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We study the Dirichlet problem for the 2D Laplace equation in a domain bounded by smooth
closed curves and smooth cracks. In the formulation of the problem, we do not require
compatibility conditions for Dirichlet’s boundary data at the tips of the cracks. However, if
boundary data satisfies the compatibility conditions at the tips of the cracks, then this is a particular
case of our problem. The cases of both interior and exterior domains are considered. The well-
posed formulation of the problem is given, theorems on existence and uniqueness of a classical
solution are proved, and the integral representation for a solution is obtained. It is shown that
weak solution of the problem does not typically exist, though the classical solution exists. The
asymptotic formulae for singularities of a solution gradient at the tips of the cracks are presented.

1. Introduction

Boundary value problems in 2D domains with cracks (double-sided open arcs) are very
important for applications [1].

It is known that if the Dirichlet problem for the Laplace equation is considered in a
2D domain bounded by sufficiently smooth closed curves, and if the function specified in
the boundary condition is smooth enough, then existence of a classical solution follows from
existence of a weak solution. In the present paper, we consider the Dirichlet problem for the
Laplace equation in both interior and exterior 2D domain bounded by closed curves and
double-sided open arcs (cracks) of an arbitrary shape. The Dirichlet condition is specified
on the whole boundary, that is, on both closed curves and on the cracks, so that different
functions may be specified on opposite sides of the cracks. The case of this problem, when
the Dirichlet boundary data satisfies compatibility conditions at the tips of the cracks,
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has been previously studied in [2-6], where theorems on existence and uniqueness of a
classical solution have been proved, and the integral representation for a classical solution
has been obtained. In the present paper, this problem is considered in case when the Dirichlet
boundary data may not satisfy the compatibility conditions at the tips of the cracks. However
if boundary data satisfies the compatibility conditions at the tips of the cracks, then this is
a particular case of our problem. We prove that there exists a unique classical solution to
our problem and obtain an integral representation for the classical solution. In addition, we
prove that a weak solution to our problem may not exist even if both cracks and functions
in the boundary conditions are sufficiently smooth. This result follows from the fact that
the square of the gradient of a classical solution, basically, is not integrable near the ends
of the cracks, since singularities of the gradient are rather strong there. This result is very
important for numerical analysis, it shows that finite elements and finite difference methods
cannot be applied to numerical treatment of the Dirichlet problem in question directly, since
all these methods imply existence of a weak solution. To use difference methods for numerical
analysis, one has to localize all strong singularities first and next to use difference method in
a domain excluding the neighbourhoods of the singularities. The asymptotic formulae for
singularities of a solution gradient at the tips of the cracks are presented.

2. Formulation of the Problem

By an open curve we mean a simple smooth nonclosed arc of finite length without self-
intersections [7].

Let I be a set of curves, which may be both closed and open. We say that T’ € C** (or
I € C) if curves T belong to the class C>* (or C*') with the Holder exponent A € (0, 1].

In a plane in Cartesian coordinates x = (x1,x2) € R?, we consider a multiply
connected domain bounded by simple open curves I7,...,T}, € C>' and simple closed

curves I“%, e, I“%\Iz e C?*, 1€ (0,1],insucha way that all curves do not have common points,
in particular, endpoints. We will consider both the case of an exterior domain and the case of
an interior domain when the curve F% encloses all others. Set

N1 NZ
r=Jr,, rr=\yr, r=rturx (2.1)
n=1 n=1

The connected domain bounded by I'? and containing curves I ! will be called ®, so that
09 =T?, T' C . We assume that each curve T} is parametrized by the arc length s:

F{; = {x: x =x(s) = (x1(8),x2(5)), s € [a{l,bfz] }, n=1,...,Nj, j=1,2, (2.2)

so that,

1 1 1 1 2 2 2 2
a; <by <---<ay <by <aj<by<---<ay, <by,, (2.3)
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and the domain ® is placed to the right when the parameter s increases on I'2. The points
x € I and values of the parameter s are in one-to-one correspondence except the points a2,
b,zl, which correspond to the same point x for n = 1,..., N,. Further on, the sets of the intervals

Ny N, 2 Nj
Ulanbl, Ul 8], UU[eh vl (2.4)
n=1 n=1 j=1n=1

on the Os-axis will be denoted by I'!, I'?, and T also.

Set CO(T2) = (F(s) : F(s) € COlaZ, b2], F(a2) = F(b2)), and CO(T?) = (%, CO(T2). The
tangent vector to I in the point x(s), in the direction of the increment of s, will be denoted by
Ty = (cos a(s),sin a(s)), while the normal vector coinciding with 7, after rotation through an
angle of /2 in the counterclockwise direction will be denoted by n, = (sina(s), — cos a(s)).
According to the chosen parametrization cosa(s) = x}(s), sina(s) = x,(s). Thus, n, is an
inward normal to ® on I'?2. By X we denote the point set consisting of the endpoints of I'! :
X = Uy (x(a) U (b))

We consider I'' as a set of cracks (or double-sided open arcs). The side of the crack I'",
which is situated on the left when the parameter s increases, will be denoted by (I')", while
the opposite side will be denoted by (") .

