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Let V, = {p(x) € Q[x]|degp(x) < n} be the (n + 1)-dimensional vector space over Q. We show
that {Eo(x), E1(x), ..., Ex(x)} is a good basis for the space V,,, for our purpose of arithmetical and
combinatorial applications. Thus, if p(x) € Q[x] is of degree n, then p(x) = X, bEi(x) for

some uniquely determined b; € Q. In this paper we develop method for computing b; from the
information of p(x).

1. Introduction

The Euler polynomials, E,(x), are given by

2
et +1

0 n
et = e = 3 En(x) (1.1)
n=0 :

(see [1-20]) with the usual convention about replacing E"(x) by E,(x). In the special case,
x =0,E,(0) = E, are called the nth Euler numbers. The Bernoulli numbers are also defined

by

t B g,
S == ZA)B”E’ (1.2)
n=|

(see [1-20]) with the usual convention about replacing B" by B,. As is well known, the
Bernoulli polynomials are given by

B, (x) = Z (’;) Bix"! = Z <’;> Bix, (1.3)

1=0 1=0
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(see [9-15]) From (1.1), (1.2), and (1.3), we note that

B,(1) = B, = 61,4, E.(1) + E, =260, (1.4)

where 6k ,, is the kronecker symbol.
Let m,n € Z, with m + n > 2. The formula

By (x)Bn(x) = Z{ (;"r)n + (; >m} BorBenar(X) - _qymer M7 Briin (15)

m+n-2r (m+n)!’

is proved in [4-6]. Let V,, = {p(x) € Q[x] | degp(x) < n} be the (n + 1)-dimensional
vector space over Q. Probably, {1,x,...,x"} is the most natural basis for this space. But
{Eo(x),Ei(x),...,E,(x)} is also a good basis for the space V,,, for our purpose of arithmetical
and combinatorial applications. Thus, if p(x) € Q[x] is of degree n, then

p(x) = En]szz (x), (1.6)
1=0

for some uniquely determined b; € Q. Further,

1
bk = 2_k|{p(k)(1) +p(k)(0)} (k = 0/ 1121”'/71)/ (17)
where p®(x) = dFp(x)/dx*. In this paper we develop methods for computing b,

from the information of p(x). Apply these results to arithmetically and combinatorially
interesting identities involving Eo(x), E1(x), ..., Ex(x), Bo(x), ..., Bx(x). Finally, we give some
applications of those obtained identities.

2. Euler Basis, Identities, and Their Applications

Let us take p(x) the polynomial of degree n as follows:

p(x) = D Bi(x) By (x). 2.1)

k=0

From (2.1), we have

p® (x) =

%ZBFW)BMW (22)
T =k
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By (1.7) and (2.2), we get

1 n
<n ; )Z (Bi-k + 61,1-k) (Bu-1 + 61,n-1) + Bi-k Bu-1},
1=k

Thus, we have

bu-a = 171(712 - 1)’ bp=n+1, b,1=0.
By (1.6), (2.1), (2.3), and (2.4), we get

S Be(x) By ()
k=0

(2.3)

(2.4)

(2.5)

="Z<n+1> <ZBz kBu-i + Bk 1>Ek(x)+ Zn(n2 1) Enax) + (n+ DE, ().
k=0

I=k

Let us consider the following triple identities:

P = 3 B0)Bu()Bi(x) = ShiEi(x),

r+s+t=n k=0

where the sum runs over all r, s, t € Z, with r + s + t = n. Thus, by (2.7), we get

pP(x)=(n+2)(n+nm-1)---(n-k+3) D By(x)Bi(x)B(x).

r+s+t=n—-k

From (1.7) and (2.8), we have

bi = 2}0{ ®(1)+p®(0)}
N ("52) > {B.(1)Bs(1)Bi(1) + B, BBy}

r+s+t=n-k

n+2
<+){2 >, BBBi+ > 6,BBi+ > BB

r+s+t=n-k r+s+t=n—k r+s+t=n-k

(2.6)

2.7)

(2.8)
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+ Z BrBs61,t + Z 61,r61,th + Z 61,rBs61,t

r+s+t=n-k r+s+t=n—k r+s+t=n—-k

+ Z Br61,s61,t + Z 61,r61,s61,t } .
r+s+t=n-k r+s+t=n-k
(2.9)
Therefore, by (2.7) and (2.9), we obtain the following theorem.

