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In this paper, we give a method to describe the numerical class of a torus invariant surface on
a projective toric manifold. As applications, we can classify toric 2-Fano manifolds of the Picard
number 2 or of dimension at most 4.

1. Introduction

The classification of smooth toric Fano d-folds is an important and interesting problem. They
are classified for d = 3 by [1, 2], for d = 4 by [3, 4], and for d = 5 by [5]. In Dbro’s recent
excellent paper [6], an algorithm which classifies all the smooth toric Fano d-folds for any
given natural number d was constructed. So, we can say that the classification of smooth
toric Fano varieties is completed.

On the other hand, de Jong and Starr defined a special class of Fano manifolds called
2-Fano manifolds in [7] (see Definition 4.2). So, we consider the problem of the classification of
toric 2-Fano manifolds as a next step. For this classification, we give a method to describe the
numerical class of a 2-cycle on projective toric manifolds (see Section 3). This method makes
calculations of intersection numbers much easier. As results, we obtain the classification of
toric 2-Fano manifolds for the case of the Picard number p(X) = 2 and for the case of
dim(X) < 4. We remark that Nobili classified smooth toric 2-Fano 4-folds in [8] by using
a Maple program.

The contents of this paper are as follows. In Section 2, we define the basic notation
such as nef 2-cocycle and 2-Mori cone for our theory. In Section 3, we define a polynomial
Iy/x for a torus invariant subvariety Y C X. This polynomial has all the information of
intersection numbers of Y on X. So, we can consider this polynomial as the numerical class
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of Y. For a some special surface S, Is;x has a good property to calculate intersection numbers
(see Theorems 3.4 and 3.5). As applications, we classify toric 2-Fano manifolds under some
assumptions in Section 4.

Notation. We will work over an algebraically closed field k throughout this paper. We denote
a projective toric d-fold by X = X5, where X is the associated fan in N := Z4. G(Z) C N is the
set of the primitive generators for the 1-dimensional cones in 2.

2. Preliminaries

In this section, we explain the notation and some basic facts of the toric geometry and the
birational geometry used in this paper. See [9-11] for the details.

Let X be a smooth projective toric d-fold. Put Z*(X) to be the free Z-module of 2-
cocycles on X and Z,(X) the free Z-module of 2-cycles on X. We define the numerical

“u__rn

equivalence “=" on Z*(X) and Z(X). A 2-cocycle E € Z*(X) is numerically equivalent to 0;

that is, E = 0 if the intersection number (E - S) = 0 for any 2-cycle S € Z,(X), while a 2-cycle

S € Zy(X) is numerically equivalent to 0; that is, S = 0 if the intersection number (E - S) = 0 for

any 2-cocycle E € Z%(X). We define N*(X) := (Z%(X)/ =) @ R and No(X) = (Z2(X)/ =) @ R.
The following definitions are similar to the case of divisors and curves.

Definition 2.1. A 2-cocycle E € Z?(X) is a nef 2-cocycle if (E - S) > 0 for any effective 2-cycle
S e Z,(X).

Definition 2.2. For a projective toric manifold X, let NE,(X) C N,(X) be the cone of effective
2-cycles; namely,

NE,(X) := { I:Zais,] eNy(X) | a; > o}. (2.1)

One calls NE;(X) C N (X) the 2-Mori cone of X.

We should remark that N*(X), N;(X), and NE;(X) can be defined for any1 <1<d
similarly.

The following is an immediate consequence of the projectivity of X.

Proposition 2.3. NE,(X) is a strongly convex cone.

Proof. Let D be an ample divisor on X. Then, for any S € NE(X) \ {0}, we have (D?- S) > 0;
namely, NE;(X) is strongly convex. O

On the other hand, for the toric case, the following is obvious.
Proposition 2.4. Let X be a smooth projective toric d-fold. Then, NE,(X) is a polyhedral cone.

Thus, NE; (X) is a strongly convex polyhedral rational cone similarly as NE(X).
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We end this section by giving the following simple examples.

Example 2.5. (1) If X = P4, then

NE;(X) = Rxo[S], (2.2)
where S is a plane in X.
(2) If X = P! x P3, then
NE>(X) = Rso [(a point) x ﬂﬂ] +Rso []P’l X Pl]. (2.3)
(3) If X = P? x P2, then
NE(X) = Rso[(a point) x P2| + Ry [P x P'| + Ruo[P? x (a point)]. (2.4)

3. Combinatorial Descriptions

In this section, we establish a method to describe the numerical class of a torus invariant
subvariety. We assume that X = X5 isa smooth projective toric variety.