We say that the function u(x) belongs to the smoothness class Kj, if

M ueC'@\TI\X)NCX(2\T'), VueCD\IT\T2\X),

(2) in the neighbourhood of any point x(d) € X, both the inequality

|u(x)| < Const (2.5)
and the equality
lim oux) | 4= g (2.6)
r—=+0 ) a5(d,) | ONx

hold, where the curvilinear integral of the first kind is taken over a circumference
0S(d, r) of a radius r with the center in the point x(d), in addition, n, is a normal
in the point x € 8S(d, r), directed to the center of the circumference and d = al, or
de}q, n= 1,...,N1.

Remark 2.1. By C%(® \ I'* \ X) we denote the class of continuous in @\ I functions, which are
continuously extensible to the sides of the cracks I \ X from the left and from the right, but
their limiting values on rt \ X can be different from the left and from the right, so that these
functions may have a jump on I'' \ X. To obtain the definition of the class C®(® \ I'* \ I'? \ X)
we have to replace C(® \ T \ X) by C%(D \ T\ T2\ X) and ® \ I by @ \ I'! in the previous
sentence.
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Figure 1: An example of an interior domain.

2 3
T
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Figure 2: An example of an exterior domain.

Let us formulate the Dirichlet problem for the Laplace equation in a domain ® \ I'!
(interior or exterior, see Figures 1 and 2).

Problem D,

Find a function u(x) from the class Kj, so that u(x) obeys the Laplace equation
Uz, x, () + Uy, () = 0 (2.7)
in @ \ I'! and satisfies the boundary conditions

u(X)|yspeqrry = F7(s), u(x)| sy = F(8), U(x)|x(s)er2 = F(8). (2.8)
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If D is an exterior domain, then we add the following condition at infinity:

|u(x)| < const, x| = 4/x3 + x5 — co. (2.9)

All conditions of the problem D; must be satisfied in a classical sense. The boundary
conditions (2.8) on I'" must be satisfied in the interior points of T, their validity at the ends
of I'! is not required.

Theorem 2.2. IfT € C?*, X € (0,1], then there is no more than one solution to the problem D;.

Proof. It is sufficient to prove that the homogeneous problem D; admits the triv-
ial solution only. Let u’(x) be a solution to the homogeneous problem D; with
F*(s)=F (s) =0, F(s) =0. Let S(d, €) be a disc of a small enough radius e with the center
in the point x(d) (d = aj, ord = b;,, n =1,...,Ny). Let I'}, . be a set consisting of such points
of the curve I'} which do not belong to discs S(al, €) and S(b}, €). We choose a number ¢ so
small that the following conditions are satisfied:

1
ne

(1) for any 0 < € < ¢y the set of points I'
n= 1,..., Nl,

is a unique non-closed arc for each

(2) the points belonging to '\ T}, are placed outside the discs S(a}, €), S(b}, €9) for any
n= 1, veey Nl,

(3) discs of radius ey with centers in different ends of I'' do not intersect.

SetTe =UNTL,, S = (UN'[S(al,e)US(bL€)]), D=2\ \S,.If D is an exterior
domain, then we set D. g = D. N SR, where SK is a disc with a center in the origin and with
sufficiently large radius R.

Since I? € C?*, 1u%(x) € CO%D \ I'") (remind that u°(x) € K;), and since 1% = 0 €
C*}(I?), and owing to the lemma on regularity of solutions of elliptic equations near the
boundary [8, lemma 6.18], we obtain #%(x) € C'(® \ I'"). Since u°(x) € Kj, we observe that
u'(x) € CH(D,) for any € € (0,¢]. By C'(D.) we mean C1(D, UT? U (I'*)* U (I'¢)” UDS,).
Analogously, in case of exterior domain ®: u’(x) € C! (§€,R) for € € (0,e0]. Let D be an
interior domain. Since the boundary of a domain 9, is piecewise smooth, we write out
Green'’s formula [9, page 328] for the function u°(x):

o\ ~(ou’\ "
o™ o () (o) =[Gy (G ) s

“Vuo

(2.10)

By n, the exterior (with respect to ®,.) normal on 0S. at the point x € 0S. is denoted.
By the superscripts + and — we denote the limiting values of functions on (I'')* and on
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(T')~, respectively. Since u’(x) satisfies the homogeneous boundary condition (2.8) on T, we
observe that #°[r2 = 0 and (4°)*|r1 = 0 for any € € (0, €o]. Therefore, identity (2.10) takes the
form

2 0
||Vu0 =J 224 e 0,6l 2.11)
L (De) 3S. al‘lx

Setting ¢ — +0 in (2.11), taking into account that u%(x) € K; and using the relationships
(2.6), (2.5) we obtain

0 2

”V Vu

=0. (2.12)

= lim
Ly(2\I')  e—+0 Lo (De)

From the homogeneous boundary conditions (2.8) we conclude that #°(x) = 0 in @\TI'!, where
D is an interior domain.
Let @ be an exterior domain. Since the boundary of a domain 9,  is piecewise smooth

and since 1% (x) € C! (§€,R) for any € € (0, 9], we may write Green’s formula in a domain 9, r
for a harmonic function #°(x) [9, ¢.328]:

. _
”Vu L®@er)  Jrie (u ) on, ds e <u ) on, ds
ou’ ou’ ou°
- Ry | 0" di f u’——dl.
LZ” on, S*fassu o) Y B

By n, on 0S. we denote an outward (with respect to D, z) normal in the point x € 0S.. It
follows from condition (2.9) and from the theorem on behaviour of a gradient of a harmonic
function at infinity [9, page 373] that

(2.13)

ou’ (x) 1
=0 — ), as|x| — oo. 2.14
o] <|x|2> |x| (2.14)
Consequently,
lim | w(x )a” () 4= o, (2.15)
R—o J gsr Olx|

and formula (2.13) transforms to the formula (2.10) as R — oo. Repeating all arguments,
presented above for the case of an interior domain 9, we arrive to formula (2.12). Taking
into account homogeneous boundary conditions (2.8), we obtain from (2.12) that u°(x) = 0
in ® \ I'', where ® is an exterior domain. Thus, in all cases u°(x) = 0 in @ \ I''. Theorem is
proved. O

Remark 2.3. The maximum principle cannot be used for the proof of the theorem even in the
case of an interior domain 9, since the solution to the problem may not satisfy the boundary
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condition (2.8) at the ends of the cracks, and it may not be continuous at the ends of the
cracks.

3. Properties of the Double Layer Potential on the Open Curve

Let y be an open curve of class C*, A € (0,1]. Assume that y is parametrized by the
arc length s: y = {x: x(s) = (x1(s),x2(s)), s € [a,b]}. The points x € I' and values
of the parameter s are in one-to-one correspondence, so the segment [a,b] will be also
denoted by y. The tangent vector to y in the point x(s), in the direction of the increment
of s, will be denoted by 7, = (cosa(s), sina(s)), while the normal vector to y in the point
x(s) will be denoted by n, = (sina(s),—cosa(s)). According to the chosen parametrization
cosa(s) = x}(s), sina(s) = x;,(s). The side of the crack y, which is situated on the left when
the parameter s increases, will be denoted by y*, while the opposite side will be denoted by
y~. Let X, = x(a) U x(b) be a set of the ends of y.

Set u(s) € C%*[a,b], and consider the double layer potential for Laplace equation in a
plane

b
W[p](x) = —% L ‘u(o)a—iy In|x - y(o)|do. (3.1)

Set z = x1 +ixy, t = t(c) = (y1(0) +iy2(0)) €y, j(t) = fi(t(c)) = p(o). If u(s) € C*[a,b],
then ji(t) € C%\(y), since

|fi(t) — fi(tr) | = |(t(02)) - it(01))] = |u(02) — (o) < cloa — ]!
(3.2)

3 |op — o1 A A A
_c<m> t(o2) = t(o)[* = c- )|t — 1",

where ¢ and ¢j are constants, f, = t(02) € y, t1 = t(01) € y. We took into account in deriving
the latter inequality that

lo — o1

Vs 0 %
Hoa) —top) € € (@bl abl), (3.3)

(see lemma 1 in [10]), whence

lox — o]
Ho) —Hop] = (3.4)

Consider the integral of the Cauchy type with the real density fi(t):
1 dt
D(z)=— | plt)—
(z) i L#( )t_z, (3.5)

then ¥0[u](x) = —Re®(z). It follows from properties of the Cauchy type integral that if
u(c) € COa,b], then W[u](x) € CO(R2\y \ X,). This means that the potential 10[p](x)
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is continuously extensible to y from the left and from the right in interior points (though its
values on y from the left and from the right may be different). If, in addition, y(d) = 0, then
the potential 70[u](x) is continuously extensible to the end x(d), where d = a or d = b (see
[7, Section 15.2]). Set

X1—W ’ . X2 — Y2 i
cosy(x,y) =y =lx vl singGoy) = =k vl Ge)

then ¢ (x, y) is a polar angle of the coordinate system with the origin in the point y. Formulae
for cos ¢ (x,y), sing(x,y) define the angle ¢(x,y) with indeterminacy up to 2orm (m is an
integer number). Let S(d, €) be a disc of a sufficiently small radius e with the center in x(d)
(d = aord =b). From asymptotic formulae describing behavior of ®(z) at the ends of y [7,
Section 22], we may derive the asymptotic formulae for J0[pu](x) = -Re D(z) at the ends of
y. Namely, for any x € S(d, €) and x ¢ y, the formula holds:

#()

10[u] (x) = ———gs(x, x(d)) + Q(x). (3.7)

Here by ¢ (x,x(d)) we mean some fixed branch of this function, so that the branch varies
continuously in x in a neighbourhood of the point x(d), cut along y. The upper sign is taken
if d = a, while the lower sign is taken if d = b. The function Q(x) is continuous as x — x(d).
Moreover, Q(x) is continuous in S(d, €) outside y and is continuously extensible from the left
and from the right to the part of y lying in S(d, €). It follows from formula (3.7) that for any
x € 5(d, €) and x ¢ y the inequality holds

|70 [u] (x)| < const. (3.8)

Now we will study properties of derivatives of the double layer potential. It follows
from Cauchy-Riemann relations that

dd(z)
dz

= (Re®),, —i(Re D), = W, +il,. (3.9)