Theorem 2.1. Forr,s,t € Z., and n € N with n > 3, one has

S, B, (x)Bo(x)Bi(x)

r+s+t=n

1S /n+2
=§k§< ) ){2 D, BBBi+3 BrBs+aBn_k_z+6k,n_3}Ek(x) (2.10)

r+s+t=n-k r+s=n-k-1
n+2
+ ( ’ >En(x).

Let us take the polynomial p(x) as follows:

p(x) = > B(x)Bs(x)Ei(x).

(2.11)
r+s+t=n
Then, by (2.11), we get
pP(x)=n+2)(n+n(n-1)---(n-k+3) > kB,(x)Bs(x)Et(x). (2.12)
r+s+t=n—
From (1.6), (1.7), and (2.12), we have
T w (k) (")
be= s {pP W +pP O} = 5= 3 (BOBOEQ) + BB.E)
: r+s+t=n—k
_ (%)
==5" 2 {(Br+61,)(Bs+615)(<Ei +2060,) + BrBsEy)
r+s+t=n—-k
_ (%) (2.13)
= > - Z 61,rBsEt - Z Br61,SEt +2 Z BrBs6O,t
r+s+t=n—-k r+s+t=n—-k r+s+t=n—-k

- Z 61,r61,sEt +2 Z 61,rBs60,t +2 Z Br61,s60,t

r+s+t=n-k r+s+t=n-k r+s+t=n-k

+2 Z 61,r61,s60,t}.

r+s+t=n-k
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Note that

n+2
byt = <n_1>{—ZBSEt— > BE+2 )] B,Bs—0+2Bo+ZBo+2-O}

s+t=0 r+t=0 r+s=1 (2.14)

1
- z(Zii){—1—1+2(Bl+Bl)+2+2} = 0.

Therefore, we obtain the following theorem.

Theorem 2.2. For n € N with n > 2, one has

>, B (x)B.(x)Ei(x)

r+s+t=n

1S /n+2
= EZ( k > 2 Z B,Bs -2 Z B,Ei—E, x2+4B 1+ 26k,n—2 Ek(x)

k=0 r+s=n-k r+t=n-k-1

+ (" ; 2>En(x).
(2.15)

Remark 2.3. By the same method, we obtain the following identities.

D
> By(x)Es(x)E(x)
r+s+t=n
1S n+2
= -Z( . > 2 > BEE+ > EE -4 Y BE;+4B,—4E, k1 Ex(x)
2 k=0 r+s+t=n-k s+t=n-k-1 r+s=n-k
n+2
+ < ’ >En(x).
(2.16)
(I1)
> Er(x)Es(x)Ei(x)
r+s+t=n
> 5 ) (2.17)
n+ n+
= 32( . ){ > EE, —2En_k}Ek(x) + ( 5 >E,,(x).
k=0 r+s=n-k
Let us consider the polynomial p(x) as follows:
p(x) = Z B, (x)Bs(x)x". (2.18)

r+s+t=n
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Thus, by (2.18), we get

pP(x)=m+2)(n+n(n-1)---(n-k+3) > By (x)Bs(x)x". (2.19)

r+s+t=n—k
From (1.6), (1.7), (2.18), and (2.19), we have

n+2
by = %{pm(l) +p® (0)} - ) > {B/(1)Bs(1) + B,B,0'}

2 r+s+t=n-k

:("52) > {(By+61,)(Bs +61) + B,B,0'}

r+s+t=n-k

n+2
:(5){ S BB+ S Bbi.+ S 6Bt S 6,60+ 3 BrBsot}'

