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Let A, denote the set of functions analytic in |z| < p but not on |z| = p (1 < p < o0). Walsh proved
that the difference of the Lagrange polynomial interpolant of f(z) € A, and the partial sum of
the Taylor polynomial of f converges to zero on a larger set than the domain of definition of f. In
1980, Cavaretta et al. have studied the extension of Lagrange interpolation, Hermite interpolation,
and Hermite-Birkhoff interpolation processes in a similar manner. In this paper, we apply a certain
matrix transformation on the sequences of operators given in the above-mentioned interpolation
processes to prove the convergence in larger disks.
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1. Introduction

If x = (xx) is a complex number sequence and A = [a,] is an infinite matrix, then Ax is the
sequence whose nth term is given by

(Ax), = Zankxk. (1.1)

k=0
A matrix A is called X — Y matrix if Ax is in the set Y whenever x isin X. For 0 < a < oo, let
G = {x : limsup |xx|V* < a}. (1.2)

For various values of a, this sequence space has been studied extensively by several authors
[1-5]. In particular, Jacob Jr. [2, page 186] proved the following result.
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Theorem 1.1. An infinite matrix A is a G, — G, matrix if and only if for each number w such that
0 < w < 1/v, there exist numbers B and s such that 0 < s < 1/u and

|@ic|w™ < Bs* (1.3)

forall nand k.

Let A, denote the collection of functions analytic in the disk D, = {z € C : |z| < p}
for some 1 < p < oo and having a singularity on the circle |z| = p. In Section 2, we state the
results proved by Cavaretta Jr. et al. [6] on the Lagrange interpolation, Hermite interpolation,
and Hermite-Birkhoff interpolation of f(z) € A, in the nth roots of unity, which will be
required. Main results are given in Section 3 and deal with the application of a certain matrix
to the various polynomial interpolants in the above results. Interestingly, we are able to show
that under the matrix transformation the difference of the interpolant polynomials and the
corresponding Taylor polynomials converges to zero in a larger region.

2. Preliminaries

Throughout the paper, we assume that f(z) € A, with 1 < p < oo and f(z) has the Taylor
series expansion

f(z) = iakzk. (2.1)
k=0

For each integer n > 0, let L, (z; f) denote the unique Lagrange interpolation polynomial of
degree n which interpolates f(z) in the (n + 1)st roots of unity, that is,

L,(w; f) = f(w), (2.2)

where w is any (n + 1)st root of unity. Setting S, (z; f) = S saxz*, the well-known Walsh

equiconvergence theorem [7] states that

lim [Lu(z; f) = Su(z: /)] =0, Viz| <p?, (2.3)

with the convergence being uniform and geometric on any closed subset of |z| < p?. This
theorem has been extended in various ways by several authors [6, 8-10]. In all that follows,
we state some of the results of [6] which are needed for our main results.

Under Lagrange interpolation, letting

Sni(z f) = D asjmenzs, j=0,1,..., (2.4)
k=0

the authors [6, Theorem 1, page 156] have proved the following result.
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Theorem 2.1. For each positive integer 1,

-1
Tim {Ln<z; - ZSn,,-(z;f)} =0, Wzl <p" (2.5)

j=0

and this result is best possible.

In the proof of Theorem 2.1, it has been shown by the authors that

(2.6)

. -1 . ~ 1 f(t)(tn+1 _ Zn+1)
Ln(Z,f) - j;osnzf(zlf) - 2_er (t—z) (! — 1)tl(n+1) /

where I is any circle [{| = Rwith1 < R < p.

In [6] the authors have studied the Hermite interpolation also in a similar way. For a
fixed positive integer r > 2, let hy(44+1)-1(2; f) be the unique Hermite polynomial interpolant
to f, f',..., f7V in the (n + 1)st roots of unity, that is,

Wy (@i ) = [P @), j=01,...,r-1, (2.7)

where w is any (n + 1)st root of unity.
Setting

r(n+1)-1
Hyniy-10(z f) = Z axzk,
k=0

(2.8)
Hynin-1,j(z f) = Bj(2) D @ketminyrejry - 25, j=1,2,...,
k=0
where
S r+j-1 k
Bi(z) = Z( g ) "'-1), j=12,..., (2.9)
k=0
in [6, Theorem 3, page 162] the authors proved the following result.
Theorem 2.2. For each positive integer 1,
1-1
nh_l:lgo{hr(nﬂ)—l(z;f) - ZHr(n+1)—1,j(Z;f)} =0, Vz[<p"r (2.10)
j=0

and this result is best possible.
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In the proof of Theorem 2.2, it was shown by the authors in [6, page 165] that

