
Some interesting applications of the Cesaro summability can be seen in [1, 2].
The L"-norm of signal f is defined by

1/r
= (o [ 1rlra)  asree, A= s sl 09

2ir x€[0,20r]

A signal (function) f is approximated by trigonometric polynomials T,,(f) of degree n, and
the degree of approximation E,(f) is given by

Eu(f) =Min||f (x) - T.(f) - (1.5)

This method of approximation is called trigonometric Fourier approximation.

A signal (function) f is said to belong to the class Lip ar if | f (x + ) — f(x)| = O(|t|*),0 <
a<1,and f € Lip(a,7) if [|[f(x +t) = f(x)|l, = O(|t|*),0 <a<1,r > 1.

For a positive increasing function ¢(t) and r > 1, f € Lip(&(t),r) if || f(x +t) — f(x)]], =
O (1)), and f € W(L", &) if | [f(x + 1) — F()]sinf (x/2)]l, = O (1), p > 0.

If p = 0, then W(L",¢(t)) reduces to Lip(é(t),r), and if é(t) = t* (0 < a < 1), then
Lip(¢(t), r) class coincides with the class Lip(a, r). Lip(a,7) — Lipaforr — oo.

We also write

Plx,t) =P(t) = f(x+1t) + f(x—1) —2f(x),
- sin(k—i+1/2)t (1.6)
Kt = 5= 1)Z 112 sin(t/2)

T = [1/t], the greatest integer contained in 1/t, P, = P[1/t], Api = px — Pr+1-

2. Known Results

Chandra [3] and Khan [4] have obtained the error estimates ||N,,(f; x) — f(x)[|, = O(n™) in
Lip(a, r) class using monotonicity conditions on the means generating sequence {p,}, which
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was generalized by Leindler [5] to almost monotone weights {p,} and by Mittal et al. [6] to
general summability matrix. Further, Mittal et al. [7] have extended the results of Leindler
[5] to general summability matrix, which in turn generalizes some results of Chandra [3] and
Mittal et al. [6]. Recently, Lal [8] has determined the degree of approximation of the functions
belonging to Lip a and W (L",¢(t)) classes using Ceséro-Norlund (C! - Np) summability with
nonincreasing weights {p, }. He proved the following theorem.

Theorem 2.1. Let N, be a regular Norlund method defined by a sequence {p, } such that

n

Py P =0(n+1). (2.1)
k=1

Let f € L'[0,2x] be a 2or-periodic function belonging to Lipa (0 < a < 1), then the
degree of approximation of f by C! - N, means of its Fourier series is given by

O((n+1)™), O<a<l,
sup t<N (x) —f(x)| = ||t5N - f“w = O<log(n + 1)ﬂ'€> _1 (2.2)
x€[0,2r] W , a=1.

Theorem 2.2. If f is a 2or-periodic function and Lebesgue integrable on [0, 2] and is belonging to
W (L",¢(t)) class, then its degree of approximation by C' - N, means of its Fourier series is given by

N - f| =o(m+1fVre(m+ 1)), (2.3)
provided &(t) satisfies the following conditions:

{@} be a decreasing sequence, (2.4)

VD) /|t [sinft\ W_ -1 25
U (M) @ =o(e), ~
x IGIAY m_ 5 2.6
o (557 1} =0(0) -

where & is an arbitrary number such that s(1-86) -1>0,r ' +s71 =1,1 < r < oo, conditions (2.5)
and (2.6) hold uniformly in x.

Remark 2.3. In the proof of Theorem 2.1 of Lal [8, page 349], the estimate for a = 1 is obtained

as
O( 1 ) +O<log(n+1)yr> _ O(loge) +O<log(n+1)m'> _ O(log(n+1)yz'e>.
n+1 n+1 n+1 n+1 n+1

2.7)
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Since 1/(n + 1) < log(n + 1)ar/(n + 1), the e is not needed in (2.2) for the case a = 1 (cf. [9,
page 6870]).

Remark 2.4. (i) The author has used monotonicity condition on sequence {p,} in the proof of
Theorem 2.1 and Theorem 2.2, but not mentioned it in the statements. Further in condition
(2.4), {&(t)/t} is a function of t not a sequence.

(ii) The condition (2.5) of Theorem 2.2 leads to the divergent integral jgl/ (1) =(p+1)s g
ase — Oand p > 0 [8, page 349]. Also in [8, pages 349-350], the author while writing the
proof of Theorem 2.2 has used sint > 2t/ in the interval [1/(n + 1), o], which is not valid
fort =r.

3. Main Results

The observations of Remarks 2.3 and 2.4 motivated us to determine a proper set of conditions
to prove Theorems 2.1 and 2.2 without monotonocity on {p, }. More precisely, we prove the
following theorem.