r+s+t=n—k r+s+t=n—-k r+s+t=n—k r+s+t=n—k r+s+t=n—k
(2.20)
Here we note that
n-k n-k
> BB.=> > BB=) > BB
r+s+t=n—k t=0 r+s=n—k—t t=0 r+s=t
"S'B, ifk<n-1
7 1 g n—-1,
Z Br61,s = r§0 "
r+s+t=n—k 0, if k=mn,
"S'B, ifk (2.21)
, ifk<n-1, .
Z Bs6l,r = r=0 "
r+s+t=n-k 0/ if k = n,
1, ifk<n-2,
Z 61,1'61,5 = { .
rrorton—k 0, ifk=n-1ormn,
> BB0'= > BB, Vk
r+s+t=n-k r+s=n-k
It is easy to show that
1
byt = _<n+§>{ > B,B,+2 Y B,B, +ZBO}
2\n- r+s=0 r+s=1 (2'22)
1/n+2 1/n+2
= §<n—1>{1+2(B1 +By) +2} = E(n—l)‘

Therefore, by (1.6), (2.18), (2.20), and (2.22), we obtain the following theorem.
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Theorem 2.4. For n € N with n > 2, one has

>, B (x)B.(0)x’

r+s+t=n

n-2 n+2 n-k-1 n—-k-1
= 22( ){ > > BB.+2 >, BB,+2 Y, Br+1}Ek(x) (2.23)
k=0

t=0 r+s=t r+s=n-k r=0
1/n+2 n+2
() RT3}

Remark 2.5. By the same method, we can derive the following identities.

@
S, B0, ()
r+s+t=n
n-2 n-k-1 n-k-1 n-k
-2 ("ZZ>{_ S S BE.- > E. 423 B, +2}Ek(x) (2.24)
k=0 t=0 r+s=t s=0 r=0
3 (3 ) B+ ("2 2B
(D)

S E (x)Es(x)x!

r+s+t=n

1n—2 n+?2 n—k-1 n—k
=3 ( ) { > D EEs+2 > E:E.-4>E + 4}Ek(x) (2.25)
0

k=0 t=0 r+s=t r+s=n-k r=0
1/n+2 n+2
+§<n_1)En_1(x)+< ’ >En(x).

Now we generalize the above consideration to the completely arbitrary case. Let

p(x) = D B (x) -+ B;, (x)Ej, (x) -~ Ej.(x), (2.26)

i+t et fs=n

where the sum runs over all nonnegative integers iy, iz, ..., i, j1, . . ., js satisfying iy + i + - -+ +
ir +j1 + -+ js = n. From (2.26), we note that

pPx)=m+r+s-1)---(n+r+s—k) > B; (x) -+ Bj, (x) x Ej (x) -+ Ej (x).
i+t i+t js=n—k

(2.27)
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By (1.6), (1.7), (2.18), and (2.27), we get

1
e ORI O}
1 _
:§<n+rzs 1) Z {By,(1)--- B, (1)E;;(1)---E;,(1) + By, --- B, Ej, - - E;.}

i1+ tip+ji++js=n—k

_l/m+r+s-1
2 k

x > {(Bi, +61,) -+~ (Bj, + 61,,)

i+t j et je=n—k

X (_Ejl + 260,]'1) s (_Ejs + 260,]'5) + Bi1 s BirEh s E]'s }

1 n+r+s-1 r s Cmsc
:§< K > > <a><c>(—1)2 x > Bi,---B,Ej - E|

0<a<r i1+ Hig+ i+ +o=n+a—k—r
0<c<s
a>k+r-n

+ Z B ---B;Ej,--Ej
i+t i+t js=n—k

(2.28)

Note that

l/n+r+s-1 s s
G | DI S Ry S

0<c<s i+t e+ =0

+ Z Bil"'Bi,Eﬁ"'Eis}

i+t e+ s =0

:%<n+r;s—l>((2_1)s+1): <n+r:l—s—1),

l/n+r+s-1 r\/s Crs—c
w3 2 OO

0<c<s

x Z B ---Bi,Ej - Ej,

i+ tigtji et je=1+a-r

+ Z B, - B;,E; - E,

iyttt js=1
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%(n +;ii_1>{r(2—l)s+ > <z>(—1)62570 [_%(r+c)] - %(r+s)}

0<c<s

1<n+r+s—1){ 11 1 1 }
=z r——r+-s—-r—-sp =0.