L[ f®
27ri r(t—2)

r(n+1) 1 f) ZHT(‘rHl) 1](2 f) K(tr Z)dt/ (211)

where I' is any circle |f| = Rwith 1 < R < p and

(Rn+1 + |Z|"+1)(|Z| + 1)7—1
Rr+)(n+1)

IK(t,z)| <M (2.12)

Under Hermite-Birkhoff interpolation, the authors in [6] established several results for
different cases. We consider here only the (0, 1) case. Let n and m be integers with n > m > 0.

Let bé?lﬁ) (z; f) be the unique Hermite-Birkhoff polynomial of degree 2n+1 which interpolates

f in the (n + 1)st roots of unity and whose mth derivative interpolates f™ in the (n + 1)st
roots of unity, that is,

b @i f) = f@), (B )" = F ), (213)

where w is any (n + 1)st root of unity.
Setting

2n+1
O (0,m)

n+1 O(Z Z akz
(2.14)

B;?lﬁ)v(z;f) = Zaj+(v+1)(n+1) 2igin(z), v=12...,
j=0
where gj,,(z) is a polynomial of degree (n + 1) given by

(v+1)(n+1)+j), —(n+1+j)
(n+1+7), =)y,

n+1

gjv(z) = mzml-1), j=0,1,...,n, (2.15)

with the following conventional notation

jG=1-(-m+1), ifm<j,
(o = (2.16)

0, if m>j,

in [6, Theorem 4, page 170] the authors proved the following result.
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Theorem 2.3. For each positive integer 1,

1-1
Jim {bé‘i'ﬁ’<z;f> - ZBéi'i’?,j(z;ﬁ} =0, for |z < p1? (217)
j=0

[oe]

and this result is best possible.
In the proof, it was shown in [6, Theorem 4, page 171] that

1-1

m m 1
by (z f) - Y, Bé?lfﬂ)/]_(z; f) = _sz F(O)K(t, z)dt, (2.18)
j=0 r

where I'is any circle |t = Rwith 1 < R < p and |K,,(t, z)| is bounded on the circle |t| = R < |z]
by

|Z|n+1(|t|n+1 + |Z|n+1) (|Z|n+1 + 1)(|Z|n+1 +Rn+1)

— |||+ D ) g1 (|2] = R)REDD) (2.19)

IKn,l(t/ Z)I S |t

3. Main results

Our aim in this section is to apply a G,, — G, matrix to the polynomial sequences of operators
in each of the above three theorems given in Section2 and prove that the difference of
transformed sequences in each case converges to zero in a lager disk D;. To simplify, let

us denote L,(z; f) and Z;-;})Sn,j(z; f) in Theorem 2.1 by L, and S,,, respectively.

Theorem 3.1. Let f(z) € A, and let T be any circle |t| = Rwith 1 < R < p. For any p > p, choose
u>p/Rand 0 <v < 1. Let Abea G, — G, matrix and define

Mi(2) = DlamkLe,  0ui(2) = D ankSk, (3.1)
k=0 k=0

forn=0,1,.... Then, for each |,
lim [4,(z) = 0x1(2)] =0, Vz € D;. (3.2)
Proof. Using the integral representation given in (2.6), foreach/ =1,2,..., we have
An(2) = 0u1(2) = D @nk (Li = Sk1)

k=0

& 1 FE - 2+
N kzoankﬁ r (t — Z) (tk+1 _ 1)tl(k+1) dt (3.3)

S [ SO ()] A
S ) (= z) 0D A VI
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Since |t| = R > 1, we have

Mn2) = 02 = i 23” r (¢ —1;52("”) [ < >k+1]z<tk+1> at

k=0

A S () ()

The interchange of the integral and the summations is justified by showing that the series

ES S OS]

converge absolutely for each g as follows. From (1.3), for any 1 < w < 1/v we have that
|auk|w™ < Bs*, where s < 1/u < R/p < 1. Thus, for each g, I, and n, we have

