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1. Introduction

There are several classifications of the complex nilpotent Lie algebras (NLA) of dimension
<7 (see [1-7], and the comparisons in [3, 5, 8]). In dimension <6, there are also historical
notations which go back to Dixmier [9] and Vergne [10]. In dimension 7, out of the several
classifications, Carles’ classification ([2] with a couple corrections as in [8]) is of particular
interest, as it is based on weight systems, with notations taking into account the rank and
the labeling of the weight systems, in the spirit of the historical notations. We label the
NLAs of dimension <7 according to the historical notations in dimensions <6 and according
to Carles’ notations in dimension 7. We refer to [8] for commutation relations (they are
given in a basis that diagonalizes a maximal torus, i.e., a maximal Abelian subalgebra of the
derivation algebra consisting of semisimple elements) and discussion of the classification,
as well as for comparison with other classifications. Let us simply recall here that there
are 98 (nonequivalent) weight systems for complex 7-dimensional indecomposable NLAs:
1 in rank 0, 24 in rank 1, 45 in rank 2, 24 in rank 3, and 4 in rank 4. The indecomposable
NLAs of dimension 7 are almost classified by their weight system with a few exceptions, and
one gets 123 nonisomorphic indecomposable NLAs of dimension 7, of which 6 continuous
1-parameter series (each continuous series counts as one algebra). We also recall the
isomorphisms for the continuous series: g7040) = g7040) © A = £ 971.16,) S 97116 ©
No= X g71206,) S 97126y © (M = Aor M = 1); g7136,) = 971360 © A = Lgro1a,) =
97216, © AN = X Asto g7313:,), 97316,) = 97313, if and only if \' = s() with s any element of
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Table 1: Singular values for continuous series of 7-dimensional NLAs.

Algebra Singular values

97,0401 © No singular value

97,113) A=1,1=3 1€ |{-w,-w?)

g7120) A # =-1) A=1, )€ {~w,-w?)

97,13(i)) A=1;

972.13)) A=0,1= %, A=2, 1€ {~w,-w?)
97,3.1()) 1=0,1,1=-1,2, 1, A€ {~w,—w?)

2

the group of transformations of A : G = {A,1/1,1-1,1/(1-1),1-1/1,1/(X -1)}, which is
isomorphic to the symmetric group Ss.

Now, given some 7-dimensional NLA, it is not always easy to match it (up to iso-
morphism) to an algebra of the list. For that purpose, however, the adjoint cohomology is
very effective. Adjoint and trivial cohomologies for all complex 7-dimensional indecompos-
able NLAs, along with their weight systems under the action of the maximal torus have been
computed in [11] (see also [12], and for trivial cohomology [13]). (Beside the Abelian case,
there is a couple special instances in which there are formulae valid in any dimension: for
standard filiform [11] and Heisenberg Lie algebras [14, 15].)

However, on one hand that work is unpublished, and on the other hand, when
identifying a particular NLA, one has to look up quickly some particular cohomology
sequence. Hence there is a point in publishing a handy list of cohomology for all NLAs of
dimension <7. In the present paper, we write down such a list. For each NLA g, we give the
sequences (dim Z/ (g, 9))0<;‘<dim ; and (dim Hi(g, 9))0<;‘<dim , for, respectively, the spaces of
adjoint cocycles and cohomology groups, along with the sequence of Betti numbers, that
is, the trivial cohomology (dim Hj(g,(C))Ogjgdim 4+ We also pay attention to quadratic Lie
algebras, Poincaré duality and harmonic cocycles.

Nonisomorphic NLAs of dimension <6 have different adjoint cohomologies, even
though their trivial cohomologies may be equal. In dimension 7, up to 14 nonisomorphic
NLAs (of which 2 continuous series) may share the same trivial cohomology (e.g.,
(1,2,3,4,4,3,2,1)), hence the trivial cohomology is ineffective in separating nonisomorphic
Lie algebras; it does not refine the classification by weight systems of the algebras either.
However, the adjoint cohomology does separate all but 13 pairs of NLAs, and refines the
classification by weight systems of the algebras, with only 4 exceptions. For any continuous
series, the adjoint cohomology is the same for all but some singular values of the parameter
at which gaps occur. The singular values for the 6 continuous series are listed in Table 1.
Throughout the paper, we denote w = exp(2isr/3). For continuous series, the term generic
will refer to the values of the parameter which are not singular.

The nonisomorphic 7-dimensional NLAs having the same adjoint cohomology come
in 13 pairs, as shown in Table 2. Adjoint cohomology refines the classification by weight
systems of the NLAs, except for the 4 pairs # 2,3,4,8 in Table 2. In each of those 4 pairs,
the weight system on the cohomology is identical for the 2 components [11].

2. Cohomology tables

The results appear as in Tables 3, 4, 5, 6,7, 8,9, 10, 11, 12, 13. For continuous series, the places
where gaps occur for the singular values are underlined.
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Table 2: Pairs of 7-dimensional NLAs having same adjoint cohomology.