2 n-1 22 2 2
(2.29)
Therefore, by (1.6), (2.28), and (2.29), we obtain the following theorem.
Theorem 2.6. For n € N with n > 2, one has
> BB (0E;(x)E;(x)
g+t et fs=n
1"‘2<n+r+s—1> <r><s>
= — (_l)Czs—c
2% k OSZEQ a)\c
0<c<s
a>k+r-n
x Z B, - B,Ej--E| (2.30)
i+t by et fe=nta—k—r ’
+ > Bi -+ B;Ej - Ej, ¢ Ex(x)
ip+e i+ i+t js=n-k
n+r+s-1
+ ( . >En(x).
Let us consider the polynomial p(x) of degree n as
p(x) = >, Bi(x)- By (x)Ej (%) Ej (x)x'. (2.31)
tHi+e i+t fs=n
Then, from (2.31), we have
pRx)=m+r+s)n+r+s-1)---(n+r+s—k+1)
(2.32)

x py Bj, (x)++ By, (x)Ej, (x) -~ Ej, (x)x".

i+ tip+ i+t s +H=n-k
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By (1.7) and (2.32), we get

be = 5 (PP 1) + ()

2k!

- 1(’”,:“) S {By()--By(DE; (1) Ej.(1) + By -+ By Ejy - E0')
2 i1+ tip+ i+ s +=n-k

_l/m+r+s

T2 k
X Z {(Bi, +61,;) -+ (Bj, + 01,,)

i1+ i+l +o+js+=n—k
x(=Ej, +260,) - (-Ej, +261,,) + B;, -+ B Ej, - E;,0'}
(2.33)

From (2.33), we can derive the following equation:

1/n+r+s r\ /s oo ek
bk:i( k ) 2 <a><C)(_1)c2 x 2 D>, B BiEjEj

0<a<r t=0  dyp+etigHjrretje=t
0<c<s

a>k+r-n

+ Z B ---B;Ej, -+ Ej

i1+ tip+ji++js=n—k

(2.34)
Observe now that
1/n+r+s S /s Cmsc
b, = 3 " o) D2 x > B,---B,Ej - E;
c=0 i+t e+ =0
+ D B, ---B,Ej---E (2.35)
i+t +j e+ =0

=%<n+;+s>[(2_1)5+1] _ <n+;+s>l
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1/n+r+s r\ /s e &
bn_1=§ no1 Z 2\ (-1)2°°x Z Z B ---B,E; ---Ej

r-1<a<r t=0 iy+etigtjitetjo=t
0<c<s

+ Z B, ---B;,Ej, -+ Ej

iyttt s =1

_l/n+r+s r+1—1r+ls—1r—ls _1/n+r+s
"2\ n-1 2027 20 27 2\  n-1 )

(2.36)
Therefore, by (1.6), (2.31), (2.34), (2.35), and (2.36), we obtain the following theorem.
Theorem 2.7. For n € N with n > 2, one has
> Bu(®) By (0)E;(x) - Ej(x)x'
i1+ +j o+ fs+=n
1"2<n+r+s> <r> (s)
— (_1)C25*C
- k=0 k Oﬁzuér a ¢
0<c<s
a>k+r-n
n+a—k-r
x Z Z B;, ...BI.HE].1 "‘ch (2.37)
t=0 ip+etigjrtetjo=t
+ > B, -+ B,Ej -+ Ej tE(x)
i1+t i+t js=n-k
l/n+r+s n+r+s
+ E( o1 )En,l(x) + < " >En(x).
Let us consider the following polynomial of degree .
1
p(x) = Z B (®) B, (x)Ej, (x) - - Ej (x). (2.38)
iyt i = [SRRRRE2Y I RN Y
Thus, by (2.38), we get
1
p (x) = (r+9)" > 7 X By, (x) - B, () Ej, (x) - Ej,(x).  (2.39)

4o 14,0
i1+~--+i,+j1+~--+j5:n—kll' it s
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From (1.7), we have

b= 5 [P0 +p9 ()

_ (r+s)k

1
2k! Z !

i1+»--+i,+j1+»--+j§:n—ki1' s gl !
X {le(l) cee Bly(l) X E]l(l) . E]s(l) + B,’l . 'BirEjl . E]s}

_ (r+s)k 1
- 2k!