On the other hand, if y(c) € C'*[a,b], then for z ¢ y:
doz) 1 (- 1 (o /d 1
dz 2w () - 2oi ,[Yﬂ(t)<dt t—z>dt

_ 1 [ u®) p(a) f (t)
T 2ri\tb)-z ta)-z

(3.10)

where

dﬁ(t) _ d//l(O') d_O' _ /4,(0.) 7111(0) !
dt  do dt (o) # (o). (G40
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Since y € C', then e @ € C%'[a,b], so one can show that ji'(t) € C®!(y) (the proof
repeats the given above proof of the fact that ji(f) € C%\(y), if u(c) € C°[a,b]). From
(3.9) and (3.10) and from properties of the Cauchy type integral [7, Section 15], it follows
that if u(o) € C'*[a,b], then VI0[u](x) € CO(R? \ y \ Xy), that is, VIO[u](x) is continuously
extensible to y from the left and from the right in interior points, though the limiting values
of VI0[u](x) on y from the left and from the right can be different. We can write (3.10) in the
form

dd(z) 1 [ p(b)ev>®) B p(a)e v txx@)
dz  2ui < lx - x(b)] x—x@ )¢ Qo(2), (3.12)
where
_ L (FD
Q=) = 5 L o (313)

It follows from [7, § 22] that for all z € S(d, €) (d = a or d = b), such that z € y, the inequality
holds

, 1 1
|Qo(z)|SCO<|‘H (d)lll’lmﬂ-l) SClnm, (314)

where ¢y and ¢ are constants.

Comparing formulae (3.9) and (3.12), we obtain that for x € 5(d,€) and x ¢ 7y, the
formulae hold

M _ 1 _Fd) sing(x, x(d)) + 1 (x),

0x1 © 2 |x - x(d)] (3.15)
3% d '
# = %%cow(x,xw)) + (),
where
) 1 1 .
|Q](x)| SC1<|//1 (d)llnm+1> SC2lnm, ]—1,2, (316)

c1, ¢ are constants. The upper sign in formulae is taken if d = a, while the lower sign is taken
if d = b. It follows from [7, Section 15.2] that if y'(d) = 0, then the functions Q;(x) and €, (x)
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are continuously extensible to the end x(d). Moreover, if x € 5(d, €) and x ¢ y, then for the
functions Q1 (x) and Q;(x), the formulae hold:

Q1(x) = -Re Qy(z)
= :Fﬂz(:) {sin((x(d)) In|x — x(d)| — cos(a(d))yp(x, x(d))} +Qp(x),

Qp(x) =Im Qo(2)

(3.17)

= ﬂ:%:) {cos(a(d)) In|x — x(d)| + sin(a(d)) g (x, x(d)) } + Qoo (x),

which can be derived, using the asymptotics for Qy(z) from [7, § 22]. The upper sign in
formulae is taken if d = a, while the lower sign is taken if d = b. Functions €219 (x) and 5 (x)
are continuously extensible to the end x(d). By ¢s(x, x(d)) we mean some fixed branch of this
function, which varies continuously in x in a neighbourhood of a point x(d), cut along y.

Let (o) € C*[a,b], and let n, be a normal in the point x € 8S(d, €), directed to the
center of the circumference 0S(d, ¢€), that is, n, = (- cos ¢ (x, x(d)), —sing(x, x(d))), then we
obtain from (3.15) for x &€ y

oW
M = —-Q(x) cos g (x, x(d)) — Qa(x) sing(x, x(d)). (3.18)
ony 8S(d,e)
Therefore, according to (3.16):
‘—610[/4] (x) <const In ———— = const In 1, (3.19)
on, 3S(d,e) lx = x(d)| 3S(d,e) €

since |x — x(d)| = € on 05(d, €). From here we obtain that

kY 27| 90
f 1] (x) dl = f M edy < 2irconst € hrl1 — 0, (3.20)
8S(d,e) ony 0 On ¢
ife — +0, so
020 ] (x)

lim

dl =0. (3.21)
€=+0 ) 55(d,e)

on,
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Now let € be a fixed positive number (sufficiently small). Using formulae (3.15) and setting
r=|x-x(d)|, ¢ = ¢(x,x(d)), we consider the integral over the disc S(d, €):

27 p€ 2
f |V1O[y](x)|2dx=f f {(ﬂ(d)> +@<=F£21(x)sian:|:£22(x)cosqf>
S(de) 0o Jo

27T ar

+Qﬁm+9§@}dm¢=h+b

(3.22)
1 (1,
Il = ﬂ . ;//l (d)dr,
(3.23)
20w 2 2
L= j j {7 (FQ1(x) singr + Qo (x) cos ¢) + r(Ql (x) + Q3 (x)) }drdqr.
0o Jo
The integral I, converges according to estimates (3.16):
| 1
|| < 4cy f In - <|,u(d)| + cprrrIn ;)dr < const. (3.24)
0

Hence, if integral (3.22) converges, then the integral I; converges as well (as a difference of
two convergent integrals), but the integral Iy converges if and only if p(d) = 0, while in other
cases I; diverges. Thus, the integral (3.22) converges if and only if p(d) = 0. Consequently
[VIO[p](x)| belongs to L,(S(d, €)) with small € > 0 if and only if p(d) = 0. Let us formulate
obtained results in the form of the theorem.

