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The purpose of this paper is to give some arithmatic identities for the Bernoulli and Euler numbers.
These identities are derived from the several p-adic integral equations on Z,.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Qp, and C, will denote the
ring of p-adic rational integers, the field of p-adic rational numbers, and the completion of
algebraic closure of Q,, respectively. The p-adic norm is normalized so that [p|, = 1/p. Let N
be the set of natural numbers and Z, = NU {0}.

Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f € UD(Z,),
the bosonic p-adic integral on Z, is defined by

pN-1

pN-1
I(f) = fz f(x)dp(x) = ]\}12100 Zo f(x)y(x + pNZ,,> = lim L Z f(x), (1.1)

N—>oopN =0

and the fermionic p-adic integral on Z, is defined by Kim as follows (see [1-8]):

pN-1

Li(f) = fz fx)dp-(x) = lim ZO fx) (=1~ (1.2)
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The Euler polynomials, E,(x), are defined by the generating function as follows (see
[1-16]):

2 & "
E _ xt _
FE(t,x) = s L Z()En(x)m. (1.3)

In the special case, x = 0, E,(0) = E,, is called the nth Euler number.
By (1.3) and the definition of Euler numbers, we easily see that

En(x) = zn: (’;) Ex"! = (E+x)", (1.4)

1=0

with the usual convention about replacing E! by E; (see [10]). Thus, by (1.3) and (1.4), we
have

Ey=1, (E+1)"+E, =260, (1.5)
where &y ,, is the Kronecker symbol (see [9, 10, 17-19]).

From (1.2), we can also derive the following integral equation for the fermionic p-adic
integral on Z, as follows:

Li(f1) = -1 (f) + 2£(0), (16)

see [1,2]. By (1.3) and (1.6), we get

2 s t"
(x+y)t — xt _ —
IZ,, e du(y) P nZZOEn(x)n!. (1.7)
Thus, by (1.7), we have
IZ (x+y)"dp-1(y) = En(x), (1.8)
P

see [1-8, 13-16].
The Bernoulli polynomials, B, (x), are defined by the generating function as follows:

t
et -1

© m
FB(t, .X') = eJCt = ZOBn(X)E, (19)

see [18]. In the special case, x = 0, B,(0) = B,, is called the nth Bernoulli number. From (1.9)
and the definition of Bernoulli numbers, we note that

Bo(x) = i (7) x"B = (B+x)", (1.10)

1=0
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see [1-19], with the usual convention about replacing B' by B;. By (1.9) and (1.10), we easily
see that

Bo=1, (B+1)"—B,=61, (1.11)

see [13].
From (1.1), we can derive the following integral equation on Z,:

I(f1) = I(f) + £(0), (112)

where f1(x) = f(x+1) and f'(0) = (df (x)/dx)]|x=0.
By (1.12), we have

X+ t X — tn
J Wy (y) = e t:ZBn(x)ﬁ. (1.13)
n=0 °

Zp

Thus, by (1.13), we can derive the following Witt’s formula for the Bernoulli polynomials:
J (x+y)"du(y) = Bu(x), forn€Z,. (1.14)
ZV

In [19], it is known that for k,m € Z,,

(_1)m+1

ma:z{_kljm} [<I]c> +(-1)1*! <T]n>] % =xF(x-1)"+ TS (1.15)

where (’;) =0ifj<Oorj>k.
The purpose of this paper is to give some arithmetic identities involving Bernoulli and

Euler numbers. To derive our identities, we use the properties of p-adic integral equations on

Zp.

2. Arithmetic Identities for Bernoulli and Euler Numbers

Let us take the bosonic p-adic integral on Z, in (1.15) as follows:

_ k(o q\m (_1)m+1
hi= fsz (e =17 du(x) + (k+m+1)(k+l-(m)
— mno/m Nl [— (_1)m+1
—gé(l)( 1) fsz d#(x)+(k+m+1)(k7<m) (2.1)

M=

<nl1> (=1)' Bt + ™

‘ (k+m+1)(*m)

1l
(=}
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On the other hand, we get

max{km [ ( ) 1y <17>] #ﬂ_] f , Bromny ()au)

) (Dl

k+m+1-j .
<k+ml+ ! ]>Bk+m+1—j—lBl~

X
1=0

By (2.1) and (2.2), we get

EY el )

] J ) Bi+m+1-j-1B)

~ m ( 1)m+1
_Z ( )Bk+ml (k+m+1)(km)’

Therefore, by (2.3), we obtain the following theorem.