R AT A
il*"'+ir+jl+"'+75=n7k11' 1r]1- Js:

X {(Bi1 + 61,1'1) cee (Bi, + 61/1'7) X (_Ejl +260,]'1) (—E]'S +260,]'S) + Bi1 .- 'Bi,Ej1 E]s}

(2.40)
Thus, by (2.40), we get
k B ---B: E: - E:
IRRALE DY <r> <S>(—1>Czs—f x 2 AT R
2k! 0<a<r \4/ \€ i1t ji et je=nta—k—r et laejie s Je
0<c<s
a>k+r-n
(2.41)

Bi,---B,Ej ---Ej

2

AT ML A
iyt e je=n—k 1 Lrejise e Js

Now, we note that

b, = (r;nf)n {:0 (z)(_l)czs-c

. Z Bil"'BirEjl"'ch+ Z Bil"‘Bi,Ejl"'Ejs}

AR AL 2 | IR TI A
i1+t 4e+je=0 b b1 Jer i1+ i e+js=0 b bl Js

_(r+9)”
T 2nl

_(r+s)"

[(@-1)+1] = ———,
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b= 52 3 () ()

r-1<a<r
0<c<s

. Z B - BE]1~--E]-C+ Z Bi,---B,Ej ---Ej
ettt jo L4 acr 11! .. u!]l‘ . ]c' ity 4t je=1 11! P 1,!]1! e ]s'
(r+s)" ( ) cns—c|_1 1 _
= ST r(2-1)° +Z (-1)°2 Sr+c)|=50r+s)p =
(2.42)

Therefore, by (1.6), (2.38), (2.41), and (2.42), we obtain the following theorem.

Theorem 2.8. For n € N with n > 2, one has

Bi (x)---Bj (x)Ej (x)---E; (x)
4}: ] ]

| ..
R e Pl : i Js:

12 (r +5)" r\ /s cns—c Bi, ---Bi,Ej, - Ej,
"2 k! Z <a><c>(_1)2 x Z i1 q i

1 |
iyt ji oo He=nta—k—r a']l' “Jer

Bi,---B,Ej ---E

2

PR M|
i1 et jo=n—k I Lrejise s

(r+s)

En(x).
(2.43)

By the same method, we can obtain the following identity:

B, (x) - By, (x)Ej, (x) - - Ej, (x)'

2

IFPA |
i+t 4t tt=n ' 1 ]S't‘

Z(r+s+1) Z <Z> <z>(_1)c25_c

0<a<r
0<c<s
a>k+r-n
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n+a—k-r Bi1 "'Bianl .. .E'].C

Z (n+a- k r—t)! Z

PR A |
iyttt b lacjiz--Je:

B.---B,E: ---E;
w BB B o
[FURRRY MY FIRERY N

2

i1+ + i+t js=n—-k

(r+s+1)""
2(n—1)!

(r+s+1)

Ep1(x) + E,(x).

(2.44)

Acknowledgments

This paper was supported by Basic Science Research Program through the National Research
Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology
2012R1A1A2003786.

References

[1] S. Araci, D. Erdal, and J. J. Seo, “A study on the fermionic p-adic g-integral representation on Z,
associated with weighted g-Bernstein and g-Genocchi polynomials,” Abstract and Applied Analysis,
vol. 2011, Article ID 649248, 10 pages, 2011.

[2] A. Bayad, “Modular properties of elliptic Bernoulli and Euler functions,” Advanced Studies in
Contemporary Mathematics, vol. 20, no. 3, pp. 389401, 2010.

