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We investigate the cyclic homology and free resolution effect of a commutative unital Banach
algebra. Using the free resolution operator, we define the relative cyclic homology of commutative
Banach algebras. Lemmas and theorems of this investigation are studied and proved. Finally, the
relation between cyclic homology and relative cyclic homology of Banach algebra is deduced.

1. Introduction

Many years ago, cyclic homology has been introduced by Connes and Tsygan and defined on
suitable categories of algebras, as the homology of a natural chain complex and the target of
a natural Chern character from topological (or algebraic) K-Theory.

In order to extend the classical theory of the Chern character to the noncommutative
setting, Connes [1] and Tsygan [2] have developed the cyclic homology of associative
algebras. Recently, there has been increasing interest in general algebraic structures than
associative algebras, characterized by the presence of several algebraic operations. Such
structures appear, for example, in homotopy theory [3, 4] and topological field theory [5].

Brylinski and Nistor [6] have extended Conne’s computation of the cyclic cohomology
groups of smooth algebras arising from foliations with separated graphs and explained some
results of Atiyah and Segal on orbifold Euler characteristic in the setting of cyclic homology.
Kazhdan [7] studied Hochschild and cyclic homology of finite type algebras using abelian
stratifications of their primitive ideal spectrum.

Victor Nistor [8] has studied associative p-summable quasi homomorphism’s and p-
summable extensions elements in a bivariant cyclic cohomology group defined by Connes,
and showed that this generalizes his character on K-homology; furthermore, he studied the
properties of this character and showed that it is compatible with analytic index.
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Results of Connes [1] have led much research interest into the computation of cyclic
(co)homology groups in recent years (see, [4, 6, 9-13]).

A promising approach to the calculation of cyclic cohomology groups is to break it
down by making use of extensions of Banach algebras; this is a standard device in the study
of various properties of Banach algebras.

The Banach cyclic (co)homology of Banach algebra has been studied by Christensen
and Sinclair [3], Helemskii [4, 9], among others. The dihedral cohomology in Banach category
and its relation with the cyclic cohomology, the triviality, and nontriviality of dihedral
cohomology groups of some classes of operator algebras have been studied [14].

Suppose that A and B be commutative unital Banach algebra with involution (in short
B*-algebra). And let C,,(A) denote the (1 +1) fold projective tensor power of A. The elements
of this Banach space n-dimensional will be called chains. Lett, : C,(A) — C,(A),n=1,2,...
denote the operator uniquely defined by

ti(ap® - ®a,)=(-1)"a,®a0® - a,_. (1.1)

And let CC,,(A) denote the quotient space of C,(A) modulo the closure of the linear span of
elements of the form x —t,x (n =1,2,...). Note that Im(id,,a) — t,) is closed in C,,(A) and so
CC,(A) = Cu(A)/ Im(idc,(a) — tn) and also CCy(A) = Co(A) = A.

Define the complex C(A) = (C*(A), 6%), where C,(A) = A®---® Aand, b* : C,(A) —
Cy-1(A) is the boundary operator;

n-1
bn(a() ®:--® an) = Z(—l)lao ®:---®ajai-1Q---Qay-1. (12)
i=0

We can easily verify that b,,1b, = 0 and hence Ker b, > Im b,,_;. The group H,(A) =
H(C(A)) = (Ker b,)/(Im b,_1) is called the simplicial (Hochschild) homology of Banach
algebra A.

Note that: Ker b, is always closed, but, in general Im b,,_; is not closed.

Considering a unital Banach algebra A, one acts on the complex C(A), by the cyclic
group of order (n + 1) by means of the operator t, : C,,(A) — C,(A) which we denote.

The quotient complex CC,(A) = C,(A)/Im(1 - t,) is a subcomplex of the complex
Cn(A). Following [15], the cyclic homology of a Banach algebra A is the homology of the
complex CC,(A).

Given commutative unital Banach algebras A and B, let f : A — B be algebras
homomorphism. We define a free resolution of a Banach algebra B over the homomorphism

fA - R % B, where i is an inclusion and  is a quasi-isomorphism, and use this fact to
define the relative cyclic homology

He.(aL8) = 1 (Grmarrasay ) (9

where [R, R] is the commutant of Banach algebra R.