# Pair Adjoint cohomology

1 (97,0400), 87,05) (1,4,9,15,16,12,7,2)

2 (071160 (A =-w), 7116, (A = -w?)) (1,4,9,14,16,12,6,2)

3 (97,12(1‘(\) (generic), 97,1.2(1‘,')) (1, 6, 16, 27, 30, 23, 12, 3)
4 (97,156, (generic), g713ii)) (1,7,19,30,32,23,11, 3)
5 (97,120, 97,121) (1,5,12,17,17,15,10,3)
6 (9721(,) (generic), g7,133i)) (1,8,20,31,33,24,12,3)
7 (97216,) (AL =0), g7211) (2,9,21,33,34,24,12,3)
8 (97216 (A =-w), g7216,) (A = —w?)) (1,8,20,31,34,25,12,3)
9 (97,226, 9734) (2,8,19,32,36,26,12,3)
10 (97,231, 97241) (1,7,18,29,32,24,12,3)
11 (97234, 97235) (2,7,18,29,33,25,11,3)
12 (97236, 8612 x C) (2,11,29,47,51,38,18,4)
13 (9611 X C, g4 x g3) (2,12,31,48,51,38,18,4)

Recall that Z%(g,g) = H(g,g) = ¢ the center of g, and Z'(g,g) = Der(g), H'(g,9) =
Der(g)/ad(g). Recall also the following facts about Poincaré duality (PD) ([16, Theorem
6.10]). For any complex N-dimensional Lie algebra g and any g-module V, cohomology and
homology are related by the formulae (with V* the contragredient g-module,and 0 < k < N)

Hk(g/ V) = Hk(g/ V*)*/ (21)
N *
H*(g,V) = Hy & <g, V®<c< A\ g> >, (2.2)

whence
N *
H*(g, V)= HN* <g, Ve \ g> : (2.3)

Now, as the algebra g considered in this paper is nilpotent, hence unimodular (i.e., Tr(ad X) =
0 for all X € g), one has ANg = C (the trivial module), and (2.2), (2.3) read, respectively,

H*(g,V) = Hy-k(g, V), (2.4)

H*(g, V)= HN (g, V")". (25)

Hence, HN(g,9) = Ho(g,9) = ¢/[g,9] = (H'(g,C))", and HN"*(g,9) = H"(g,g")", ¢
being equipped with the coadjoint representation. We say that PD holds true for the
cohomology of the g-module V if HY ~*(g,V) = H¥(g,V). PD holds true for the trivial
cohomology. However, it does not hold true in general for the adjoint cohomology. The
NLAs satisfying Poincaré duality for the adjoint cohomology are signalled with a ; among
them, those quadratic NLAs have a M. Recall that a Lie algebra g is called quadratic if
there exists a nondegenerate symmetric bilinear form B on g which is invariant, that is,
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Table 3: Cohomology table for NLAs of dimension 7: rank 0.

Algebra Adjoint cocycles Adjoint cohomology Betti numbers
97,01 (1,10,48,114,147,109,44,7) (1,49,15,16,11,6,2) (1,2,34,43,2,1)
97,02 (1,10,49,113,147,109,44,7) (1,4,10,15,15,11,6,2) (1,2,344,3,2,1)
9703 (1,11,50,116,149,110,44,7) (1,5,12,19,20,14,7,2) (1,24,6,64,2,1)
97,04(0) (1,10,48,114,147,110,44,7) (1,4,9,15,16,12,7,2) (1,23/4,43,2,1)
9705 (1,10,48,114,147,110,44,7) (1,4,9,15,16,12,7,2) (1,2,344,3,2,1)
97,06 (1,10,48,114,148,110,44,7) (1,4,9,15,17,13,7,2) (1,2,3,55,3,2,1)
97,07 (1,10,49,115,148,110,44,7) (1,4,10,17,18,13,7,2) (1,2,34,4,3,2,1)
97,08 (1,10,50,114,148,112,45,7) (1,411,17,17,15,10,3) (1,34,4,44,3,1)

B([x,y],z) + B(y, [x,z]) = 0 for all x,y,z € g. This amounts to the adjoint and coadjoint
representations being equivalent, and hence implies PD for the adjoint cohomology. It is
known that quadratic structures B on g are in one-to-one correspondence with those elements
Ie /\Sg* whose super-Poisson bracket {I, I} vanishes [17], the correspondence being B — I,
with Ig(x,y,z) = B([x,y],z) for all x,y,z € g. Recall that the super-Poisson bracket is, for
w € /\kg*, ar e Ng, {w,o} = 2(—1)kzi/jB(yi,yj)(xiJw) A (xj|or), with | the (left) interior
product, (x;), <j<dimg the basis of g (in which the commutation relations are given in [8]) and
y;j such that B(y;,-) = w/, with (w/);¢;<gimy the dual basis to (xi)lgjgdimg
quadratic non-Abelian NLAs of dimension < 7 (only one indecomposable in each dimension
5,6,7). Each of them has only one quadratic structure, up to equivalence under the natural
action of Aut g. Here are Bs and Is in the basis (w/).

. There are only 6

g724:B=w' 0w +w @w' + W @ w® + w® @ W - (W ® W + W’ @ W) + w! @ W
IB=aJ1/\w3/\w4—w1/\w2/\w5;
93 xC:B=w'®w’ +w’ow' - (W @w’ +w ®w?) +w’ e w* + w' e W’ + W’ ®W;
IB=w1/\w2/\w3;
G54 xCP:B=w'ow’ +w 0w - (W @ w! + w' @ w?) +w’ @ w’ + W’ ® W’ + W’ ®W;
I = w' Aw? AW Y
963 : B=w' @’ +wb e w! - (W @ W’ + W’ ®W?) + W @ W' + w' @ W (20)
I = w' Aw? AW
g5,4><(C:B=w1®w5+w5®w1—(a)2®w4+w4®w2)+w3®w3+w6®w6;
I = w' A AW
g54:B=w' 0w’ +w’ e w' - (W @ w' + w' @ w?) + w? ® W

IB=(,4)1/\(U2/\(,(J3.