Theorem 3.1. Let y be an open curve of class C'*, A € (0,1]. Let S(d, €) be a disc of a sufficiently
small radius e with the center in the point x(d) € X, (d = aord =Db).

(i) If u(s) € C*[a,b], then W[p](x) € CO(R?\ y \ X,) and for any x € S(d, €), such that
x & y, the relationships (3.7) and (3.8) hold.

(ii) If u(s) € C'[a, b], then

(1) VI0[u] (x) € CO(RP \ v \ X,);

(2) for any x € S(d, €), such that x ¢ y, the formulae (3.15) hold, in which the functions
Q1 (x) and L, (x) satisfy relationships (3.16) and (3.17);

(3) for W[p](x) the property (3.21) holds;

(4) [VIO[u](x)| belongs to Lo(S(d, €)) for sufficiently small € > 0 if and only if u(d) = 0.

Remark 3.2. Bach function of class C°(R? \ y \ Xy) is continuous in R? \ y, is continuously
extensible to y \ X, from the left and from the right, but limiting values of such a function on
¥ \ X, from the left and from the right can be different, that is, the function may have a jump
ony\X,.

Let us study smoothness of the direct value of the double layer potential on the open
curve.
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Lemma 3.3. Let y be an open curve of class C**, A € (0,1], and let u(s) € C°[a,b]. Let

ol
L(s) = —— j nlx(s) YOl 4, (3.25)
Ny
be the direct value of the double layer potential 0[] (x) on y. Then
L(s) € C**4a,b]. (3.26)

Proof. Let us prove that I (s) € C'*/#[a, b]. Taking into account that n, = (y5(0),-y;(0)), we
find

oln|x(s) - y(o)| _T(s,0) 2(5,0) = |x(s) —3/(0)|2

d " o(s,0)’ —_o)?
n, g(s,0) (s - 0) (327

[x2(5) = y2(0)] vy (0) = [x1(s) - yl(G)]y2(0)

(s-0)

T(s,0)=

Note that y(o) is a point on I' corresponding to s = 0. So, we may put x(c) = y(o). For
j=1,2, wehave [10, § 3]

xj(s) = xj(0) = (s = 0)Z}(s,0) = =x(0) (0 = 5) + (0 - s)zz}(o, s), (3.28)
where

2)(5,0) = [ X0+ 265 ~oNaz € ™ (a, ] x a b,
° (3.29)

1
Z0,9) = | ](s+ &0~ 9)dk € C([a,b] x [a,b).
0
Note that the function

2(s,0) = W {[zl(s o)] |ZL6s, o)]z} € C'"*([a,b] x [a,b]) (3.30)

does not equal zero anywhere on I' and g(s, s) = 1; therefore,

1
g(s,0)

€ C([a,b] x [a,b]). (3.31)
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Further,

o 1 93 (s-0? _ glso)
0s g(s,0)  Os |x(s) — x(0)[* ~ §%(s,0)

) ) (3.32)
2Z%(s, 0)[Zi(s,0)], + Z;(s,0)[Z;(s,0)],

22(5,0) € C"([a,b] x [a,b]).

Consequently, 1/g(s, o) € C'*([a,b] x [a,b]). Similarly,

_ [x(s) -x (0)]x1(0) = [x1(s) — x1(0) ] x5 (0)
(s-0)° (3.33)
- [zg(o, s)x, (o) - Z2(o, s)x;(a)] € C%([a, b] x [a, b]).

T(s,0)

Consider 0T (s,0)/0s = J1(s,0) —2]2(s, ), where

x5(s)x; (0) = x1(s)x5(0)

]1(510) = (5_0-)2
_ [%09) - 1(0)] x4 (0) = [x) (s) — % (9)] %5 (0)
(s-0)*
1 ! ' " / ! "
= — {x1(0) .[0 x5 (s + é(0 —s))dé — x5 (0) 4[0 x| (s+é(o - s))dg}, (3.34)
(s, 0) = 128 = 2@)1%(0) - [11(5) - x1(9)]%(0)
o (s—o)
1 1 1
i {xﬁ(G) jo $x3(s +¢(0 - 5))dg — x5(0) JO &x(s+¢(o— s))dg}.
Then
aTgsS, o) = - } = {x’l(cr) Jj(l —=28)x5(s + é(0 - s))d¢ — x5 (0) Jj(l -28)x)(s+¢é(o - 5))d§}
_ K(s,0)
 s-o0

(3.35)
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where K(s,0) € C%*([a,b] x [a,b]) and K(s,s) = 0. According to [7, Section 5.7], the
following representation holds

0T (s,0)  K*(s,0)
ds |S_0|1—)L/4’

(3.36)

K*(s,0) € C%Y4([a,b] x [a,b]). Using properties of Holder functions [7], we obtain the
representation

9 dln|x(s)-y(o)| 1 9T(s,0) o 1
ds on, - g(s,0) 0s " T(S'G)g g(s,0)
Ky(5,0) (3.37)
1S, 0
= m + Ka(s,0),

where Ki(s,c) € C%*/%([a,b] x [a,b]), Ka(s, o) € C**([a,b] x [a,b]). By formal differentia-
tion under the integral, we find

dh(s) _ 1 f ﬂ(a)galnlx(s)—y(o)lda
Y

ds 2 0s on,
(3.38)
__ L Kils,0) oL J
=5 Yﬂ(o)|s—o|1_“4do 7 Yﬂ(o)Kz(s,o)do.

