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We show that the quantum family of all maps from a finite space to a finite-dimensional compact
quantum semigroup has a canonical quantum semigroup structure.

1. Introduction

According to the Gelfand duality, the category of compact Hausdorff spaces and continuous
maps and the category of commutative unital C*-algebras and unital *-homomorphisms
are dual. In this duality, any compact space X corresponds to C(X), the C*-algebra of all
continuous complex valued maps on X, and any commutative unital C*-algebra corresponds
to its maximal ideal space. Thus as the fundamental concept in noncommutative topology, a
noncommutative unital C*-algebra A is considered as the algebra of continuous functions on
a symbolic compact noncommutative space QA. In this correspondence, *-homomorphisms
® : A — B interpret as symbolic continuous maps Q® : QB — QA. Since the
coordinates observable of a quantum mechanical systems are noncommutative, some-times
noncommutative spaces are called quantum spaces.

Woronowicz [1] and Sottan [2] have defined a quantum space QC of all maps from
0B to QA and showed that C exists under appropriate conditions on A and B. In [3], we
considered the functorial properties of this notion. In this paper, we show that if QA is a
compact finite dimensional (i.e., A is unital and finitely generated) quantum semigroup, and
if OB is a finite commutative quantum space (i.e., B is a finite dimensional commutative
C*-algebra), then QC has a canonical quantum semigroup structure. In the other words, we
construct the noncommutative version of semigroup ¥(X, S) described as follows.

Let X be a finite space and S be a compact semigroup. Then the space F(X, S) of all maps from
X to S is a compact semigroup with compact-open topology and pointwise multiplication.
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In Section 2, we define quantum families of all maps and compact quantum semi-
groups. In Section 3, we state and prove our main result; also we consider a result about
quantum semigroups with counits. At last, in Section 4, we consider some examples.

2. Quantum Families of Maps and Quantum Semigroups

All C*-algebras in this paper have unit and all C*-algebra homomorphisms preserve the units.
For any C*-algebra A, I4 and 14 denote the identity homomorphism from A to A, and the
unit of A, respectively. For C*-algebras A, B, A ® B denotes the spatial tensor product of A
and BIf®: A — Band @ : A’ — B’ are *-homomorphisms, then®9®': A9 A’ - Be B
is the *-homomorphism defined by ® @ @'(a® a') = D(a) @ D'(a’) (a€ A, a’ € A').

Let X, Y, and Z be three compact Hausdorff spaces and C(Y, X) be the space of all
continuous maps from Y to X with compact open topology. Consider a continuous map f :
Z — C(Y, X). Then the pair (Z, f) is a continuous family of maps from Y to X indexed by f
with parameters in Z. On the other hand, by topological exponential law we know that f is
characterized by a continuous map f 1Y x Z — X defined by f (y,2) = f(2)(y). Thus (Z, f )
can be considered as a family of maps from Y to X. Now, by Gelfand’s duality we can simply
translate this system to noncommutative language.

Definition 2.1 (see [1, 2]). Let A and B be unital C*-algebras. By a quantum family of maps
from OB to QA, we mean a pair (C,®), containing a unital C*-algebra C and a unital *-
homomorphism ®: A — B®C.

Now, suppose instead of parameter space Z we use C(Y, X) (note that in general this
space is not locally compact). Then the family

_ 2.1)
Id: C(Y,X) — C(Y,X) (Id [CY,X)xY —>X>

of all maps from Y to X has the following universal property.
For every family f : ZxY — X of maps from Y to X, there is a unique map f : Z —
C(Y, X) such that the following diagram is commutative:

ZxY—f> X

J/f x Idy
id b

cX)xy—1d

(2.2)

Thus, we can make the following definition in noncommutative setting.
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Definition 2.2 (see [1, 2]). With the assumptions of Definition 2.1, (C, @) is called a quantum
family of all maps from QB to QA if for every unital C*-algebra D and any unital *-
homomorphism ¥ : A — B ® D, there is a unique unital *-homomorphism I' : C — D
such that the following diagram is commutative:

4—=2 5 Bec

lha@r (2.3)
A ¥ o BepD

By the universal property of Definition 2.2, it is clear that if (C,®) and (C',®') are
two quantum families of all maps from QB to QA, then there is a *-isometric isomorphism
between C and C'.