Theorem 3.1. Let N, be the Norlund summability matrix generated by the nonnegative sequence
{pn}, which satisfies

(n+1)p, =O(P,), VYn>0. (3.1)

Then the degree of approximation of a 2or-periodic signal (function) f € Lip a by C' - N, means of its
Fourier series is given by

ox O(n™), O<a<l,
N () - f@)| = O(lc)%) 1 (32)

Theorem 3.2. Let the condition (3.1) be satisfied. Then the degree of approximation of a 2sr-periodic
signal (function) f € W(L',é(t)) with0 < < 1-1/r by C' - N, means of its Fourier series is given
by

5400 -], =0 (#4(3)) o

provided positive increasing function &(t) satisfies the condition (2.4) and

=/ p]sinfe/2)\" )" a4
{fo <—§(t) >dt} o), (34)

= (el )
{L/n<§(—t)> dt} =0(n"), (3.5)
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where 6 is an arbitrary number such that s(p—6) -1 >0, rl+st=1,r>1, conditions (3.4) and
(3.5) hold uniformly in x.

Remark 3.3. For nonincreasing sequence {p, }, we have

P, = Zpk > pn21 = (n+1)p,, thatis, (n+1)p, = O(P,). (3.6)
k=0 k=0

Thus condition (3.1) holds for nonincreasing sequence {p,}; hence our Theorems 3.1 and 3.2
generalize Theorems 2.1 and 2.2, respectively.

Note 1. Using condition (2.4), we get(n/mr)¢(or/n) < né(1/n).

4. Lemmas
For the proof of our Theorems, we need the following lemmas.

Lemma 4.1 (see [10, 5.11]). If {pn} is nonnegative and nonincreasing sequence, then for 0 < a <
b < 00,0 <t <orand forany n

b

Zpk JRICET

k=a

_jo(p()), forany a,
) {O(f_lpu), for a>tt. 4.1)

Lemma 4.2 (see [8, page 348]). For 0 <t <ur/n, K(n,t) = O(n).

Lemma 4.3. If {p,} is nonnegative sequence satisfying (3.1), then for xn~' <t <,

t2 _
K(n,t) =o<m> +o(t 1). (4.2)

Proof. We have

1 n q k . 1
2Jr(n+1)sin(t/2)kgopk %”VSI“("_”E)”L

L S S PR 1 4.3)
) 2or(n+ 1) sin(t/2) <kz_0+ Z ><P’< 1ZPr5m<k—r+ §)t>

k=T+1 r=0

K(n,t) =

= Ki(n,t) + Ky(n, t), say.

Now, using (sinif/Z)_1 <uar/t for0 <t <, we get

o\ © gL Tt $2
IK1(n, t)| = O<(n+1) t )kZ<Pk %p,) =o<m> =o<m>. (4.4)

=0
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Using (sint/2)™" < zr/t, for 0 < t < or and changing the order of summation, we have

|K2(n, t)| = O<t_1(n + 1)71)

= O<t_1(n + 1)*1)

Z P 1Zprsm<k r+ )
k=7+1 r=0

T+1 1

>pr Z P~ Sln( —r+ E)t (4.5)

r=0 k=1+1

+ZprZPk s1n<k r+ >

r=r+1

Again using (sint/ 2)’1 <o/t for 0 <t < o, Lemma 4.1, (in view of P, being positive and

Pu <P, forallm>0)and t7' < 7+ 1, we get
T+1
> = ( £ P )Zpr = <_>

T+1 7+1
ZPT Z P sm<k r+ = > <Zp,
(4.6)

r=0  k=r+1

Z P leikn

r=0 k=T+1

Using Abel’s transformation, we get

iPklsin<k r+ = ) nzl<APk )Zsm(k j+ )

k=r =r

r=1
+P, Zsm(k ]+1>t—Pr_1Z(;sin<k—j+%>t (4.7)
]:

j=0

o) Erler) o))

in view of (sir1t/2)_1 <ua/t for0<t<uand P, > P,_1 for all n > 0.
Combining (4.5)-(4.7), we get

-2 -1 S -1 -1
|Ka(n,t)] = ( (n+1) )<1+r§+1pr<Pn +P, >>
o g £(0))
) (4.8)
=o(*(m+1) 1)<1+ Z(r+1)-1>
r=7+1

<0357 (1-0(35)) o) ro(r),

inview of (3.1)and 7 <1/t < (T +1).
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Finally collecting (4.3), (4.4) and (4.8), we get Lemma 4.3.