[3] A.Bayad and T.Kim, “Identities involving values of Bernstein, g-Bernoulli, and g-Euler polynomials,”
Russian Journal of Mathematical Physics, vol. 18, no. 2, pp. 133-143, 2011.

[4] L. Carlitz, “Note on the integral of the product of several Bernoulli polynomials,” Journal of the London
Mathematical Society, vol. 34, pp. 361-363, 1959.

[5] L. Carlitz, “Multiplication formulas for products of Bernoulli and Euler polynomials,” Pacific Journal
of Mathematics, vol. 9, pp. 661-666, 1959.

[6] L. Carlitz, “Arithmetic properties of generalized Bernoulli numbers,” Journal fiir die Reine und
Angewandte Mathematik, vol. 202, pp. 174-182, 1959.

[7] N. S. Jung, H. Y. Lee, and C. S. Ryoo, “Some relations between twisted (h, q)-Euler numbers with
weight a and g-Bernstein polynomials with weight a,” Discrete Dynamics in Nature and Society, vol.
2011, Article ID 176296, 11 pages, 2011.

[8] D.S. Kim, “Identities of symmetry for g-Euler polynomials,” Open Journal of Discrete Mathematics, vol.
1, no. 1, pp. 22-31, 2011.

[9] D. S. Kim, “Identities of symmetry for generalized Euler polynomials,” International Journal of
Combinatorics, vol. 2011, Article ID 432738, 12 pages, 2011.

[10] T. Kim, “On the weighted g-Bernoulli numbers and polynomials,” Advanced Studies in Contemporary
Mathematics, vol. 21, no. 2, pp. 207-215, 2011.

[11] T. Kim, “Symmetry of power sum polynomials and multivariate fermionic p-adic invariant integral
on Zy,” Russian Journal of Mathematical Physics, vol. 16, no. 1, pp. 93-96, 2009.

[12] T. Kim, “Some identities on the g-Euler polynomials of higher order and g-Stirling numbers by the
fermionic p-adic integral on Z,,” Russian Journal of Mathematical Physics, vol. 16, no. 4, pp. 484-491,
2009.

[13] B. Kurt and Y. Simsek, “Notes on generalization of the Bernoulli type polynomials,” Applied
Mathematics and Computation, vol. 218, no. 3, pp. 906-911, 2011.

[14] H. Y. Lee, N. S. Jung, and C. S. Ryoo, “A note on the g-Euler numbers and polynomials with weak
weight a,” Journal of Applied Mathematics, vol. 2011, Article ID 497409, 14 pages, 2011.



International Journal of Mathematics and Mathematical Sciences 15

[15] H. Ozden, “p-adic distribution of the unification of the Bernoulli, Euler and Genocchi polynomials,”
Applied Mathematics and Computation, vol. 218, no. 3, pp. 970-973, 2011.

[16] H. Ozden, I. N. Cangul, and Y. Simsek, “On the behavior of two variable twisted p-adic Euler g-1-
functions,” Nonlinear Analysis, vol. 71, no. 12, pp. €942—-e951, 2009.

[17] S-H. Rim, A. Bayad, E.-]. Moon, J.-H. Jin, and S.-]. Lee, “A new construction on the g-Bernoulli
polynomials,” Advances in Difference Equations, vol. 2011, article 34, 2011.

[18] C.S. Ryoo, “Some relations between twisted g-Euler numbers and Bernstein polynomials,” Advanced
Studies in Contemporary Mathematics, vol. 21, no. 2, pp. 217-223, 2011.

[19] Y. Simsek, “Complete sum of products of (h, g)-extension of Euler polynomials and numbers,” Journal
of Difference Equations and Applications, vol. 16, no. 11, pp. 1331-1348, 2010.

[20] Y. Simsek, “Generating functions of the twisted Bernoulli numbers and polynomials associated with
their interpolation functions,” Advanced Studies in Contemporary Mathematics, vol. 16, no. 2, pp. 251-
278, 2008.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