Definition 1.1. A graded Banach algebra is a Banach algebra that has a graded normed algebra
as a dense subalgebra.
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We discuss the existence of the free Banach algebra resolution. Let V. = >°,V, be
a graded vector space over ring F(F = Ror C). Suppose that R is a differential graded
F-algebra and let R(V) = R*Ti(V) be the free product of Banach algebras, where Ty (V) =
250 V@ is the tensor Banach algebra over F. The product in R(V) is given by

(riei, ..., mentna) - (181, ..., TkCrTks1)
(1.4)

= (T1€1, ... ,Tnen(rn+1?1)él, e /?k/ék?k+1)/ ti, ?] ER, eiéj [S Tk(V)

Definition 1.2. Let f : Ry — R, be a homomorphism of differential graded F-algebras. An
algebra R; is a free Banach algebra over the homomorphismf if there exists an isomorphism
a: Ri(V) = Ry, where E is a differential graded vector space with the following commutative
diagram:

R] % Rz
i a (1.5)

Ri(E)

where i is an inclusion map.

Lemma 1.3. Let f : A — B be a homomorphism of F-algebras. Then there exists a differential graded
Banach algebra R = >,_, R; with the following properties.

(i) or is surjection, and the following diagram is commutative:

=

(1.6)

where i is the inclusion map.
Clearly, there is an isomorphism j : R — A such that joi=14.

(ii) or is quasi-isomorphism, that is, o, : H.(A) — H.(B) = B, where B is a differential
graded Banach algebra,

B, i=0
B)=1"" L (17)
0, i>0, and the differential 0° = 0.

(iii) The differential graded Banach algebra R is free over the homomorphismi: A — R.
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Proof. We proof this theorem by two steps.

(1) We construct a commutative diagram of a Banach algebras

RO

io

o (1.8)

A_____ > B

where R is free over the homomorphism iy : A — R, oy an surjection. Define A{(t;)) =
E(t;), where E(t;) is an involutive vector space generated by {t;}, or generated by the family
{t:it;}. The automorphism * : E(t;) — E(t;) is given as follows *(t;) = (t])*(t}) = t;.

We choose a system { SRI.(O) } of generators in a Banach algebra B. This family is assumed
to be closed under an involutive on B.

Now, let RO = A(t?o)), where tl@ is equivalent to the generator {R®} in a Banach
algebra B, and suppose that ﬂi(o) = t§0) or (t;o))*. We define 7y using the universal property
of R, Let oy be the unique involutive Banach algebras R — B homomorphism, which
restricts f on A and sends tEO) to ERI.(O).

Since ijp : A — A(tfo)) is an inclusion map, ig(a) = a, ip is a Banach algebras
homomorphism, and 7 ip(a) = 7p(a) = f(a). Hence, diagram (1.8) is commutative and sy is
surjective.

Let jo : R® — A be the unique algebras homomorphism restricting to the identity on

A and mapping £” to zero. R is a differential graded K-Banach algebra (see[13]);

RO, i=0
0y - ’ 1.9
( >i {o, i>0, and the differential 98" B” = 0. (19)
The algebra R is free over the homomorphism iy : A — R© since RO = A(£”).
(2) We construct the second commutative diagram
RM
it .

! (1.10)

A - B

where R is free over the homomorphism i; : A — R and sy surjection. Choose a system
{ER](.D} of generators of Ker iy, which is closed under involution. Let tl@ be indeterminate

which are bijection with the 9%](.1). Define RV = A(t;o),t;l)), where tl@ is as defined above.

Suppose that ﬂ](.l) denotes t](.l) or (t](.l))*. The homomorphism ur; is defined as to be the unique
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algebras RM — B restricting to o on R© and sending t](.1> to zero. As can be seen, the

homomorphism sr; can be defined as sy and that s is surjective since oy (,61.(0)) =R, m (ﬁ](.l)) =

0;. The homomorphism i; : A — A(t(o),t§1))

since (1i1)(a) = 1 (a) = f(a).
The homomorphism jj is defined to be the unique homomorphism: R — A of

: is inclusion. The diagram (1.10) is commutative

involutive Banach algebras restricting to identity on A and mapping til) to zero. The algebra
RM® = A(t;o),tj.l)) is free over i.
Finally, we have a differential graded Banach algebra

1 = ) ) @ _ @ _
RY = (R )0@ (R >1€B,...,deg B =0,deg gV =1. (1.11)