Proposition 2.3. Let A be a unital finitely generated C*-algebra and B be a finite dimensional C*-
algebra. Then the quantum family of all maps from QB to QA exists.

Proof. See [1] or [2]. O

Definition 2.4 (see [2, 4-6]). A pair (A, A) consisting of a unital C*-algebra A and a unital
*-homomorphism A : A — A ® A is called a compact quantum semigroup if A is a
coassociative comultiplication: (A ® I4)A = (Ia ® A)A.

A *-homomorphism A : A — A ® A induces a binary operation on the dual space
A* defined by 7o = (7 ® 0)A for 7,0 € A*. Now, suppose that S is a compact Hausdorff
topological semigroup. Using the canonical identity C(S) ® C(S) = C(S x S), we define
a *-homomorphism A : C(S) — C(S) ® C(S) by A(f)(s,s') = f(ss') for f € C(S) and
s,s' € S. Then A is a coassociative comultiplication on C(S) and thus (C(S), A) is a compact
quantum semigroup. Conversely, if (A, A) is a compact quantum semigroup such that A
is abelian, then the character space of A, with the binary operation induced by A, is a
compact Hausdorff topological semigroup [7]. It is well known that a compact semigroup
with cancellation property is a compact group [8, Proposition 3.2]. Analogous cancellation
properties for quantum semigroups are defined as follows.

Definition 2.5. Let (A, A) be a compact quantum semigroup.

(i) (see [5]) (A, A) has left (resp., right) cancellation property if the linear span of {(b®
1)A(a) : a,b € A} (resp., {(1®@b)A(a):a,be A})isdensein A® A.

(ii) (see [5]) (A, A) has weak left cancellation property if, whenever 7,0 € A* are such
that (tra)o =0 forall a € A, we must have 7 = 0 or 0 = 0. Similarly, (A, A) has weak
right cancellation property if, whenever 7(ca) = 0 forall a € A, we must have 7 =0
oro =0.

(iii) (see [2]) A left (resp., right) counit for (A, A), is a character € on A (a unital *-
homomorphism e : A — C), satisfying (e ® [4)A =14 (resp., (In ® €)A =14). A left
and right counit is called (two-sided) counit.

In the above definition the functionals 7a and ar are defined by Ta(x) = 7(ax) and
at(x) = t(xa).
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Remark 2.6. In [4], counits are characters on special dense subalgebras of compact quantum
groups. These subalgebras are constructed from finite dimensional unitary representations
of compact quantum groups. In this paper we mainly deal with quantum semigroups and
since it is not natural to define unitary representations for (quantum) semigroups, we use the
above notion for counits.

It is clear that the left (resp., right) cancellation property implies weak left (resp., weak
right) cancellation property. The converse is partially satisfied [5, Theorem 3.2]:

Theorem 2.7. Let (A, A) be a compact quantum semigroup. Then (A, A) has both left and right
cancellation properties if and only if it has both weak left and weak right cancellation properties.

Definition 2.8 (see [4, 5, 8]). A compact quantum semigroup with both left and right
cancellation properties is called compact quantum group.

Again consider compact semigroup S and its corresponding compact quantum
semigroup (C(S), A) defined above. Using Proposition 3.2 of [8], it is easily proved that S
is a compact group if and only if (C(S), A) is a compact quantum group.