(3.4)

E ( )<£f<SY—£—KL- (3.6)
Ank |t|l+‘7 wh “ Rl+q - wn (Rl+q _ S) ’ .
because s/ R < R/pR*1 < 1 and similarly for |z| < p

E k+1 1 k < Bﬁ © Sﬁ k ~ Bﬁ Rl+q+1 (3 7)
t |t|l+q = wan:() Rl+q+1 ~ w"R Rl+a+1 _ Sﬁ ’ :

because sp/R*7*! < R/R*9*! < 1. Therefore, from (3.6) and (3.7), identities (3.4) become

©
Z | Ank |
k=0

Aa(2) = Oma(2)] < 5 f |f<f>| [ R pR* P]dt

2 rwoh T |t Rl+q Rl+q + Rl+q+1 —sp
(3.8)

_ B (IfOI& p
T 2grwon J‘F It - Z| Z [Rl+q s + Ri+a+l — ﬁ] dt.

It can be easily proved that the two series on the right side of the above expression converge
by using the ratio test. Assuming that f(¢) is bounded onI’, w > 1 implies that

lim [4,(2) = 0ui(2)] =0, V|z[ <p. (3.9)
O

Next, we prove a similar result of convergence on a larger disk in the case of the
Hermite interpolation. To simplify, let us denote

11
hrne1)-1(2; f), > Hyueny-1,i(z f) (3.10)
20

in Theorem 2.2 by h, and H,,;, respectively.
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Theorem 3.2. Let f(z) € A, and let T be any circle |t| = Rwith 1 < R < p. For any p > p, choose
u>p/Rand0<v < 1. Let AbeaG, -G, matrix and define

M(2) = Dlawche,  oni(z) = D anHy, (3.11)
k=0 k=0

forn=0,1,.... Then, for each |,

lim [4,(z) = 041(2)] =0, Vz € D;. (3.12)
n—oo
Proof. Using the integral representation given in (2.11), for each I =1,2,..., we have

An(2) = Oi(2) = Zankmk—Hﬂ)-Zank 1O o, zya. (G13)

20ri )t -

From (2.12) we obtain that

F (O] MRS+ 12141) (Jz] + 1)

- R+ (k+1) dt

|-)L (Z) O'nl(z)l < Z| nk|
(3.14)

M(|Z|+1)r+1 |f(t)|Z| | Rk+1 +|Z|k+1)dt
2 rlt -zl & Akl R (e :

The interchange of the integral and the summation is justified by showing that the series

X |ank| 0 |Z| k+1
ZR(H—I 1) (k+1) §|ank| R (3.15)

k=0

converge as follows. From (1.3) we have that for any 1 < w < 1/v, |au|w" < Bsk, where
s<l/u<R/p<1.
Thus for any fixed positive integer 7 > 2 and for each [ and n

[ee] 1 k+1 B foe) s k B
%lankl (Rr+l—1 ) < w" R P < Rr+-1 ) = w"(Rr+l—1 ~ S) ’ (3,16)

because s/R™!"! < 1/pR™*"% < 1, and similarly for |z| < p,

o k+1 k
Ed Bz| slz\" _ Blz| 1
kz:(:)|ank| <Rr+l wnRH—lZ R+l T (Rr+l — S|Z|) ’ (317)

because s|z|/R™ <1/R™*F1 < 1.
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Therefore, using (3.16) and (3.17) in (3.14) we get that

MB(jz| +1)"™" f f(®) [ 1 12|
.)tn - Un, S dt 1
Ha(2) = 0ui(2)] 27w rlt—zl [R+-1 -5 " Rr+l — g|z| (3.18)
Assuming that f(t) is bounded on I', w > 1 implies that
lim [A,(z) —041(2)] =0, for |z| <p. (3.19)
O

Thus in the Lagrange case, the G, —G, matrix transformation of the sequence operators
produces new sequences such that the difference between the transformed sequences of
polynomials L, and S,,; converges to zero in an arbitrarily large disk D; by choosing u > p/R.
Similarly, in the Hermite case also, the domain of convergence to zero is arbitrarily large
under G, — G, matrix transformation by choosing u > p/R. But as we see in the following
theorem, in the case of Hermite-Birkhoff interpolation, the domain of convergence to zero of
the difference of the transformed polynomials of Theorem 2.3 is arbitrarily large only if we
choose u > p?/R.