3. About the programs

All computations were made by developing programs with the computer algebra system
Reduce. The adjoint cohomologies have been computed by program 1. Trivial cohomologies
were computed twice: by program 2, and by program 3 which computes via harmonic
cocycles. Actually, those programs do more than simply compute the dimensions of the
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Table 4: Cohomology table for NLAs of dimension 7: rank 1.
Algebra Adjoint cocycles Adjoint cohomology Betti numbers
97.1010) (1,11,51,113,148,112,45,7) (1,5,13,17,16,15,10,3) (1,34,4,443,1)
97,1.01(i) (1,12,53,118,152,113,45,7) (1,6,16,24,25,20,11,3) (1,357,753,1)
97,1.02 (1,11,49,114,148,110,44,7) (1,511,16,17,13,7,2) (1,2,3,553,2,1)
97,103 (1,11,49,115,148,110,44,7) (1,5,11,17,18,13,7,2) (1,2,34432,1)
07.1.1(,) generic (1,10,48,113,147,109,44,7) (1,4,9,14,15,11,6,2) (1,2,344,32,1)
7116y A =1 (1,11,49,113,147,109,44,7) (1,5,11,15,15,11,6,2) unchanged
97110 A =3 (1,10,48,114,147,110,44,7) (1,4,9,15,16, 12,7,2) (1,24,5,5,4,.2,1)
97110 A € {~w,—w?) (1,10,48,113,148,109,44,7) (1,4,9,14,16,12,6,2) (1,2,35,532,1)
97,1.1(ii) (1,11,48,114,147,109,44,7) (1,5,10,15,16,11,6,2) (1,2,34,4,32,1)
7,11 (2,10,48,113,147,109,44,7) (2,5,9,14,15,11,6,2) (1,2,344,32,1)
97,1.1(i0) (1,11,48,114,149,110,44,7) (1,5,10,15,18,14,7,2) (1,2,3,6,6,32,1)
07,11(0) (1,10,50,113,148,112,45,7) (1,4,11,16,16,15,10,3) (1,3444431)
9711 (o) (1,11,50,115,149,112,45,7) (1,5,12,18,19,16,10,3) (1,34444,3,1)
97126y (A # — 1) generic  (1,12,53,121,154,114,45,7) (1,6,16,27,30,23,12,3) (1,3,6,7,7,6,3,1)
971260 A€ (1,—w0,—w?)  (1,12,53,122,155,114,45,7) (1,6,16,28,32,24,12,3) (1,3,6,8,863,1)
7,120 (1,12,53,121,154,114,45,7) (1,6,16,27,30,23,12,3) (1,3,6,7,7,6,3,1)
7,120 (2,12,53,122,154,114,45,7) (2,7,16,28,31,23,12,3) (1,3,6,7,7,6,3,1)
07,12(iv) (1,12,53,122,154,114,45,7) (1,6,16,28,31,23,12,3) (1,3,6,7,7,6,3,1)
97,15, generic (1,13,55,122,155,113,45,7) (1,7,19,30,32,23,11,3) (1,3,5,7,7,5,3,1)
8713, A =1 (1,13,55,122,156,113 45,7) (1,7,19,30,33,24,11,3) (1,3,58,853,1)
971560 (1,14,55,123,155,114,45,7) (1,8,20,31,33,24,12,3) (1,3,6,8,8,6,3,1)
7,130 (1,13,55,122,155,113,45,7) (1,7,19,30,32,23,11,3) (1,3,5,7,7,5,3,1)
97,1300 (2,13,57,123,157,113,45,7) (2,8,21,33,35,25,11,3) (1,3,59,9,5,3,1)
07,1.3(0) (1,13,56,123,155,117,46,7) (1,7,20,32,33,27,16,4) (14,6,7,7,6/4,1)
9714 (1,12,50,116,149,110,44,7) (1,6,13,19,20,14,7,2) (1,2,4,6,6,4,2,1)
a715t (2,11,49,115,147,109,44,7) (2,6,11,17,17,11,6,2) (12,34,4,3.2,1)
97,16 (1,12,52,118,149,110,44,7) (1,6,15,23,22,14,7,2) (1,24,6,64,2,1)
97,17 (2,15,59,128,159,115,45,7) (2,10,25,40,42,29,13,3) (1,3,7,11,11,7,3,1)
07,18 (1,11,53,120,152,113,45,7) (1,5,15,26,27,20,11,3) (1,3,5,6,6,53,1)
97,19 (2,14,58,124,156,114,45,7) (2,9,23,35,35,25,12,3) (1,3,6,9,9,6,3,1)
97,110 (1,11,50,116,150,111,44,7) (1,5,12,19,21,16,8,2) (1,2,4,7,7,4.2,1)
97111 (1,11,52,117,151,113,45,7) (1,5,14,22,23,19,11,3) (1,3,5,6,6,5,3,1)
97,112 (1,12,53,120,153,113,45,7) (1,6,16,26,28,21,11,3) (1,3,5,7,7,53,1)
97,113 (2,12,51,117,150,111,44,7) (2,7,14,21,22,16,8,2) (1,2,4,7,7,42,1)
07,114 (2,11,49,115,148,110,44,7) (2,6,11,17,18,13,7,2) (1,2,344,32,1)
07,115 (1,13,54,120,153,113,45,7) (1,7,18,27,28,21,11,3) (1,3,5,7,753,1)
97,116 (2,15,59,128,158,115,45,7) (2,10,25,40,41,28,13,3) (1,3,7,10,10,7,3,1)
97117 (1,11,48,114,147,110,44,7) (1,5,10,15,16,12,7,2) (12,34,4,3.2,1)
97,118 (2,13,56,123,155,114,45,7) (2,8,20,32,33,24,12,3) (1,3,6,8,8,6,3,1)
97,110 (2,11,55,120,157,113,45,7) (2,6,17,28,32,25,11,3) (1,3,59,9,5,3,1)
47,120 (1,11,50,114,148,112,45,7) (1,5,12,17,17,15,10,3) (1,3444431)
97,121 (1,11,50,114,148,112,45,7) (1,5,12,17,17,15,10,3) (13444431)
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Table 5: Cohomology table for NLAs of dimension 7: rank 2. (continues on next page).
Algebra Adjoint cocycles Adjoint cohomology Betti numbers
97,2.1(,) generic (1,14,55,123,155,114,45,7) (1,8,20,31,33,24,12,3) (1,3,6,8,8,6,3,1)
97216) A=0 (2,14,56,124,155,114,45,7) (2,9,21,33,34,24,12,3) unchanged
972160 A = % (1,15,55,123,155,114,45,7) (1,9,21,31,33,24,12,3) unchanged