LetY =Y, C X be a torus invariant subvariety of dim Y =/ associated to a cone 0 €
and G(X) = {x1,...,x,}. Put

Lyx = Iyx(Xa,. Xm) = >, (Day oDy - X)Xy, o X,
1<iy . ij<m (3.1)

€Z[Xy, ..., X,

where D,, is the torus invariant prime divisor corresponding to x;, while X; is defined to
be the independent variable corresponding to x;. We will use this notation throughout this

paper.

Remark 3.1. Iy/x has all the informations of intersection numbers of Y on X. So, we can
consider Iy/x as the numerical class of Y € N;j(X).

Example 3.2. Let C = C; C X be a torus invariant curve, where 7 is a (d — 1)-dimensional
cone, that is, a wall in X. In this case,

Ic/x = Z(Di -O)Xi (3.2)

is a polynomial of degree 1. On the other hand,

> (Di-C)x; =0 (3.3)

is the so-called Reid’s wall relation associated to the wall T (see [12]); namely, I¢c,/x is calculated
from the wall relation immediately.
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Example 3.3. WhenY = X, Ix,x sometimes becomes a simple shape as follows.

(1) Projective spaces. Let X be the d-dimensional projective space P4 and G(Z) = {x; :=
e1,...,X4:=e4, X411 :=—(e1+---+eyq)}. Then,

Ixjx = (X1 + - + Xgo1)™. (3.4)

(2) Hirzebruch surfaces. Let X be the Hirzebruch surface F, of degree a and G(X) =
{x1:=e1, xp =€, xX3:=—e1 +aey, x4 =—e}. Then,

Ix/x = lX(X2 + X4)2 + 2(X2 + X4)(X1 + X3 = lXXz). (35)

Let X be a smooth projective toric variety and S C X a torus invariant surface. For
some special cases, Is,x is simply calculated as follows. These are the main theorems of this

paper.
Theorem 3.4. Suppose S = IP?. Let C C S be a torus invariant curve. Then, Is;x = (Ic /X)z.

Proof. Let T =Ryp x1 + - - - + Ry x4-» € X be the (d — 2)-dimensional cone associated to S = S,
where TNG(X) = {x1,...,x4-2}. Then, there exist exactly three maximal cones 7+ Rsoy1, T+
Rs0 y2, and 7 + Ryg y3 € X which contain 7. Put

Yi+tip+tys+arxy+o+agxq2=0 (3.6)

to be the wall relation corresponding to C. For the proof, it is sufficient to show that

D.D,S = a,ay, (3.7)

for any z, w € G(X), where D is the prime torus invariant divisor corresponding to z, while
a, is the coefficient of z in the above wall relation.

Suppose that z or w & {x1,...,X4-2, Y1, Y2, Yy3}; namely, a, = 0 or a,, = 0. In this case,
trivially, D.S = 0 or D,,S = 0. So, D.D,,S = a-a, = 0.

Forany1<i, j<3,

DyDy,S = (Dyls) (Dyls) = C? =1. (3.8)

So, the remaining case is z or w € {xi,...,x42}. By calculating the rational functions
associated to a Z-basis {x1,...,x4-2, 1,2} for N, we have the relations

Dx1 = alDy3 +E=0,... ,l)xm2 - ad_sz3 +E;s5 =0,

(3.9)
Dy, ~Dy, +Es1=0, D, -Dy,+E;=0
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in PicX, where Ej, ..., E4 are torus invariant divisors such that Supp E;NS = @ forany 1 <i <
d. Therefore, we have

D,,S=aD,,S,...,Dx,,S = az2Dy,S. (3.10)

By these relations, the equality D.D,,S = a.ay, is obvious. O

Theorem 3.5. Suppose S = F,, that is, a Hirzebruch surface of degree at. Let Cg, C S be a fiber of
the projection S = F, — P!, while let Cheg be the negative section of S. Then, Is;x = a(lc, /X)2 +
2l /x1Cpe/x-