Theorem 2.1. For k,m € Z.., one has

5L () )

j=1

y <k+m+1 —j> o (-1)m+
(k+m+1)(k7<m)

Now we consider the fermionic p-adic integral on Z, in (1.15) as follows:

b="5" () o ()

X Biimi1-j-1 J‘ xldp_g (x)

Zy

1 k+7§1_j<k+m+1—j>
k+m+1-j 1

1=0

(2.2)

(2.3)

(2.4)
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_ max{z"'m} [ <k> 1y (m) 1 ’“"f‘f (k +m+1- j)
= j J/lk+m+1-j = 1

X Biym+1-j-1E1-

(2.5)
On the other hand, we get
m ~ _1)m+1
I — _1 l<m>J‘ ml+kd7 (
2 ;( ) 1 pr .ul(x)+(k+m+1)(k_;_<m)
(2.6)

~ m N m (_1)m+1
_,2203( 2 <1>E"+’“"+ (k+m+ 1) (k)

By (2.5) and (2.6), we get

malek,m] k+§1_j 1 : [<k) (_1)j+1 <m>] <k +m+1- ])
= = k+m+1-j|\Jj ] !

X Bisms1-j-1E1 (2.7)

B m N m (_1)m+1
‘,Zz(;( 2 <1>E"*’"‘l+ (k+m+1)(km)’

Therefore, by (2.7), we obtain the following theorem.

Theorem 2.2. For k,m € 7., one has

max{k,m} k+m+1-j )
> o> S — [(k) +(-1)i*! (’")
k+m+1-j[\Jj j

<k+m+1—j>
l

j=1 1=0
X Bie+m+1-j-1E1 = bl (2.8)
+m+1-j—
! (k+m+1)(kom)
=Y (-1 (’7>Ek+m_l.
1=0
Replacing x by (1 — x) in (1.15), we have the identity:
max{z’i"”} [ (k) . 1y <m> Biimi1-j(1 - x)
= j j k+m+1-j
(2.9)
(_1)m+1

— (_1)k+mxm(l _ x)k +

(k+m+1)(km)
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Let us take the bosonic p-adic integral on Z, in (2.9) as follows:

v
k+m+1-j

w5 ()0 ()

k+m+1-j ktmal— ] 5 . p
X Z i k+m+1-j-1 ( JC) //l(JC)

AR

ki1 k+m+1-j
x Z Biim+1-j-1Bi

(’}>+<-1>"”(’?)

i )Bk+m+1—] ll

v
k+m+1-j

_
k+m+1-j

x
1=0

N max{km) [(k) N (_1)]‘+1 (m) 1
= j J/lk+m+1—j

] J ) Biyms1-j-161,

X
1=0
max{k,m} k+m+1-j )
-2 2w () ()]
= k+m+1-] jL\J ]
k 1-j
X ( " ml+ ]>Bk+m+1—j—lBl

max {k,m}
o DR
max{k,m} k+m+1-j j
D (B R 6]
= k+m+1—7] jL\J ]
~ max (k,m)
(T Bemratiez 37U (5) - 0 (7))

. k _1\k+m m
XBk”"’7+<k+m—1>+( ) <k+m—1)'
(2.10)
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On the other hand, we see that

_ k= 1(k (1™
I=(-1) %(—1) <Z>Bk+m 1+ Krm () (2.11)

By (2.10) and (2.11), we get

max{k,m} k+m+1-j )
2 % e G) ()
. k+m+1-j[\J j

j=1 1=0
k+m+1- max(krm) 1/m
() B game2 5| (5) 0 ()

(2.12)
k m m
X Beom-j + <k+m—1> +D* <k+m—1>
k m+1
k (-1)
OB () Bromt* ety o
Therefore, by (2.12), we obtain the following theorem.
Theorem 2.3. For k,m € Z,, one has
max{k,m} k+m+1-j )
% % wmer () ()]
= = k+m+1-j[\] j
k+m+1-j meEm Kk jr1fm
x ] Bisms1-j-1Br +2 Jzz; j +(-1) j
(2.13)

X Bieim-j + <k + 111(1 - 1> DT (k + Z - 1> (ke Tg;}f);n;(lkim)
- (—1)k+m12:;(_1)l<llc>Bk+m—l-

We consider the fermionic p-adic integral on Z,, in (2.9) as follows:

w="SG) e (e

S (keme1-\ g L
x> ; kemilojod | (1-x)'dp-(x)
P

1=0
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) (Dl

)

k+m+1]<k+m+1_ >B e
k+m+1-j-141

AE) ()

k+m+1-j .
k+m+1-
X % ( ] ]> Brime1-j-1

23 [() ()

k+m+1-j .
k+m+1-
x> ( I J > Bicsm+1-j-100,

1
k+m+1-j

1
k+m+1-j

1=0
max{k,m} k+m+1-j )
© X 2 e G) ()]
= k+m+1-j[\j j
k 1-7
X( +ml+ ])Bk+m+1—j—1El

max{k,m}
k [ m )
22 et 1)+ ()] ousomas

Y () o ()

k+m+1-j k k+m m
X ( ] ])Bk+m+1—j—1El +2 <k+m> +(-1)*" +1<k+m>]'
(2.14)
On the other hand, we get
k m+1
k 1)
= (-1) —1’( >E - 2.15
PR ()) B+ G (2.15)

By (2.14) and (2.15), we obtain the following theorem.
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Theorem 2.4. For k,m € Z., one has

maxz":m”‘*”f" [<k> . C1y <m>] <k+m+ 1 —f)
= k+m+1-j[\j j l
% Bierms1—j—iE1 +2 [<k f m) + (—1)krmd <k Tm>] (2.16)

(_1)m+1 _(_ k+mk 1! k
“hkemen(y =Y 2;‘ b <1>E’<+m-l'

Acknowledgment

This Research was supported by Basic Science Research Program through the National
Research Foundation of Korea (NRF) funded by the Ministry of Education, Science, and
Technology (2012R1A1A2003786).