072169 A =2 (11455125157, 115457)  (1,82033,37,27,133)  (137,9,9,731)
07210 A € {—w,—w?} (1,14,55,123,156,114,45,7) (1,8,20,31,34,25,12,3) (1,3,6,9,9,6,3,1)
97210 (1,14,56,123,155,114,45,7) (1,8,21,32,33,24,12,3) (1,3,6,8,8,6,3,1)
97,2.1(iii) (1,14,58,125,159,118,46,7) (1,8,23,36,39,32,17 4) (14,7,88,74,1)
97.2.1() (1,14,58,124,157,118,46,7) (1,8,23,35,36,30,17,4) (14,7,88,7,4,1)
9721(0) (2,14,57,124,157,114,45,7) (2,9,22,34,36,26,12,3) (1,3,6,10,10,6,3,1)
9722 (1,15,59,130,159,116,45,7) (1,9,25,42,44,30,14,3) (1,3,7,9,9,7,3,1)
9723 (1,13,53,119,149,110,44,7) (1,7,17,25,23,14,7,2) (1,24,6,64,2,1)
97241 (2,12,49,115,147,110,44,7) (2,7,12,17,17,12,7,2) (1,2,34432,1)
9725 (1,12,49,114,149,110,44,7) (1,6,12,16,18,14,7,2) (1,2,3,6,6,32,1)
9726 (2,12,49,115,148,110,44,7) (2,7,12,17,18,13,7,2) (1,2,34432,1)
a7271 (2,13,52,120,150,111,44,7) (2,8,16,25,25,16,8,2) (124,7,742,1)
9728 (2,13,51,119,152,112,44,7) (2,8,15,23,26,19,9,2) (1,2,59,95,22,1)
9729 (2,12,50,118,151,112,44,7) (2,7,13,21,24,18,9,2) (1,2,58,852,1)
472,10 (1,12,51,115,149,112,45,7) (1,6,14,19,19,16,10,3) (1,3444431)
97211 (2,14,56,124,155,114,45,7) (2,9,21,33,34,24,12,3) (1,3,6,8,8,6,3,1)
97212 (2,14,57,123,157,113,45,7) (2,9,22,33,35,25,11,3) (1,3,59,9,5,3,1)
97213 (1,12,50,114,148,112,45,7) (1,6,13,17,17,15,10,3) (1,3444,43,1)
97,214 (1,12,51,113,148,112,45,7) (1,6,14,17,16,15,10,3) (1,34,4443,1)
97215 (1,13,54,119,152,113,45,7) (1,7,18,26,26,20,11,3) (1,3,5,7,7,53,1)
97216 (1,14,55,120,153,113 45,7) (1,8,20,28,28,21,11,3) (1,3,5,7,7,53,1)
97217 (2,13,53,122,154,114,45,7) (2,8,17,28,31,23,12,3) (1,3,6,7,7,6,3,1)
97218 (2,15,58,125,157,115,45,7) (2,10,24,36,37,27,13,3) (1,3,6,10,10,6,3,1)
97,219 (2,15,58,125,156,114,45,7) (2,10,24,36,36,25,12,3) (1,3,69,96,3,1)
97,220 (2,16,59,128,158,115,45,7) (2,11,26,40,41,28,13,3) (1,3,7,10,10,7,3,1)
47201 (2,16,60,129,158,115,45,7) (2,11,27,42,42,28,13,3) (1,3,7,10,10,7,3,1)
4722 (2,14,56,125,156,115,45,7) (2,9,21,34,36,26,13,3) (1,3,7,99,7,3,1)
97223 (1,13,58,123,156,118,46,7) (1,7,22,34,34,29,17,4) (14,7,7,7,74,1)
97,224 (2,13,54,123,155,114,45,7) (2,8,18,30,33,24,12,3) (1,3,6,8,8,6,3,1)
97225 (1,14,56,123,155,117,46,7) (1,8,21,32,33,27,16,4) (14,6,7,7,64,1)
97,226 (2,13,55,124,157,114,45,7) (2,8,19,32,36,26,12,3) (1,3,6,10,10,6,3,1)
97227 (2,17,65,132,164,119,46,7) (2,12,33,50,51,38,18,4) (14,811,11,84,1)
97,228 (1,16,63,131,163,119,46,7) (1,10,30,47,49,37,18,4) (1,4,8,10,10,8/4,1)
97220 (2,14,59,126,159,117,46,7) (2,9,24,38,40,31,16,4) (14,6,9,9,6/4,1)
97230 (1,15,56,125,156,117,46,7) (1,9,22,34,36,28,16,4) (14,6,88,64,1)
97251 (1,13,54,122,155,114,45,7) (1,7,18,29,32,24,12,3) (1,3,6,88,6,3,1)
9723 (1,14,55,122,156,113,45,7) (1,8,20,30,33,24,11,3) (1,3,5,8,85,3,1)
9723 (1,12,53,120,153,113,45,7) (1,6,16,26,28,21,11,3) (1,3,5,7,7,5,3,1)
9723 (2,12,55,121,157,113 45,7) (2,7,18,29,33,25,11,3) (1,3,5,9,9,53,1)
97235 (2,12,55,121,157,113,45,7) (2,7,18,29,33,25,11,3) (1,3,59,9,5,3,1)
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Table 5: Continued.
Algebra Adjoint cocycles Adjoint cohomology Betti numbers
97,236 (2,16,62,132,164,119,46,7) (2,11,29,47,51,38,18,4) (14,811,11,8/4,1)
07237 (1,13,53,121,154,114,45,7) (1,7,17,27,30,23,12,3) (1,3,6,7,7,6,3,1)
97,238 (2,16,65,131,164,119,46,7) (2,11,32,49,50,38,18,4) (1,4811,11,8,4,1)
97,239 (2,17,63,131,163,115,45,7) (2,12,31,47,49,33,13,3) (1,3,7,13,13,7,3,1)
97240 (3,16,63,132,159,115,45,7) (3,12,30,48,46,29,13,3) (1,3,7,11,11,7,3,1)
97241 (1,13,54,122,155,114,45,7) (1,7,18,29,32,24,12,3) (1,3,6,88,6,3,1)
97042 (2,14,58,126,159,114,45,7) (2,9,23,37,40,28,12,3) (1,3,6,10,10,6,3,1)
97243 (2,16,60,129,159,115,45,7) (2,11,27,42,43,29,13,3) (1,3,7,11,11,7,3,1)
97244 (2,16,60,130,161,116,45,7) (2,11,27,43,46,32,14,3) (1,3,7,11,11,7,3,1)
97,245 (2,17,65,134,165,119,46,7) (2,12,33,52,54,39,18,4) (1,4,8,12,12,8,4,1)
9612 X C (2,16,62,132,164,119,46,7) (2,11,29,47,51,38,18,4) (1,4,811,11,84,1)
ge17 X C (2,14,55,122,154,113,45,7) (2,9,20,30,31,22,11,3) (1,357,753,1)
96,19 x C (2,13,53,120,153,113,45,7) (2,8,17,26,28,21,11,3) (1,3,5,7,753,1)
620 X C (2,12,50,115,149,112,45,7) (2,7,13,18,19,16,10,3) (1,3/4,/44431)