3. The Results
In this section, we state and prove the main result.

Theorem 3.1. Let (A, A) be a compact quantum semigroup with finitely generated A, B be a finite
dimensional commutative C*-algebra, and (C, ®) be the quantum family of all maps from QB to QA.
Consider the unique unital *-homomorphism I : C — C ® C such that the diagram

A BeC
lA J/IB®I"
AeA BeC®C (3.1)
l@@cb me Icgc
BoCeBaC heFol BoBeCaC

is commutative, where F : C® B — B ® C is the flip map, that is, c® b boc (b € B,c € C), and
m : B® B — B is the multiplication *-homomorphism of B, that is, m(b®b') = bb’ (b,b’' € B). Then
(C,T) is a compact quantum semigroup.

Proof. We must prove that (Ic ® I')I' = (I'® Ic)I', and for this, by the universal property of
quantum families of maps, it is enough to prove that

(IpleceD)(IpeNd=(IgeTelc)(Ipel)d. (3.2)
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Note that by the commutativity of (3.1), we have

(IB ®F)¢) = (m®IC®C)(IB ®F®Ic)((D®(D)A (33)

Let us begin from the left hand side of (3.2):

(Ip@lecel)(Ipe)d
=([gelc@lN(melcec)(Ip®@ FoIc) (Do d)A
=(melcelN(Ig® Felc)(®dod)A
= (m®Icecec)(Ip ® F ® Icec) (Ipacen ® ) (P ®@ D)A
= (m®lcecec)(Ip ® F ® Icec) (Ipscen ® I') (D @ Ipec) (14 @ @) A
= (m® Icecac)(Ip ® F ® Icec) (D ® Ipscec) (la @ Ip @ ) (14 @ @) A
= (m®Icecec)(Ip® F @ Icec)(@@Ip@T) (14 @ D)A
= (m®Icocec)(Ip® F @ Icoc) (@@ [(Ip @ T)D])A
= (Mm@ lcecec)(Ip® F @ lcec) (@ ® [(M @ lcec)(Ip ® F @ Ic) (@ @ ®)A])A

= (m®Icecec)(IB® F ® Icec)(Ipec ® m @ Icoc) (Ipscep © F @ Ic) (@@ D0 @) (14 ® A)A.
(3.4)

For the right hand side of (3.2), we have

(IpeTelc)(Ipe)d
=(Ipel'elc)(mlcsc)(Ip@ FoIc) (@ d)A
=(mel'elc)(Ip® Felc)(dod)A
=(mlcecec) IO FRIc@lc)(IpIc @ Fole)(Ip@T @I @ 1c) (D@ D)A
= (m®lcecac)(Ip ® F ® Icec)(Ipac ® F @ Ic) ([(Ip @ D] @ @) A

= (m®lcecec)(Ip ® F ® Icec)(Ipac ® F@ Ic)([(m®Icec)(Ip ® F @ Ic) (P ® ®)A] @ D)A,
(3.5)

and thusif W = (Ig ® F ® Icec) (Ipec ® F ® 1), then

(Igel'elc)(Ipel)d
(3.6)
= (m ®lcecec)W (m ® Icgcepac) (I © F ® Icspec) (P @ @ © D) (A @14)A.
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Thus, since (I4 ® A)A = (A®I4)A, to prove (3.2), it is enough to show that

(m®Icecec)(Ip® F @ Icec)(Ipec ® m @ Icoc) (Ipscen © F ® Ic)

(3.7)
= (m®Icecec)W (m @ IceceBsc) (I ® F © Icepsc)-
Let by, by, bz € B and ¢y, ¢3,c3 € C. Then for the left hand side of (3.7), we have
(m®Icecac)(Ip ® F @ lcac) (Ipec ® m @ Icac) (Ipaces ® F @ Ic) (b1 ® ¢1 @ by ® ¢2 ® b3 ® c3)
= (m®lcacec)(Ip® F ® Icec)(Ipac ® m @ Icac) (b1 ® c1 @ by ® b3 ® ¢2 ® ¢3)
= (m®lcecec)(Ip® F ® Icec) (b1 ® c1 ® (bab3) ® ¢ ® ¢3) 38)
= (m®Icecec) (b1 ® (bab3) ® c1 ® 2 ® ¢3)
=b (bzbg) ®C1®Cr®C3
= (b1b2b3) ®C1®Cr®cC3,
and for the right hand side of (3.7),
(m®Icecac)W (m @ lcacepec) (I ® F ® Icepac) (b1 ® ¢1 ® by ® ¢2 ® b3 ® c3)
= (m®Icgcec)W (M @ Icgcepsc) (b1 @ by @ ¢1 ® 2 © bz ® ¢3)
= (m®lcecec) W (b1by ® c1 ® c2 ® b3 ® ¢3) (3.9)
= (m®lcecec)(biba® b3 ® 1 ® 2 ® ¢3)
= (b1b2b3) ®Cc1®Cy®cCa.
Therefore, (3.7) is satisfied and the proof is complete. O