To simplify, let us denote by (z; f) and Zﬁ LB /(z; f) of Theorem 2.3 by b, and
B, ), respectively.

Theorem 3.3. Let f(z) € A, and let T be any circle |t| = Rwith 1 < R < p. For any p > p, choose
u>p?/Rand 0 <v < 1. Let A be a G, — G, matrix and define

() = Dawbe,  0ui(z) = D ankBry (3.20)
k=0 k=0

forn=0,1,.... Then, for each |,
lim [A,(z) = 0n1(2)] =0, Vz € D;. (3.21)
Proof. Using the integral representation given in (2.18), for each I =1,2,..., we have
& 1
0(2) = o) = Sy [ FOKualt . (322)
= i) ¢
From (2.19) we obtain that

ha(z) - anz(z>|<2|ank|— f FOlK, 2)ldt

PAGIRS Z |apcl|2] (117 +[2]")
23; r |t — Z| |i’|(l+1)(k+1)|tk+1 _ 1|

dt (3.23)

+ i |f(t)| i |ank|(|Z|kJr1 + ])(|Z|k+1 + Rk+1) »

27 )|zl -R& R+2)(k+1)
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The interchange of the integral and the summations is justified by showing that the two series
in (3.23) converge as follows. From (1.3) we have that for any 1 < w < 1/v, |au|w" < Bsk,
where s < 1/u < R/p? < 1. Since [t| = R and |z| < p, using the same method used in (3.4) we
write the first summation as

|ank||Z|k+1 (|t|k+1 +|Z|k+1) y © Bsk|z|k+1 kil
Z |t|(l+1)(k+1) Rk+1 _ 1) - gwnR(Hl)(kﬂ) Z Rk+1

TR >k+i<—5ﬁ ION
= wn = Rl+q+1 b= Rl+q+1 Rl+q+1 R

B & ﬁ r Rl+q+1 ﬁ (Rl+q+2)
- ﬁqzo Ri+a+1 [ (RM+a+1 — sp) + R (RI*a+2 — SﬁZ)]’

(3.24)

because sp/R*7*1 < 1/pR*7 < 1 and sp?/R*7*? < 1/R*7*1 < 1 for each [ and g. Now, for the
second sum in (3.23) we have

o |ank|(|z|k+1+1)(|Z|k+1+Rk+1) g B & Sk

~2k+2 ~p\k+1 k+1
é RE=2) (kD) = EHW[ +p + (PR + R ]
SLY . B
w" | R+2 — SﬁZ RI+2 — Sﬁ RI+1 _ Sﬁ RI+1 — s ’
(3.25)
because for each I,
~
5P
RI+2 < RI+1 <1,
5p
Rz < pet <
. (3.26)
sp 1
RI+1 < A_Rl < 1’
p
s 1
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Using (3.24) and (3.25), the expression (3.23) becomes

[e’s) P~ ~2
A (2) = O(2)] < —2 f'f(t"z[Rl+q+’j_sﬁ+ P

w2 ) |t - z| = R+a+2 — gp?
(3.27)
B t p* p p
f £ ()] PP P
2 rwon r |Z| —R|R+2 — SﬁZ RI+2 — sp RI+1 — sp Ri+1 — g

It can be easily proved that the two series on the right side of the above expression converge
by using the ratio test. Assuming that f(f) is bounded onI’, w > 1 implies that

Jim [A5(2) = 0n1(2)] =0 (3.28)

for each |z| < p. O

In two of the above three theorems, for any R and p satisfying the stated conditions,
we have chosen u > p/R > 1and 0 < v < 1. In the case of the last theorem, we have chosen
u> ﬁz /R>1and 0 < v < 1. Now, to see if there exists such a G, — G, matrix, we give below
an obvious example.

Define a matrix A by

n

Apk = ;—k, p>u (3.29)

Then for any w such that 0 < w < 1/v, we have that

n k
|ank|w" = (W,:) < <1> , (3.30)
p p

where 1/p < 1/u. Hence by Theorem 1.1, A is a G, — G, matrix.
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