cohomology: program 1 computes a basis for H?(g, g) and, when the commutation relations
of g are given in a basis that diagonalizes a maximal torus, characters of the adjoint
cohomology under the action of the maximal torus; for trivial cohomology, the programs
compute characters and bases of the eigenspaces under the action of the maximal torus.

Program 2 computes all H*(g,C) (0 < k < N) and their respective bases and
characters independently, making no use of PD. Then PD shows up as a result. There is also
a variant program 2’ which does the same, yet offers the option to make use of the computed
bases of H*(g,C) and HN"%(g,C) (2k < N) to get the matrix of the bilinear form in PD and
modify the basis of HN"%(g, C) so as to get the dual basis in PD of the basis of H*(g, C).

As to program 3, harmonic cohomology comes naturally in the following way, which
can be formulated for unimodular g : suppose we already computed a basis of H*(g,C)
only for 2k < N; how to deduce by PD a basis of HN"*(g,C)? Let ¢ : Ck(g,C) =
/\kg* —CnN_k(g,C) = /\N_kg (0 < k < N) be the isomorphism defined by o(f) = Q|f, where
Q=x1 A---Axy and | denotes the (right) interior product. As o(df) = (—1)k+1a(Q(f)) for all
f € Ck(g,C) (8 boundary operator) [18], ¢ defines an isomorphism H*(g,C) — Hy_x(g, C),
which is actually (up to the factor (—1)k(N_k)) the one of (2.4) (V = C). Now, what we
look for is an explicit identification algorithm Hy_x(g,C) — HN*(g,C) to be implemented
in programs. For any subset I of {1,..., N}, denote w! = w™ A --- Aw™ for I = {iy,..., ik}
(1 <ip <+ <i <N,1< k < N),w? =1, and similarly for x;. Let (:|-)be the
Hermitian scalar product on Ag* = EBkN: ,C¥(g,C) obtained by decreeing the basis (w’)
to be orthonormal. For 1 < k < N, let z — g:be the conjugate linear bijective map
Ck(g,C) — C¥(g,C) defined by (f | g.) = f(z) for all f € Ck(g,C), z € Ci(g,C) (we set
g1 = 1 for k = 0). Then for any subset I of {1,...,N}, g, = w' and gy = pir w!, where
I' is the complementary subset to I, and prp = (-D)Nur, Nip = card{(i,j) € I xI';j < i}.
Let d* be the adjoint of d on /\ g*. Then d*g, = gs. forallz € Ag = @szoCk(g,(C). d and d*
are disjoint on /\ g* in the sense of [19], hence kerd/imd = @szoH k(g,C) is isomorphic to
ker A = kerd Nim d*, where A = dd* + d*d. Then {f € C¥(g,C); Af = 0} is the kth harmonic
cocycle space. It is contained in the kth cocycle space Z*(g,C). Each equivalence class of
Zk (g, C) modulo coboundaries contains exactly one harmonic cocycle.
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Table 6: Cohomology table for NLAs of dimension 7: rank 3.
Algebra Adjoint cocycles Adjoint cohomology Betti numbers

973.1(i,) generic
97316 A =0,1
97316, A =-1,2, 5
97316, A € {-w,—w?)
87,3.1iii)

9732

9733

97,34

9735

9736

9737

9738

9739

97,310

97311

97312

97313

97314

97315

97316

97317

97,318

97,319

97,320

97321

97322

97,323

97324

965 xC

967 xC

g6 xC

9610 x C

ge11 xC

9613 xC

9614 x C

9615 x C

9616 x C

9618 x C

gs6 X C?