Proof. Let T =Ry x1 + - - - + Ry x4-» € X be the (d — 2)-dimensional cone associated to S = S,
where TN G(Z) = {x1,...,x4-2}. Then, there exist exactly four maximal cones 7 + Ry y1, T +
Rsoy2, T+ Ryoys, and 7+ Ry y4 € 2 which contain 7. Put

Yi+tys—ays+aix;+---+agoxgo =0 (3.11)
to be the wall relation corresponding to Cpeg, while
Y2 + Ya + b1x1 + -+ bd_zxd_z =0 (3.12)

to be the wall relation corresponding to Cgp. As in the proof of Theorem 3.4, by calculating
the rational functions associated to a Z-basis {x1, ..., x4-2, ¥1, ¥2} for N, we have the relations

Dxls = a1DySS + ley4S, ey DxHS = ad_sz3S + bd_sz4S,

(3.13)
D, S=D,S, Dy, = -aD,,S +D,,S.
First, we remark that, forany 1 <i, j <4,
DyDy,S = (Dyls) (Dyls) (3.14)
on S. So, these intersection numbers can be recovered from Is/s (see Example 3.3).
The above relations say that, forany 1 <i, j <d -2,
Dx,-Dxl-S = abibj + aib]- + ajbi, (315)

while forany 1<i<d -2,

Dy] Dx,- = bi, Dyszi = a;, Dyani = bi, DWDxi =a;+ lei. (316)
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On the other hand, put fl = f1 (X1,...,X42) == ;X1 + -+ + ag2X42 and fz =
fz(Xl, Ce ,Xd_z) = b1X1 + -+ bd_zxd_z. Then,

oc(ICﬁb/X)2 + Zlcﬁb/xlcneg/x = a(Yz + Y4 + f1>2 + 2(Y2 + Y4 + fl) (Yl + Y3 — zsz + fz)
= IS/S(Y11Y2/ Y3/ Y4) + afzz + 2f1f2 (317)
+2Y1 fo +2Ya f1 + 2Y3fo + Y4 (2f1 + 2af2).

This coincides with Is,x by the above calculations. O

4, 2-Fano Manifolds

As an application of Section 3, we study on toric 2-Fano manifolds in this section. The notion
of 2-Fano manifolds was introduced in [7].

Definition 4.1. A smooth projecive algebraic variety X is a Fano manifold if its first Chern
classci (X) = —Kx is an ample divisor.

Definition 4.2 (see [7]). A Fano manifold X is a 2-Fano manifold if its second Chern character
chy(X) = (1/2)(c1(X)? = 2¢5(X)) is a nef 2-cocycle.

Remark 4.3. Since a 2-Fano manifold is a Fano manifold by the definition, for the classification
of toric 2-Fano manifolds, all we have to do is to check the list of toric Fano manifolds.
The classification of toric Fano manifolds can be done by the algorithm of Jbro [6] for any
dimension.

For a projective toric manifold X, one can easily see that ch (X) = (1/2) 3.1, D?, where
Dy, ..., Dy, are the torus invariant prime divisors. So, the following is immediate.

Proposition 4.4. For a torus invariant surface S C X, put Is/x = %, ; aijXiX;. Then, (chy(X)-S) =
(1/2) L, aii

First of all, we classify toric 2-Fano manifolds of Picard number 2. So, let X be a
complete toric manifold of p(X) = 2. In this case, the structure of X is very simple as follows.

Theorem 4.5 (see [13]). Every complete toric manifold of the Picard number 2 is a projective space
bundle over a projective space.

By Theorem 4.5, we can put
X=Xy =Pp1(O0O(ar)®--- & O(am1)), (4.1)
wherea; >--->a,.1>20m+n-2=d:=dimX. Let

X1+ +x, =0, (4.2)

i+t Yp=a1xy+ -+ dp-1Xm-1 (43)
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be the wall relations of X which correspond to the extremal rays of NE(X), where
G(Z): {xlz--'/xm/]/lw--/]/n}~ (44)

Let C; and C; be the extremal torus invariant curves corresponding to the wall relations (4.2)
and (4.3), respectively.