The differential 9% is the unique derivation on R satisfying the graded Leibntiz rule and
commuting with the involution which restricts to zero on R) and sends tfl) to SR](.D. So

of"p" =0,08"p" = RV € Ker m, i>1.
Similarly, we can consider the commutative diagram
R®

i

2 (1.12)

A\)B
f

where R® = A(tfo), t](.l), t,(f)) is a differential graded Banach algebra

RO — <R(2)>0 ® <R(2)>1 @ <R(2)>2@,..., deg ﬂi(o) =0, (1.13)
deg " =1, deg =2

The differential Banach algebra R® is also defined by using a universal property and, hence,

o " =0, of"pY =mY, FpP=gP=0, i>2 (1.14)

Consequently, we can construct an involutive Banach algebra R® i > 0 with the following
commutative diagram:

RO Po RM P ) Pn1 R Pn
ol m Lo (1.15)
A—> B B ...B B ——
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where ur; is surjection, i > 0, i, = P,y 0---0 Pyoi, is an inclusion map from A to R™ P is also
an inclusion map from

P A<t$§,tfﬁf,...,tff,{> to A<t§2§,t§,2,. S Ay > (1.16)

i’ “mi+1

Define i, = gy-1 0 -+ 0 qo © j,, where g, is the projection of P;.

The diagram (1.15) is commutative since in+1(ﬂi(")) = Jrn(ﬂf")) =0, n>o.

Define R = limR,, & = limsr,, i = limi,, j = limj,. Then the differential Banach
graded algebra R satisfies the items of Lemma 1.3 since:

(1) or = lim o, is surjection, the diagram

R®@

i

2 (1.17)

A\)B

is commutative since i(a) = a, «r(a) = f(a)

(2) 7 is quasi-isomorphism of differential graded algebras

R
an+1

9
(R)o (R)1 (R)n

l I l I \L”n (1-18)

where 9 = lim 0F, (R), = ker (o), = B, Im 0R = ker 9, that is,

Hy(R) = Hi(R) = 0. (1.19)

(3) the differential graded Banach algebras R is free over the homomorphismi: A —
R, since R = E, E is a vector space generated by the system:

O 0
{6060, 60 (1.20)

O

Definition 1.4. The differential graded Banach algebra which satisfies the conditions (i), (ii),
and (iii) of Lemma 1.3 is called a free resolution of Banach algebra B over f.
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2. The Relative Cyclic Homology of Banach Algebra

In this part, we define the relative cyclic homology of commutative unital Banach algebra and
study its properties. Let f be a homomorphism of Banach algebras A and B over a field K
(K is a real or a complex number set). Let Rl; be a free resolution of Banach algebra B over f

and, for 1,1, € R?, let [r, 1] =11,72 — (—1)'””’2‘7‘21‘1 where |ri| = deg r;,i=1,2.

Let C = [RE, ij] be the linear space generated by [ry, 2], 11,12 € R?.

We construct the complex C = [R? , R? ]. Clearly, from the definition of Rl; , that Im (1 -
ta) is a subcomplex of R}. We have

o[rir] = riry — (<1)Ml2lpy

= 0rir + (=)l 8y — (<1)nlin] (arm - (—1)"2‘rzarl)

2.1)
=0rr — (_1)|rz\(\h|+1)rzar1 T (_1)\h| <T1(31’2 _ (_1)|r1|(|rz\+1)ar2rl>
= [orina] + (-)"[r,0m],  fori|=Inl-1, i=12.
Then [RE, R? ] is subcomplex in R}’f . Therefore, the chain complex of K-module [R?, R? lisa

subcomplex of ij.

Definition 2.1. Let f : A — B be F-algebras (char F = 0) homomorphism, and R? be a
free resolution of a Banach algebra B over f. Then the relative cyclic homology is defined as
follows:

RB
f _ f
HC*<A—>B> _H*<(A+[R,R]+Im(1—tn) > (2.2)

Definition 2.2. The F-algebra A(t) generated by the elements aoptait,...,ta,, n > 0 can be
considered as differential graded Banach algebras by requiring that the morphism A — A(t)
is a morphism of differential graded algebras (A is viewed as a differential graded Banach
algebra concentrated in degree 0) and the degt =1, 0t = 0 and t* = ¢.