Proof of Theorem 3.1. We have

1 (7 /si 1/2
(D) =) = 2 | (T )b

Denoting C' - N, means of {s,(f)} by t$™V(f), we write

™ Lo e (sin(k—i+1/2)t
.[0 PO 2P ZJ’( Sin(t/2) >"”

N6 =50 = (505 )

ar/n T
< f |¢p(t) K (n, t)|dt +f |p(H)K (n,t)|dt = I + I, say.
0 r/n
Now, using Lemma 4.2 and the fact that f € Lipa = ¢(t) € Lip a [10], we have
T/n
I = O(n)f t*dt = O(n™").
0

Using Lemma 4.3, we get

i a t_z -1 _
I, = O{j”/nt <(Tl+ ) +t >di’} =0(Iyn) + O(Izz),say,

where

b O(n™), O<a<l,
ILy=m+1)" t572dt = O(logn)

a/n =
/ n

7

T . T . O(Tliu), O<a<l,
Iy = e [ —t*dt ) = .
2 Iﬂ/n d O<f.7r/n nt d) O<10gn>/ [X=1,
n
Collecting (4.10)—(4.13) and writing 1/n < (logn)/n, for large values of 1, we get

o™, O<a<l,
fSN(f)—f(x)|= of logn
57

, a=1.

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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Hence,
O(n™), O<ax<l,
th(f)—f(x)” = sup t,EN(f)—f(x)|= logn (4.15)
©  xe[027] o(——), a=1
n
This completes the proof of Theorem 3.1. O
Proof of Theorem 3.2. Following the proof of Theorem 3.1, we have
ar/n T
tSN(F) - f(x) = d(t)K(n, t)dt + d(t)K(n, t)dt = I + I, say. (4.16)
0 r/n

Using Holder’s inequality, ¢(t) € W(L",¢(t)), condition (3.4), Lemma 4.2, and (sint/ 2)7' <
a/t, for 0 < t < ar, we have

| pwsin(t/2) &K (n,t)
15l = Io gty sinf(t/2) dt
ar/n . r 1/r x/n s 1/s
< J' P()sin’(t/2) dt limj / §(f)K(n,t) dt
0 é(t) e=0), sinf(t/2) @17)

o[ () 4) " -o(s(3)) (mf7)
o3 -o( (),

in view of the mean value theorem for integrals, 7! + s~ = 1 and Note 1.
Similarly, using Holder’s inequality, Lemma 4.3, |sin(t/2)| < 1, (sin(t/2))™" < x/t,
condition (3.5), and the mean value theorem for integrals, we have

L] = o< . b(t) (t-z(n +1)7 t‘1>dt> = O(Iy) + O(Iy), say, (4.18)

a/n
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where

a/n é(t) 12-65inf (t/2)
= O<n—1> <E/n <t6§|Z§t)| >rdt>1/r (L:n <t§_(5tzﬂ>sdt>l/s
ol ([ (A22) )
= O(nﬁ—l <%>§<%>> (I:/” y(1—6+ﬁ)s_2dy>1/s
= O(nﬁ‘;(%)nl—mﬂ—l/s) _ O<§<%>nﬂ+l/r>’

_(r L [T E0Msinf(t/2) ()
Ip = ”/nd’(t)t dt_fm 0 T (172)

-o([L.f @) ([ sl
o7 | ) ([ el )
<n6> <H//: <§(;/1yp)> yzdy>l/s
< .5+1> >< ﬂy(ﬂ—ﬁ)s—zdy>l/s

T
B )

. < Jr/ SO+ 1)’1dt> _ O((n+ 1),1> (J‘JF t0¢p(t)sin (t/2) ;(t) dt>

dt

6¢(t)smﬂ(t/2)
O

¢(t)
1-6+p

(4.19)

in view of increasing nature of y¢(1/y), r™! +s! = 1, where &1, & lie in [r~}, nr!], and Note

1.
Collecting (4.16)—(4.19), we get

=0 <nﬂ+1/ g(%) ) (4.20)
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Hence,

N () —f(x)'rdx>1/r = o(nl’“/rg(%)). (4.21)

N () - £ - (i [

27T

This completes the proof of Theorem 3.2. O

5. Corollaries
The following corollaries can be derived from Theorem 3.2.
Corollary 5.1. If p = 0, then for f € Lip(&(t),r), |tSN(f) = f(x)||, = O(n'/7¢(1/n)).

Corollary 5.2. If f=0,¢(t) =t* (0 < a < 1), then for f € Lip(a,r) (a > 1/7),

N = f = 0(n7). (5.1)

Corollary 5.3. If r — oo in Corollary 5.2, then for f € Lipa(0 < a < 1), (5.1) gives

N (F) - f )| = o). (52)

6. Conclusion

Various results pertaining to the degree of approximation of periodic functions (signals)
belonging to the Lipchitz classes have been reviewed and the condition of monotonocity
on the means generating sequence {p,} has been relaxed. Further, a proper set of conditions
have been discussed to rectify the errors pointed out in Remarks 2.3 and 2.4.
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