(1,15,59,130,159,116,45,7)
(2,15,59,130,161,116,45,7)
(1,17,59,131,159,117,45,7)

(1,15,59,130,160,116,45,7)
(1,15,63,130,161,119,46,7)
(2,17,62,130,158,115,45,7)
(2,15,56,126,156,115,45,7)
(2,13,55,124,157,114,45,7)
(2,14,56,125,157,114,45,7)
(3,18,64,134,163,117,45,7)
(2,15,61,131,164,119,46,7)
(2,19,68,139,169,120,46,7)
(2,18,65,137,168,120,46,7)
(1,15,58,124,157,118,46,7)
(2,18,65,136,166,119,46,7)
(3,19,66,147,172,122,46,7)
(2,16,59,127,159,117,46,7)
(2,18,65,135,166,120,46,7)
(2,17,63,133,164,119,46,7)
(1,14,58,123,157,118,46,7)
(1,16,56,127,157,117,46,7)
(1,19,70,135,170,125,47,7)
(2,19,70,148,171,124,47,7)
(2,19,66,133,163,115,45,7)
(2,15,58,127,159,114,45,7)
(2,15,57,124,157,114,45,7)
(3,17,63,132,159,116,45,7)
(3,22,75,150,175,122,46,7)
(3,18,65,135,165,119,46,7)
(3,20,70,142,170,120,46,7)
(3,19,66,135,165,119,46,7)
(2,17,64,134,165,119,46,7)
(2,17,63,132,164,119,46,7)
(2,15,58,125,159,118 46,7)
(3,16,58,126,158,115,45,7)
(2,14,56,124,157,115 45,7)
(2,15,57,123,154,113 45,7)
(2,13,51,115,149,112,45,7)
(3,18,63,132,164,119,46,7)

(1,9,25,42,44,30,14,3)
(2,10,25,42,46,32,14,3)

(1,9,25,42,45,31,14,3)
(1,9,29,46,46,35,18 4)

(2,12,30,45,43,28,13,3)
(2,10,22,35,37,26,13,3)
(2,8,19,32,36,26,12,3)

(2,9,21,34,37,26,12,3)

(3,14,33,51,52,35,15,3)
(2,10,27,45,50,38,18 4)
(2,14,38,60,63,44,19,4)
(2,13,34,55,60,43,19,4)
(1,9,24,35,36,30,17,4)

(2,13,34,54,57,40,18 4)
(3,15,36,66,74,49,21 4)
(2,11,26,39,41,31,16,4)
(2,13,34,53,56,41,19,4)
(2,12,31,49,52,38,18,4)
(1,8,23,34,35,30,17,4)

(1,10,23,36,39,29,16,4)
(1,13,40,58,60,50,25,5)
(2,14,40,71,74,50,24,5)
(2,14,36,52,51,33,13,3)
(2,10,24,38,41,28,12,3)
(2,10,23,34,36,26,12,3)
(3,13,31,48,46,30,14,3)
(3,18,48,78,80,52,21,4)
(3,14,34,53,55,39,18 4)
(3,16,41,65,67,45,19,4)
(3,15,36,54,55,39,18 4)
(2,12,32,51,54,39,184)
(2,12,31,48,51,38,18,4)
(2,10,24,36,39,32,17,4)
(3,12,25,37,39,28,13,3)
(2,9,21,33,36,27,13,3)

(2,10,23,33,32,22,11,3)
(2,8,15,19,19,16,10,3)

(3,14,32,48,51,38,18 4)

(1,3,7,9,9,7,3,1)
(1,3,7,11,11,7,3,1)
(1,3,8,10,10,8,3,1)
(1,3,7,10,10,7,3,1)
(1,4,89,9,84,1)
(1,3,7,10,10,7,3,1)
1,3,7,9,9,7,3,1)
(1,3,6,10,10,6,3,1)
(1,3,6,10,10,6,3,1)
(1,3,8,14,14,8,3,1)
(1,4,811,11,84,1)
(1,4,9,14,14,9,4,1)
(1,4,9,13,13,9,4,1)
(14,7,88,74,1)
(1,4,8,13,13,84,1)
(1,4,11,14,14,11,4,1)
(14,6,9,9,6/4,1)
(1,4,9,12,12,94,1)
(1,4,8,11,11,84,1)
(14,7,88,74,1)
(14,6,9,9,64,1)
(1,5,10,11,11,10,5,1)
(1,59,15,15,9,5,1)
(1,3,7,13,13,7,3,1)
(1,3,6,10,10,6,3,1)
(1,3,6,10,10,6,3,1)
(1,3,7,11,11,7,3,1)
(1,411,17,17,11,4,1)
(1,4,8,11,11,84,1)
(1,4,9,14,149,4.1)
(1,4,8,11,11,84,1)
(1,4,811,11,84,1)
(1,4,811,11,84,1)
(1,4,7,88,74,1)
(1,3,6,10,10,6,3,1)
(1,3,6,10,10,6,3,1)
(1,35,7,7,5,3,1)
(1,3444431)
(1,4,811,11,84,1)
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Table 7: Cohomology table for NLAs of dimension 7: rank 4.

Algebra Adjoint cocycles Adjoint cohomology Betti numbers

9741 (3,20,71,149,174,122,46,7) (3,16,42,73,78,51,21,4) (14,11,16,16,11,4,1)

9742 (3,25,78,157,178,123,46,7) (3,21,54,88,90,56,22,4) (1,4,12,18,18,12,4,1)

9743 (2,21,72,150,175,125,47,7) (2,16,44,75,80,55,25,5) (1,5,10,16,16,10,5,1)

9744 (1,28,91,140,189,134,48,7) (1,22,70,84,84,78,35,6) (1,6,14,14,14,14,6,1)

geq x C (3,24,81,157,184,127,47,7) (3,20,56,91,96,66,27,5) (1,5,12,18,18,12,5,1)

goo x C (2,20,70,138,171,125,47,7) (2,15,41,61,64,51,25,5) (1,5,10,12,12,10,5,1)

ge3 xCtH (4,25,80,153,178,123,46,7) (4,22,56,86,86,56,22,4) (1,4,11,20,20,11,4,1)

gea x C (3,19,68,140,169,120,46,7) (3,15,38,61,64,44,19,4) (1,4,9,14,149,4,1)

gos x C (3,21,72,143,170,120,46,7) (3,17,44,68,68,45,19,4) (14,9,14,1494,1)

geo x C (2,16,63,132,163,119,46,7) (2,11,30,48,50,37,18,4) (14,811,11,8/4,1)

g5.3 x C2 (3,22,75,149,179,126,47,7) (3,18,48,77,83,60,26,5) (1,5,11,15,15,11,5,1)

g54 x C2 1M (4,22,68,135,166,120,46,7) (4,19,41,56,56,41,19,4) (1,4,811,11,8/4,1)