Theorem 3.2. Let (A, A) be a compact quantum semigroup with a left counit. Suppose that B, C, @,
and I are as in Theorem 3.1. Then the compact quantum semigroup (C,I') has a left counit.

Proof. Lete : A — C be a left counit for (A, A). Define the unital *-algebra homomorphism
w:A —- B®C=Bbyw(a) =1 ® €(a) = e(a)lp (a € A). Then the universal property
of (C,®) shows that there is a character € : C — C such that the following diagram is
commutative:

A—2  sBec

lIB e (3.10)

A—% s BeC
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We show that (€ ® Ic)T" = I¢, and thus € is a counit for (C,I'). By the universal property of
(C, @), it is enough to show that

(I ® [(€oIc)T])D = @. (3.11)

We have

(Ig@[EI))D = (Ig®ealc)(lze[)d
=(Ipee@le)(melcec)(Ip® Folo) (Do d)A
=(moexle)(Ig@ Folc)(ded)A
=(mele)(Ipeexlpelc)(dd)A (3.12)
= (mele)([(Ipee)d] e d)A
=(melc)(we d)A
= (melc)(Ip® D) (welx)A.

Since ¢ is a left counit for (A, A), we have
(wels)A(a)=1p®a, (3.13)
for every a € A. This implies that

(melc)(Ipe®)(wels)A(a) = (melc)(lpe D)(1p®a)
(@) (3.14)
= a P

for every a in A. This completes the proof. O

Analogous of Theorem 3.2 is satisfied for quantum groups that have right and
(two-sided) counits. Some natural questions about the structure of the compact quantum
semigroup (C,I) arise.

Question 1. Let (A, A) and (C,T') be as in Theorem 3.1.

(i) Suppose that (A, A) has one of the left or weak left cancellation properties. Does
this hold for (C,I')? In particular, suppose the following.

(ii) Suppose that (A, A) is a compact quantum group. Is (C,I') a compact quantum
group?

(iii) Are the converses of (i) and (ii) satisfied?

We consider some parts of these questions for a simple example in the next section.
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4. Some Examples

In this section, we consider a class of examples. Let A = C" be the C*-algebra of functions
on the commutative finite space {1,...,n}, and let (C, @) be the quantum family of all maps
from QA to QA. A direct computation shows that C is the universal C*-algebra generated by
n* elements {c;j : 1 <1i,j < n} that satisfy the relations

(1) ¢?

—_ .. — % 5 7 —
ij = Cij = ¢} foreveryi,j=1,...,n,

2) Z;‘zl cij=1foreveryi=1,...,n, and

(3) cijcik = 0 forevery i, k,j=1,...,n.

Also, @ : A — A © C is defined by @(ex) = X1, ei ® cik, where ey, ..., ey is the standard
basis for A. Suppose that

¢ {1,...,n}x{1,...,n} — {1,...,n} (4.1)

is a semigroup multiplication. Then ¢ induces a comultiplication A : A — A ® A:

n

Alex) = D Ae,@es, (4.2)

r,s=1

defined by A}® = Ok(,s), where 6 is the Kronecker delta. We compute the comultiplication
I':C — C®C,induced by A as in Theorem 3.1. We have