Lemma 2.3. A Banach algebra A(t) is splitable. One has a free algebra resolution of Banach algebra
B = 0 over the homomorphism A — Q.

Proof. Using [6] from the chain complex

A<iAtA<iAtAt<i--~£At~--tA<i--~, (2.3)
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where At,...,tA (n-times) is a K-module and the boundary operator 0 is given by

n-1
O(aptait, ..., ta, 1ta,) = Z(—l)’aotalt, ..., ta;(0t)ajt, ... tay,
=0
l (2.4)

T
o

Note that the differential 0 in A(t) is equivalent to the operator &), : C,(A) — Cu_1(A),
defined by

n-1
G(ag®--®ay) =D (-1)'ag®- - ® a;ai ®-- @ ay. (2.5)
i=0

Following [11], the complex (C,(A),6),) is splitable and so is the complex A(t), that is,
H.(A(t)) = 0. Therefore, Banach algebra A(t) is free resolution of the Banach algebra B = 0
over the homomorphism A — 0. O

Lemma 2.4. The complex A(t)/[A, A(t)] is a standard simplicial (Hochschild) complex.

Proof. Consider the factor complex A(t)/[A, A(t)]. It is generated by the elements
aptaqt, ..., ta,_1t, since

aotaqt, ... ta,qta, = ayag x tait, ..., ta,1t(mod[A, A(t)]). (2.6)

The action of the differential 0 on the complex A(t)/[A, A(t)] is given by

n-1
O(aotait, ..., ta,_1ta,) = Z(—l)’aotalt,. .., Hajaaiq)t, ... tay,
i=0 (2.7)

+ (-1)"anaptait,...,a,1t.

Consider the complex

AL AL A®2 08 8 @m0 (2.8)

4

where 6 is the differential in the standard Hochschild complex (see [7, 16]). Since the space
(A(t)/[A, A(t)]),.; identifies with the space

A®™L . gotay, ... tat — ag® a1 ® - ® ay, (2.9)

and the differential in A(t)/[A, A(t)] identifies with the differential in the standard
Hochschild complex, then the complex A(t)/[A, A(t)] is the Hochschild complex. O
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Theorem 2.5. Let A be Banach algebra with unity and involution. Then HC;(A — B) =
HC;_1(A), where HC;(A) is the cyclic homology of F-algebras (char F = 0).

Proof. Consider the factor complex: A(t)/[A(t), A(t)] + Im(1 —r,), such that

aotart, ... ta, 1t = (-1)"a,tapt...a, 1, (2.10)

where deg aptait, ..., ta,_1t = n, deg aptait, ..., ta,t =n+1.

The cyclic homology of A(t) is the homology of the complex A(t)/[A(t), A(t)] +
Im(1 - t,). By factoring A(t), first by the subcomplex A < 0 < 0 < --- and second by the
subcomplex [A(t), A(t)] + Im(1 - t,)], we get a homomorphism CC,(A — 0) — CC,,(A),
which induces an isomorphism of the cyclic one homology groups HC.(A — 0) —
HC,  (A). O
Theorem 2.6. Let f : A — B be a homomorphism of a Banach algebras over a field K (char K = 0).

Then the relative cyclic homology HC;(A 4 B) does not depend on the choice of the resolution.

Proof. The homomorphism f induces homomorphism of chain complexes

f.: CC.(A) — CC,(B), (2.11)

where CC,(A) is a cyclic complex. Consider the diagram

B
Ry

™ (2.12)

A\)B
f

where R? is defined above, and i is an inclusion map. The idea of proof is to show that the

cone of the map i is quasi-isomorphic to an arbitrary category (see [8, 17]), to the complex

R?/[R}’f, R?] +Im(1-t,), Since

Hi<R§‘) - {B’ =0 (2.13)

Then the isomorphism , : CC, (R? ) — CC.(B) induces an isomorphism of the homology of

these complexes. Since i, : CC,(A) — CC*(leg ) is an inclusion, then
HCi<A 7, B) — HCI-<A &, c) — HCi(A % C) — HCs (A 4, B> e (214)

M(i,) = CC*(ij)/CC*(A), where M (i.) is a cone of i (see [12, 15, 18]).