955 x C? (3,19,65,133,164,119,46,7) (3,15,35,51,52,38,18,4) (1,4,8,11,11,8,4,1)

04 X g3 (2,17,63,132,164,119,46,7) (2,12,31,48,51,38,18 4) (1,48,11,11,8,4,1)
Table 8: Cohomology table for NLAs of dimension 7: rank 5.

Algebra Adjoint cocycles Adjoint cohomology Betti numbers

951 x C? (3,29,91,166,194,134,48,7) (3,25,71,110,115,83,35,6) (1,6,14,19,19,14,6,1)

g52 x C? (4,27,89,168,190,128,47,7) (4,24,67,110,113,73,28,5) (1,5,13,21,21,13,5,1)

g x C3 (4,25,78,150,179,126,47,7) (4,22,54,81,84,60,26,5) (1,5,11,15,15,11,5,1)
Table 9: Cohomology table for NLAs of dimension 7: rank 6.

Algebra Adjoint cocycles Adjoint cohomology Betti numbers

g3 x C* (5,34,106,191,209,136,48,7) (5,32,91,150,155,100,37,6) (1,6,16,25,25,16,6,1)

Table 10: Cohomology table for NLAs of dimension 7: rank 7 (Abelian).
Algebra Adjoint cocycles Adjoint cohomology Betti numbers
(ofFq | (7,49,147,245,245,147,49,7) (7,49,147,245,245,147 ,49,7) (1,7,21,35,35,21,7,1)

Lemma 3.1. Suppose that g is unimodular and let f € Z*(g,C) (0 < k < N). Then o) €
ZN(q,C) if and only if f is harmonic; in that case, gq(s) is also harmonic.

Proof. Tt is enough to prove d(gs)) = (—1)kg(,(d*f>, that is, dOf = (-1)*®@d*f for all f €
C*(g, C), with @ the Hodge operator on /\ g* defined by ®f = go(). For I subset of cardinality
kof{1,...,N}, ®*(w')=prp ®(w")=prp pr1w'=(=1)* N w! hence <I)2:GBkN=O(—1)k(N_k) x
Idck(g ). Now, f € CX(g,C), d*Of = d*(go()) = Soo(r) = (-1)* gop) = (-1)*'®(df) implies
successively d*®f = (-1)N*1Ddddf and O f = (-1)N 1 D2dof = (1) N FV4of,
which reads @d* f = (1) d®f. O

Then H¥(g, C) is isomorphic to the space of harmonic cocycles and the map [f]
[So(s)] which assigns to the class of the harmonic cocycle f the class of the harmonic cocycle
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Table 11: Cohomology table for NLAs of dimension 6.
Algebra Adjoint cocycles Adjoint cohomology Betti numbers
Rank 1
96,12 (1,11,40,71,68,33,6) (1,6,15,21,19,11,3) (1,3,5,6,5,3,1)
96,17 (1,10,36,67,64,32,6) (1,5,10,13,11,6,2) (1,2,34,32,1)
96,19 (1,9,35,66,64,32,6) (1,4,8,11,10,6,2) (1,2,34,3,2,1)
96,20 (1,8,34,64,63,32,6) (1,3,6,8,7,5,2) (1,2,2,2,2,2,1)
Rank 2
96,5 (2,12,42,72,68,33,6) (2,8,18,24,20,11,3) (1,3,5,6,5,3,1)
96,7 (2,14,44,75,69,33,6) (2,10,22,29,24,12,3) (1,3,6,8,6,3,1)
96,8 (2,13,42,72,68,33,6) (2,9,19,24,20,11,3) (1,3,5,6,5,3,1)
96,10 (1,12,41,72,68,33,6) (1,7,17,23,20,11,3) (1,3,5,6,5,3,1)
96,11 (1,12,40,71,68,33,6) (1,7,16,21,19,11,3) (1,3,5,6,5,3,1)
96,13 (1,10,38,68,67,33,6) (1,5,12,16,15,10,3) (1,34,44,3,1)
06,14 (2,11,37,68,66,32,6) (2,7,12,15,14,8,2) (1,24,64,2,1)
96,15 (1,10,36,67,66,32,6) (1,5,10,13,13,8,2) (1,24,6/4,2,1)
96,16 (1,11,37,67,64,32,6) (1,6,12,14,11,6,2) (1,2,34,3,2,1)
96,18 (1,9,34,64,63,32,6) (1,4,7,8,7,5,2) (1,22,222,1)
gs6 x C (2,12,40,71,68,33,6) (2,8,16,21,19,11,3) (1,3,5,6,5,3,1)
Rank 3
96,1 (2,17,50,82,74,34,6) (2,13,31,42,36,18,4) (1,4,8,10,8,4,1)
962 (1,14,44,73,72,34,6) (1,9,22,27,25,16,4) (14,6,6,6/4,1)
PEd | (3,18,48,78,72,33,6) (3,15,30,36,30,15,3) (1,3,8,12,8,3,1)
Go4 (2,13,43,74,69,33,6) (2,9,20,27,23,12,3) (1,3,6,8,6,3,1)
96,6 (2,15,45,75,69,33,6) (2,11,24,30,24,12,3) (1,3,6,8,6,3,1)
96,9 (1,11,41,70,68,33,6) (1,6,16,21,18,11,3) (1,3,5,6,5,3,1)
g53 x C (2,15,47,79,76,34,6) (2,11,26,36,32,17,4) (1,4,7,8,74,1)
gs4axCtll (3,15,42,72,69,33,6) (3,12,21,24,21,12,3) (1,3,5,6,5,3,1)
g55 x C (2,13,41,71,68,33,6) (2,9,18,22,19,11,3) (1,3,5,6,5,3,1)
Rank 4
gs1 xC (2,21,55,86,79,35,6) (2,17,40,51,45,24,5) (1,59,109,5,1)
g5 x C (3,19,55,86,75,34,6) (3,16,38,51,41,19,4) (14,9,12,9,4,1)
g4 x C? (3,17,48,79,73,34,6) (3,14,29,37,32,17,4) (14,7,8,74,1)
95 X g3 (2,16,50,82,74,34,6) (2,12,30,42,36,18,4) (1,4,8,10,84,1)
Rank 5
g3 x C3 (4,24,65,97,81,35,6) (4,22,53,72,58,26,5) (1,5,11,14,11,5,1)
Rank 6 (abelian)
(0% | (6,36,90,120,90,36,6) (6,36,90,120,90,36,6) (1,6,15,20,15,6,1)