(Do D)A(ex) = (D D) ( i Ae,® es> = zn: AP D(e,) ® D(es)
r,s=1 r,s=1

(4.3)

n n n

= Z ZZA?e}' ®er ®e; ® Cig,

r,s=1j=1i=1

and therefore

(m®Icec)(Ip® F@Ic) (Do D)A(ex)

non on
= (melcec) <ZZ Z Aisei ®ei®Cjr® Cis>

j=li=1rs=1
n (4.4)
Z Afel R Clr ® Cls

r,s=1

n
e ® <Z A;Sqr ® C15>.

r,s=1

M=

—
]
—_

M=

1

]
—_



International Journal of Mathematics and Mathematical Sciences 9

This equals to (In ® T)®(ex) = (14 @T) 3L ei @ cik = 311 €1 ® T (cik). Thus T is defined by

T(ck) = D, Ay ®cis. (4.5)

r,s=1

We now consider the special case n = 2, in more details. There are only four semigroup
structures (up to isomorphism and anti-isomorphism) on the set {1,2}:

&:11=1,12=2,21=2,22=1.

H:11=1,12=2,21=2, 22=2.

&He11=1,12=1,21=1, 22=1.

&:11=1,12=1,21=2,22=2.
The semigroup structure ¢; is a group structure and ¢4 has right cancellation property. In
Semigroup Theory, &, &3, and ¢4, are called semilattice, null, and left-zero band structures,
respectively. For semigroup ({1,2},¢;), let (C?, A;) and (C,T;) be the corresponding quantum
semigroups, as above. A simple computation shows that:

1) =1, I'3(c») =0,

Ii(cn) =cn®cn +cenp®c, I(c2) =cn®cnntcnp®cn,
I(cn) =cn®ca +cn®cxp, I(cn)=cn®cn+tcn®cn,
M(cn) =cn®cn, [2(c12) =cn®cip+cnn®cip +cn®cy,
Ia(c21) = c1 ® €1, Ta(c22) = €20 ® o0 + €21 @ o0 + €22 ® €11, (4.6)
I3(cnn) =1, [3(c12) =0,
(c21)
(

Ty(c)=c®1l (VceO).

As we have explained in Section 2, (C?,A;) is a compact quantum group and (C?, A4) is a
compact quantum semigroup with right cancellation property. From the above computations,
it is clear that the compact quantum semigroup (C,I'y) has right cancellation property. Now,
we show that (C,I'1) is also a compact quantum group: the unital C*-algebra C is generated
by the two unitary elements x = c11 — c12 and y = c21 — ¢ (see the following remark for more
details). A simple computation shows that

Ii(x)=xex, Ti(y)=yey. (4.7)

This easily implies that (C,I'1) has left and right cancellation properties, and therefore (C,I'1)
is a compact quantum group.

Remark 4.1. (1) The algebra A = C? is the universal C*-algebra generated by a unitary self-
adjoint element, say (1,-1). It follows from the proof of Theorem 3.3 of [2], that C becomes
the universal C*-algebra generated by two unitary self-adjoint elements. A model for C is the
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Cr-algebra of all continuous maps from closed unit interval to 2 x 2 matrix algebra, which
take diagonal matrices at the endpoints of the interval, equivalently

C= {(ﬁi 22) : fij € C[0,1], f12(0) = f12(1) = f21(0) = fu(1) = 0}, (4.8)

with unitary self-adjoint generators

e <cos(.n't) sin(ort) ), _ <— cos(art) sin(m‘t)) (4.9)

sin(ort) —cos(art) sin(ort) cos(art)

In this representation of C, the generators c;;’s become: c1; = (1 +x)/2, c12 = (1 -x)/2,
¢ = (1+y)/2and ¢ = (1 - y)/2. Also, the homomorphism @ : C> — C?@C = CaC is
defined by ®(1,-1) = (x,y). This representation of the C*-algebra C is one of the elementary
examples of noncommutative spaces; see Section I1.2. of [9].

(2) There is another quantum semigroup structure on quantum families of all maps
from any finite quantum space to itself introduced by Sottan [2].
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