The validity of differentiation under the integral can be proved in the same way as at the
end of [9, Section 1.6] (Fubini theorem on change of integration order is used). Taking into
account the obtained representation for dI;(s)/ds and applying results of [7, Section 51.1],
we obtain that dI;(s) /ds € C*'/%[a,b]. Lemma is proved. O

4. Existence of A Classical Solution

We will construct the solution to the problem D; in assumption that F*(s), F~(s) € C*(I"),
X € (0,1], F(s) € C°(I'?). Note that we do not require compatibility conditions at the tips of
the cracks, that is, we we do not require that F*(d) = F~(d) for any x(d) € X. We will look
for a solution to the problem D; in the form

u(x) = —w[F* - F7](x) + v(x), (4.1)
where

w[F*-F|(x) = —% .[rl (F*(o) - F‘(o))% In|x - y(o)|do (4.2)
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is the double layer potential. The potential w[F* — F~](x) satisfies the Laplace equation (2.7)
in D\I'! and belongs to the class K; according to Theorem 3.1. Limiting values of the potential
w[F* - F~](x) on (I'')* are given by the formula

F*(s) - F(s)

5 +w[F* = F7](x(s)), (4.3)

w[F* - F7] (")lx(s)e(ﬂ)i =T

where w[F* — F7](x(s)) is the direct value of the potential on I'".
The function v(x) in (4.1) must be a solution to the following problem.

Problem D

Find a function v(x) € C%(®) N C3(® \ T''), which obeys the Laplace equation (2.7) in the
domain @ \ IT'! and satisfies the boundary conditions

0 ger = P wolF - x(s) = f09),

(4.4)
0(%)|x(g)erz = F(5) +w[F" = F7](x(s)) = f(s).
If x(s) € T, then w[F* — F~](x(s)) is the direct value of the potential on I'".
If @ is an exterior domain, then we add the following condition at infinity:
|o(x)| < const, x| = 4/x3 + x5 — co. (4.5)

All conditions of the problem D have to be satisfied in a classical sense. Obviously,
w[F*=F](x(s)) € C’(I'?). It follows from Lemma 3.3 that w[F*—F~](x(s)) € C*/4(I'") (here
by w[F* — F~](x(s)) we mean the direct value of the potential on I'!). So, f(s) € C**/*(T"")
and f(s) € CO(I'?).

We will look for the function v(x) in the smoothness class K.

We say that the function v(x) belongs to the smoothness class K if

(1) v(x) € CY(D)NCHD\I?), Vo e C%D \TT\I?\X), where X is a pointset consisting
of the endpoints of T'.

(2) in a neighbourhood of any point x(d) € X for some constants C > 0, 6 > —1 the
inequality |Vo| < C|x — x(d)|® holds, where x — x(d) and d = a) or d = b},
n= 1, ey Nl.

The definition of the functional class C°(® \ I'' \ I'? \ X) is given in the remark to the
definition of the smoothness class K;. Clearly, K C Kj, that is, if v(x) € K, then v(x) € Kj.

It can be verified directly that if v(x) is a solution to the problem D in the class K, then
the function (4.1) is a solution to the problem Dj.

Theorem 4.1. Let T € C>'4, f(s) € CYV4(T'?), L € (0,1], f(s) € C*(T?). Then the solution to the
problem D in the smoothness class K exists and is unique.
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Theorem 4.1 has been proved in the following papers:

(1) in [2, 3], if D is an interior domain;
(2) in [4], if D is an exterior domain and I'? # §;

(3)in [5, 6], if I?> = ) and so D = R? is an exterior domain.

In all these papers, the integral representations for the solution to the problem D in
the class K are obtained in the form of potentials, densities in which are defined from the
uniquely solvable Fredholm integroalgebraic equations of the second kind and index zero.
Uniqueness of a solution to the problem D is proved either by the maximum principle or
by the method of energy (integral) identities. In the latter case, we take into account that a
solution to the problem belongs to the class K. Note that the problem D is a particular case of
more general boundary value problems studied in [3-6].

Note that conditions of Theorem 4.1 hold if I' € C>', F*(s) € CY(I"), F(s) €
CMA (T, A € (0,1], F(s) € C°(I'?). From Theorems 3.1 and 4.1 we obtain the solvability of
the problem D;.

Theorem 4.2. Let T € C**, F*(s) € C'"M(I'"), F(s) € CV"M(I'"), A € (0,1], F(s) € C°(I'?). Then
a solution to the problem Dy exists and is given by the formula (4.1), where v(x) is a unique solution
to the problem D in the class K ensured by Theorem 4.1.

Uniqueness of a solution to the problem D; follows from Theorem 2.2. In fact, the
solution to the problem D, found in Theorem 4.2 is a classical solution. Let us discuss, under
which conditions this solution to the problem D; is not a weak solution.