So(f) 18 a conjugate-linear isomorphism from H k(g,C) onto HNk(g,C). If ([7]) is a basis for
H*(g,C) (2k < N) consisting of harmonic cocycles, then ([ So(¢;]) s a basis for H N-k(g,C)
consisting of harmonic cocycles. Hence we see that the price to be paid for computing
H¥(g,C) and their base only for 2k < N, yet get bases for the whole cohomology, is to go
to harmonic cohomology. That was implemented as an option in the variant program 3': with
that option on, the basis of HN"%(g, C) is computed as explained, then modified into the dual
basis in PD of the basis of H*(g,C) (2k < N). With the option off, no use of PD occurs:
harmonic cocycles and bases are computed independently for each k (0 < k < N).
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Table 12: Cohomology table for NLAs of dimension 5.

Algebra Adjoint cocycles Adjoint cohomology Betti numbers
Rank 1

95,6 (1,8,24,34,22,5) (1,4,7,8,6,2) (1,2,3,3,2,1)
Rank 2

953 (1,10,28,37,23,5) (1,6,13,15,10,3) (1,3,44,31)
541 M (2,10,24,35,22,5) (2,799,7,2) (1,2,3,3,2,1)
95,5 (1,9,24,34,22,5) (1,5,8,8,6,2) (1,2,3,3,2,1)
Rank 3

05,1 (1,15,30,41,24,5) (1,11,20,21,15,4) (1,4,554,1)
g52 (2,13,31,39,23,5) (2,10,19,20,12,3) (1,3,6,6,3,1)
gaxC (2,11,28,37,23,5) (2,8,14,15,10,3) (1,34/4,3,1)
Rank 4

g3 x C2 (3,16,37,43,24,5) (3,14,28,30,17,4) (1,47,7,41)
Rank 5

coim (5,25,50,50,25,5) (5,25,50,50,25,5) (1,5,10,10,5,1)

Table 13: Cohomology table for NLAs of dimension < 4.

Algebra Adjoint cocycles Adjoint cohomology Betti numbers
g4 (dim4,1k2) (1,7,15,14,4) (14,6,5,2) (1,2,2,2,1)

g3 x C (dim4, rk 3) (2,10,19,154) (2,8,13,10,3) (1,34,3,1)

C* (abel.) + M (dim 4, rk4) (4,16,24,16,4) (4,16,24,16,4) (1,4,6,41)

g5 (dim 3,1k 2) (1,6,8,3) (14,5,2) (1,2,2,1)

C3 (abel.) £ M (dim 3,1k 3) (3,9,93) (3,9,93) (1,3,3,1)

C? (abel.) $ M (dim 2,1k 2) (2,4,2) (2,4,2) (1,2,1)

C (abel.) t W (dim 1,1k 1) (1,1) (1,1) (1,1)

All programs handle dimensions up to 7 and (if necessary) one continuous parameter
L. Though they are meant for nilpotent Lie algebras whose commutation relations are given
in a basis that diagonalizes a maximal torus, they can be directly applied to any Lie algebra
of dimension <7 as well, not necessarily nilpotent nor unimodular (except for the variants),
giving explicit calculation of cohomology: in that case, all material involving weights has
simply to be skipped. As to trivial cohomology, note that program 2 which computes H*(g, C)
up to k = 7 makes it possible, thanks to PD, to write down the dimensions of trivial
cohomology for unimodular Lie algebras of dimensions up to 15. In the same way, program 3
can handle higher dimensions. However, restrictions may come on one hand from the amount
of dynamic storage space available, and on the other from the running time, which increases
steeply as the dimension N of the Lie algebra gets higher, typically for the computation of
the dimensions of trivial cohomology, with 4 GB RAM: 1 second for N = 7,10 seconds for
N =9,3 minutes for N = 11, 3 hours for N = 13, up to 10 days for N = 15.

The programs are downloadable in the companion archive [20] (programs 1,2,3
are, resp., geneLplus2007.red, nc12007.red, nclhar2007.red, and the variants program?2’,
program 3' are, resp., nc1d2007.red, ncldhar2007.red in [20]) hence we will not enter
technicalities about procedures here. Let us simply mention the following concerning the
continuous parameter. In the presence of the continuous parameter L, cocycles equations
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depend on certain unknowns and on L. They are linear with respect to the unknowns. The
programs define an algorithm which solves the equations over the rational function field
generated by the parameter, while keeping track of the divisions that have been done. If the
parameter is a zero of one of the polynomials by which a division occurred, it may very well
not be a singular value: one has to compute again the cohomology for all such values.
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