First, we determine the extremal rays of NE, (X). By calculating the rational functions
for a Z-basis {x1,...,Xmu-1,Y1,...,Yn-1}, we have the relations

D,-D,,+ ;4E, =0,...,D,,.1-D,, + a1E, =0,

(4.5)
Ei—~E,=0,...,Enq-E,=0

in Nl(X), where Dy,...,Dy, Ey,...,E, are torus invariant prime divisors corresponding to
X1,y Xm, Yi,-..,Yn Therefore, for1 <i, j<m-1,

D] = Di + (a,’ - a]')En,

4.6
Ei=Ey=---=E,. (6)
On the other hand, every (d — 2)-dimensional cone 7 € X is expressed as
T = RZO Xi, + o0+ RZO Xj, + RZO Vi + -+ RZO Y, (47)

forsomel<iy < <ipg<m,1<j;<---<ji<msuchthatk<m, [ <n,and k+1=d-2. 5o,
the corresponding torus invariant surface S is expressed as

S: ZDi] "'DikEh E]z ENz(X) (48)
By using (4.6), any S, is expressed as a linear combination of 2-cycles:
D;---DyEf (p<m-1,g<n-1, p+gq=d-2), 4.9)

whose coefficients are nonnegative, because i < j implies a; — a; > 0. Moreover, since
D;-- Dy, = E; -+ E, = 0 by wall relations (4.2) and (4.3), the possibilities for the generators
of NE,(X) are

Sy:=D;---D,,3E", Sy:=D;---D,,2E"2, or

4.10
53 = D1 s Dm_lEn_3. ( )

In fact, the following hold:

NEQ(X) ZREO 51 +R20 52+R20 53 1f1’l’l23, 1’123
NEz(X) = RZQ Sz + REO 53 if m= 2, n>3. (411)
NEZ(X) = RZO 51 + RZO 52 if m> 3, n=2.
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For each case, dim N, (X) = 3, dimN,(X) = 2, and dim N,(X) = 2, respectively. So, NE; (X)
is a simplicial cone for each case, and Si, Sy, and S3 are extremal surfaces.

Next, we will check when X becomes a 2-Fano manifold.

So, let C; be the torus invariant curve which generates the extremal ray corresponding
to the wall relation (4.3). Then,

(—Kx-CZ) :n—(a1 +~--+I.1m,1). (412)
Therefore, X is a Fano manifold if and only if
n—(ap+-+am1)>0. (4.13)

Since S; = S5 = P2, (chy(X) - S1) > 0 and (cha(X) - S3) > 0 are trivial by Theorem 3.4.
On the other hand, we can easily check that S, = F, By Theorem 3.5, we have

Am-1°

Is, = am(Ic,)* + 2Ic,Ic, = am 1 (Xq + - + Xp)?

+2Xi+ o+ X))+ + Y — (@ Xa + -+ a1 Xn-1))- (414)
So, we obtain
(cho(X) - Sp) = may,-1 —2(a1 + -+ + ay-1)- (4.15)
In (4.15), suppose that m > 3 and (chp(X) - Sz) > 0. Then,
(cha(X) - Sp) =(m—-2)ay,1—2(ar + -+ + am—2)- (4.16)
The assumption a; > -+ > a,_1 > 0says that a; = -+ = a,,_1 = 0; thatis, X = P! x P""1. On

the other hand, suppose that m = 2 in (4.15). Then, (chy(X) - Sz) = 0; that is, ch,(X) is nef.
By (4.13), we can summarize as follows.

Theorem 4.6. If X is a toric 2-Fano manifold of the Picard number 2, then X is one of the following:

(1) a direct product of projective spaces,

2) P (O Oa)) 1<a<d-1).

Remark 4.7. This calculation shows that there exist infinitely many projective toric manifolds
of fixed dimension d whose second Chern character is nef.

Next, we consider the classification of toric 2-Fano manifolds of a fixed dimension d.
For d < 4, fortunately, these classifications can be done by only Theorems 3.4 and 3.5. Table 1
is the classification list (see [8] for the detail).

Since there exist 124 smooth toric Fano 4-folds, it is hard to check all the smooth toric
Fano 4-folds. However, by using the following trivial Lemma 4.8, we can omit a large part of
the calculations.
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Table 1
d 1 2 3 4
# of toric Fano 5 18 124
# of toric 2-Fano 1 3 8 25
Lemma 4.8. Let X be a 4-dimensional toric 2-Fano manifold. Then,
c1(X) =23 (X)ca(X) > 0. (4.17)

For any smooth toric Fano 4-fold X, c‘ll(X) and c%(X)cz(X) are calculated in [3]. One
can see that for 52 smooth toric Fano 4-folds, they are not 2-Fano manifolds by Lemma 4.8.
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