5. Nonexistence of a Weak Solution

Let u(x) be a solution to the problem D; defined in Theorem 4.2 by the formula (4.1).
Consider a disc S(d, €) with the center in the point x(d) € X and of radius € > 0 (d = a},
ord=bl, n=1,...,N;). In doing so, € is a fixed positive number, which can be taken small
enough. Since v(x) € K, we have v(x) € Ly(5(d, €)) and |Vv(x)| € L2(5(d, €)) (this follows
from the definition of the smoothness class K). Let x € S(d,¢) and x ¢ T. It follows from
(4.1) that |Vw[pu](x)] < [Vu(x)| + |Vo(x)|, whence

Vool (O < 1VuEf + Vo(F +27u()] Vo)
(5.1)
< 2(|u(0P + Vo)),

since 2|Vu(x)| - [Vo(x)| < |[Vu(x)]* + [Vo(x)|>. Assume that |Vu(x)| belongs to L>(S(d, €)),
then, integrating this inequality over S(d, €), we obtain ||V |?|1,s(@e) < 2(|Vul?|L(se@e) +
IVOI2|L,(s(de)))- Consequently, if |[Vu(x)| € Lo(S(d, €)), then |Vw| € Ly(S(d,€)). However,
according to Theorem 3.1, if F*(d) — F~(d) #0, then |Vw| does not belong to L,(5(d, ¢)).
Therefore, if F*(d) # F~(d), then our assumption that |Vu| € L,(S(d, €)) does not hold, that is,
|Vu| & Ly(S(d, €)). Thus, if among numbers aj, ..., a}\,l, bi,..., bll\]1 there exists such a number
d that F*(d) # F~(d), then for some € > 0, we have |Vu| ¢ L,(S(d,e)) = L(S(d,e) \ T!),
sou ¢ H'(S(d,e) \ T'), where H' is a Sobolev space of functions from L,, which have
generalized derivatives from L,. We have proved the following theorem.
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Theorem 5.1. Let conditions of Theorem 4.2 hold and among numbers al, ..., a}\,l, bl,..., bll\h there
exists such a number d, that F*(d) # F~(d) (i.e., compatibility condition does not hold at the tip
x(d) € X). Then the solution to the problem D1, ensured by Theorem 4.2, does not belong to
H'(S(d,e) \ T") for some e > 0, whence it follows that it does not belong to H{ ( \ T''). Here
5(d, €) is a disc of a radius e with the center in the point x(d) € X.

By H (® \T") we denote a class of functions, which belong to H' on any bounded
subdomain of @ \ I'". If conditions of Theorem 5.1 hold, then the unique solution to the
problem Dy, constructed in Theorem 4.2, does not belong to Hlloc(% \ I'"), and so it is not
a weak solution. We arrive to the following corollary.

Corollary 5.2. Let conditions of Theorem 5.1 hold, then a weak solution to the problem Dy in the class
of functions Hlloc(% \ T'!) does not exist.

Remark 5.3. 1t should be stressed that even if closed curves and cracks are very smooth and
if boundary data is very smooth as well, but if there exists a tip of the crack, where the
compatibility condition does not hold, then a weak solution of the problem D in the class of
functions Hlloc(% \ T1) does not exist.

Remark 5.4. Even if the number d, mentioned in Theorem 5.1, does not exist, then the solution
u(x) to the problem Dj, ensured by Theorem 4.2, may not be a weak solution to the problem
D;. The Hadamard example of a nonexistence of a weak solution to a harmonic Dirichlet
problem in a disc with continuous boundary data is given in [11, Section 12.5] (the classical
solution exists in this example).

Clearly, Ly(® \ T') = Ly(D), since I'! is a set of zero measure.

6. Singularities of the Gradient of the Solution at
the Endpoints of the Cracks

It follows from Theorems 4.2 and 4.1 that the gradient of the solution of problem D; given by
formula (4.1) can be unbounded at the endpoints of the cracks I'.

Let v(x) be a solution of the Problem D ensured by Theorem 4.1. Let u(x) be a solution
of the Problem D; ensured by Theorem 4.2 and given by formula (4.1). Let x(d) € X be
one of the endpoints of I'. In the neighbourhood of x(d), we introduce the system of polar
coordinates

x1 = x1(d) +|x —x(d)[cos¢(x, x(d)),  x2=x2(d) +|x - x(d)|sing(x,x(d).  (6.1)

We assume that ¢ (x, x(d)) € (a(d), a(d) +2x) if d = a}, and ¢(x, x(d)) € (a(d) - 7, a(d) + )
if d = b}. We recall that a(s) is the angle between the direction of the Ox; axis and the tangent
vector 7, to I'! at the point x(s).

Hence, a(d) = a(al +0) if d = a}, and a(d) = a(b} - 0) if d = b

Thus, the angle ¢ (x, x(d)) varies continuously in the neighbourhood of the endpoint
x(d), cut along T

Let u(s) be a solution of the integral equation ensured by Theorem 4 in [2] or by
Theorem 4.4 in [3] or by Theorem 4 in [4]. The integral representation for the solution v(x)
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of the Problem D is constructed in [2-4] on the basis of the function y(s) that is a solution of
the certain integral equation.