10 International Journal of Mathematics and Mathematical Sciences

Note that, the symbol = denotes a quasi-isomorphism. It is clear, from the above
discussion, that the following diagram is commutative

/ T (2.15)

and hence M(f.) = CC*(R?)/CC*(A).
Following [11], we have CC*(R?)/CC*(A) = R?/A + [R?,R?], where CC, is the
. . 2 _ £ B _
Connes cyclic complex, and by using the spectral sequence Ej; = “H.(Z/2, H.(R f)) =
‘H Ci+]~(R}3), we have

cc.(RE)
CC.(A) = RE/A+ [RE, RE] +1m(1~ £,)

(2.16)

So, M(f.) = R?/A + [R?, R?] +Im(1 -t,). Then HC;(A PR B) does not depend on the choice
of R?. O

Theorem 2.7. Let A, B, and D be involutive Banach algebra. Then the following sequence A L B4
D induces the long exact sequence of relative cyclic homology;

Hci<Ai>B> _>Hci<AﬂD> —>HCi<Bi>D> _>Hci_1<ALB> .
(2.17)

Proof. In Theorem 2.6, it has been proved that any homomorphism f : A — B of involutive

algebra in an arbitrary category is equivalent to an inclusioni : A — Rff. Then, for a sequence

AL B4 C of involutive Banach algebra, we have the following complex:

(2.18)

Consider the following sequence of mapping cones

0 — M(i.) — M(i) — M(i.0i) — o. (2.19)
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In general, the sequence (2.17) is not exact. The composition of two morphisms will be zero.
However, the cone over the morphism M(i,) — M(i,) is canonically homotopy equivalent
to M(i, o i,). So, we get the following exact sequence of the relative cyclic homology

HC,-(ALB) _>Hc,-<Aﬂc) —>HCi<B ic) —>HC1~_1<AL>B> L (220)

In the following we give an example of the cyclic homology of tensor algebra by using the
free resolution fact. Let a Banach A be F-algebra, (char F = 0) and M be A-bimodule. For a

chain complex V, of modules, consider the complex S"(A, V,) = A®agacr Ve D) qf we act on
S"(A,V,) by the cyclic group z,.1 of order (n + 1) by means of automorphisms, we get

ti(vo® - ®0,) = (-1, ®09® - ®0,_1, (2.21)

where p = (deg pn)(z;’:—O1 deg pi).
If V, is a free resolution of A-bimodule M, then the complex S5"(A,V,) can be
considered as complex S"(A, M). O

Example 2.8. Let M be A-bimodule, where A is K-Banach algebra, T4 (M) be a tensor Banach
algebra and Tor (M, M) = 0, i > 0, then

HQU%M@)=HC&®®<§ﬂi@mu90%Mﬁ>- (2.22)

Proof. Suppose V, is a free resolution of A-bimodule M. Then according to the condition
Torf\(M, M) =0, i> 0, the space T4 (Vs) is a free resolution of algebra T4 (M) over inclusion
i: A — Th(M). Using Theorem 2.7 the long exact sequence of relative cyclic homology of

the following sequence, A— Tx(M) — 0, we get

- — HC,(A S Ta(M)) — HE (4 5 0)

— HC{(TA(M) — 0) — HCi1 (A =5 Ta(M)) =5 - o
Since A is a direct sum of T4 (M), we have
0 — HGC; (A R TA(M)> —s HCi(A) — HC;(Ta(M)) — 0 (2.24)
and hence
HCi(TA(M)) = HC;(A) ® HC; <A 4, TA(M)>. (2.25)

To prove the theorem we show that

HCi(A 5 TA(M)> - EO H;i(Zps1; S"(A, M)). (2.26)
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Clearly,

Ta(Ve) = Ve " (2.27)
(A+[Ta(Ve), Ta(Vo)l + Im(1 = tn))  ([Ta(Ve), Ta(Ve)] +Im(1 - 1,))"

Then we have the following isomorphism:

w po(n+l) 0 ®(n+1)
Gan:OP. " ~ ®n:OA®A®AOPP- " (228)
([Ta(Ve), Ta(Ve)] +Im(1 - £,)) Im(1 - t,)
The homology of the chain complex:
0 ®(n+1)
7 1 A®aear Ve (2.29)
Im(1-t,)
is equivalent to

& Hi(Zu1;S"(A,M)). (230)
From (2.25) and (2.26), the proof is completed. O
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