References

[1] T. Kim, “Some identities on the g-Euler polynomials of higher order and g-Stirling numbers by the
fermionic p-adic integral on Z,,” Russian Journal of Mathematical Physics, vol. 16, no. 4, pp. 484-491,
2009.

[2] T. Kim, “Symmetry of power sum polynomials and multivariate fermionic p-adic invariant integral
on Zy,” Russian Journal of Mathematical Physics, vol. 16, no. 1, pp. 93-96, 2009.

[3] T. Kim, “g-Bernoulli numbers and polynomials associated with Gaussian binomial coefficients,”
Russian Journal of Mathematical Physics, vol. 15, no. 1, pp. 51-57, 2008.

[4] T. Kim, “g-Volkenborn integration,” Russian Journal of Mathematical Physics, vol. 9, no. 3, pp. 288-299,
2002.

[5] T. Kim, B. Lee, S. H. Lee, and S.-H. Rim, “Identities for the Bernoulli and Euler numbers and
polynomials,” Ars Combinatoria. In press.

[6] S.-H. Rim and ]J. Jeong, “On the modified g-Euler numbers of higher order with weight,” Advanced
Studies in Contemporary Mathematics, vol. 22, no. 1, pp. 93-98, 2012.

[7] S.-H.Rim and T. Kim, “Explicit p-adic expansion for alternating sums of powers,” Advanced Studies in
Contemporary Mathematics, vol. 14, no. 2, pp. 241-250, 2007.

[8] C.S. Ryoo, “Some relations between twisted g-Euler numbers and Bernstein polynomials,” Advanced
Studies in Contemporary Mathematics, vol. 21, no. 2, pp. 217-223, 2011.

[9] L. Carlitz, “Some arithmetic properties of generalized Bernoulli numbers,” Bulletin of the American
Mathematical Society, vol. 65, pp. 68—69, 1959.

[10] L. Carlitz, “Note on the integral of the product of several Bernoulli polynomials,” Journal of the London
Mathematical Society Second Series, vol. 34, pp. 361-363, 1959.

[11] J. Choi, D. S. Kim, T. Kim, and Y. H. Kim, “Some arithmetic identities on Bernoulli and Euler numbers
arising from the p-adic integrals on Z,,” Advanced Studies in Contemporary Mathematics, vol. 22, no. 2,
pp. 239-247, 2012.

[12] D. V. Dolgy, T. Kim, B. Lee, and C. S. Ryoo, “On the g-analogue of Euler measure with weight a,”
Advanced Studies in Contemporary Mathematics, vol. 21, no. 4, pp. 429-435, 2011.

[13] D.S. Kim, T. Kim, D. V. Dolgy, S. H. Lee, and S.-H. Rim, “Some properties and identities of Bernoulli
and Euler polynomials associated with p-adic integral on Z,,” Abstract and Applied Analysis, vol. 2012,
Article ID 847901, 12 pages, 2012.

[14] D.S.Kim, N. Lee, J. Na, and K. H. Park, “Identities of symmetry for higher-order Euler polynomials
in three variables (I),” Advanced Studies in Contemporary Mathematics, vol. 22, no. 1, pp. 51-74, 2012.



10 International Journal of Mathematics and Mathematical Sciences

[15] H.-M. Kim, D. S. Kim, T. Kim, S. H. Lee, D. V. Dolgy, and B. Lee, “Identities for the Bernoulli and
Euler numbers arising from the p-adic integral on Z,,” Proceedings of the Jangjeon Mathematical Society,
vol. 15, no. 2, pp. 155-161, 2012.

[16] Y. Simsek, “Generating functions of the twisted Bernoulli numbers and polynomials associated with
their interpolation functions,” Advanced Studies in Contemporary Mathematics, vol. 16, no. 2, pp. 251-
278, 2008.

[17] S. Araci, D. Erdal, and J. J. Seo, “A study on the fermionic p-adic g-integral on Z, associated with
weighted g-Bernstein and g-Genocchi polynomials,,” Abstract and Applied Analysis, vol. 2011, Article
ID 649248, 10 pages, 2011.

[18] A.Bayad and T. Kim, “Identities involving values of Bernstein, g-Bernoulli, and g-Euler polynomials,”
Russian Journal of Mathematical Physics, vol. 18, no. 2, pp. 133-143, 2011.

[19] H. Cohen, Number Theory, vol. 239 of Graduate Texts in Mathematics, Springer, New York, NY, USA,
2007.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