Alternatively, one can assume that p(s) is an element of a solution to equations
ensured by Corollary 3.2 in [5] or by Theorem 4 in [6]. The solution v(x) of the Problem D is
constructed in [5, 6] with the help of the function u(s), which is an element of a solution to
certain equations.

We will use the notation 1 (s) = p(s)|s — d|'/?, and put p1(d) = p1(al) = p1(al +0) if
d=al, and pi(d) = (b)) = ua (bl - 0) if d = b}..

At first, we study the behaviour of the gradient of a solution v(x) of the problem D
at the tips of the cracks. Using the representation of the derivatives of harmonic potentials in
terms of Cauchy type integrals (see [10]) and using the properties of these integrals near the
endpoints of the integration line, presented in [7], we can prove the following assertion.

Theorem 6.1. Let v(x) be a solution of the problem D ensured by Theorem 4.1. Let x(d) be an
arbitrary endpoint of the cracks T, that is, x(d) € X and d = al, or d = b, for somen =1,...,N.
Then the derivatives of the solution of the problem D in the neighbourhood of x(d) have the following
asymptotic behaviour.

Ifd = al, then

o oma) o (y(xx(ay)) +a(ay)
a—)qv(x) B 2|x - x(a}l)|1/2 Sln< 2 > o
(6.2)
o wmd)  [eGa@) e
35" o e . o),
Ifd = b, then
pa(by) g (x,x(by)) +a(by)
a—xlv( ——2|x_x(b31)|1/2 cos( > > +0(1),
6.3)
0 v ) o eGxE)ral) o
50" " 5 +0().

By O(1) we denote functions which are continuous at the endpoint x(d). Moreover, the functions
denoted as O(1) are continuous in the neighbourhood of the endpoint x(d) cut along T and are
continuously extensible to (T'')* and to (')~ from this neighbourhood.

The formulas of the theorem demonstrate the following curious fact. In the general
case, the derivatives of the solution of problem D near the endpoint x(d) of cracks I'! behave
as O(|x - x(d)|_1/2). However, if p;(d) = 0, then Vo(x) is bounded and even continuous at
the endpoint x(d) € X.

On the basis of Theorem 3.1, Theorem 6.1 and formula (4.1), we may study the
behaviour of the gradient of a solution u(x) of the problem D; at the tips of the cracks. Using
notations introduced above and notations from Section 3, we arrive at the following assertion.
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Theorem 6.2. Let u(x) be a solution of the problem Dy ensured by Theorem 4.2. Let x(d) be an
arbitrary endpoint of the cracks T, that is, x(d) € X and d = al, or d = b}, for somen =1,...,Ny.
Then the derivatives of the solution of the problem Dy in the neighbourhood of x(d) have the following
asymptotic behaviour.

Ifd = a}, then

2 = L) @) (@)

o0 " o e x(al)] '

ial) Sin<qf<x,x<a;>> ; a(a}»)

2|x - x(ay)| 2
F"(ay) - F (ay) /. 1 1 1 1
+ o (sma(an) 1n|x—x<an> —q;(x,x(an>> COStX(an>> +0(1),
0 1 F'(ay) - F (a,
a—xzu(x) = o fi}x(a}l)(r ) cosqr(x,x(a}))
1 1 1
2l fljf:;n“z C°s<w(x’an§) : a(an)>
F"(a,) - F" (a,) 1 1 1 o 1
- = (COS(X((Zn> ln|x—x<an) +qf<x,x<an>> sma<an>> +0(1).

(6.4)

Ifd = b}, then

2 = - LEEDE ) ()

o "7 "o (o]
(bn) (x, x(by)) + a(bn)
2|xi¢1x(b}1)|1/2 cos<‘l’ x,x ) a >
FI+(b}1) B FI_(b}t) : 1 1 1 1
- = (sma(bn) ln'x—x<bn> —(p<x,x<bn>> COSDC(bn>> +0(1),
0 1 F*(bl) - F (b}
a—xzu(x) =5 (|x)—x(d)f ) cosq;(x,x(b}l»
b} ,x(b} b}
‘2|xfllx(<;a)>|”zsm<w(x o )>
+ F,+(b}l)2;rF,_(b}l) (cosa(bi) 1n|x - x(bﬁ) +(p<x,x<b,11>> sina(b}l)>+0(1).

(6.5)
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By O(1) we denote functions which are continuous at the endpoint x(d). Moreover, the functions
denoted as O(1) are continuous in the neighbourhood of the endpoint x(d) cut along T* and are
continuously extensible to (T'*)* and to (TY)~ from this neighbourhood.

In the formulation of the theorem we use the notation F*(s) = dF*(s)/ds. The
formulas of the theorem demonstrate the following curious fact. In the general case, the
derivatives of the solution of problem D; near the endpoint x(d) of cracks I'! behave as

1 1 1
(=) (=miar) +© o ) 69

However, if F*(d) — F~(d) = p1(d) = F'*(d) - F"(d) = 0, then Vu(x) is bounded and even
continuous at the endpoint x(d) € X.
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