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1. Introduction

A continuous function f = u+iv is a complex-valued harmonic function in a complex domain
Cif both u and v are real harmonic in C. In any simply connected domain D C C, we can write
f = h+ g, where h and g are analytic in D. We call h the analytic part and g the coanalytic
part of f. A necessary and sufficient condition for f to be locally univalent and orientation-
preserving in D is that |¢'(z)| < |W'(z)| in D, see [1].

Denote by H the class of functions f = h + g which are harmonic univalent and
orientation-preserving in the open unit disk U = {z : |z| < 1} so that f = h + g is normalized
by f(0) = h(0) = f-(0) = 1 = 0. Therefore, for f = h + g € H, we can express h and g by the
following power series expansion:

h(z) =z + Zanz", g(z) = anz", || < 1. (1.1)
n=2 n=1

Observe that H reduces S, the class of normalized univalent analytic functions, if the
coanalytic part of f is zero.

For f = h + g given by (1.1) and n > -1, Murugusundaramoorthy [2] defined the
Ruscheweyh derivative of the harmonic function f = h + g in H by

D"f(z) = D"h(z) + D"g(z), (1.2)
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where the Ruscheweh derivative of a power series f(z) = z + >,,_,a,2" is given by

" - 2% . . .
D'f(2) = S (13)

The operator * stands for the Hadamard product or convolution of two power series

f(2)=Danz",  g(z) =D buz" (1.4)
n=1 n=1
defined by
(f2g)(2) = 3 anbuz". 15)
n=1

In [3], Owa introduced the following definition.

Definition 1.1. Let the function f(z) be analytic in a simply connected domain of the z-plane
containing the origin and let 0 < A < 1. The fractional derivative of f of order .\ is defined by

1 d(tf©
Dif(z) := A1 dz o(z—é))‘dé 0<A<1), (1.6)

where the multiplicity of (z — )™ is removed by requiring log(z—¢) to be real when z—¢ > 0.

In [4], Owa gave the relation between the fractional derivative and Ruscheweyh
operator for the function f(z) = z+ >, ,a,2" as

Df(z) = OESY D[z f(z)], O0<A<1,
Df(z) = A1im D'f(z), (1.7)

D'f(z) = limD" f(2).

Using (1.2) and the relation between the fractional derivative and Ruscheweyh
operator, we define the fractional derivative of order A, 0 < A < 1, for the harmonic function
f=h+gas

D}[z"f(2)] = Di[z" 'h(z)] + Di[z*1g(z)], O<A<1,
Df(2) = imDf(2), (18)

D.f(z) = im D f (2).



R. A. Al-Khal and H. A. Al-Kharsani 3

Since D*f = D*h + D*g, it was proved in [1] that the harmonic function D*f is starlike of
order 1/2 if and only if the analytic function D*h — D*g is starlike of order 1/2, and it was
shown in [4, Theorem 3] that D*h — D* g is starlike of order 1/2 if and only if Re{D}'[z*(h -
2)]/DAzMh - g)]} > (1+4)/2 for 0 < A < 1. Since Re{ D} [z}(h - )]/D[z* Y (h - 9)]} =
Re(T(2 + \)D¥Y(h - ¢)/T(1 + \)D*(h - g)), then D*h — D*g is starlike of order (1 + 1)I'(1 +
1)/2T'(2+1), hence D f = D*h + D* ¢ is starlike of order (1+A)['(1+1)/2T'(2+ ). This means

DD'f (1+0ra+y) _ o D[] (1+d)

Rept ¥ T2+ 1) “Di[z1f] 2 (19)
Recently, Owa and Srivastava [5] studied the linear Q" defined by operator
QM f(z) :=T2-1)z'Dif(z) (0<A<1), (1.10)
where f is normalized and analytic function on U.
It is easily seen that
Qf=f  Q'f =zf. (1.11)

Analogously, we studied the linear operator Q' defined on the harmonic function f = h+g

by
Q f(z) = Q'h(z) + Q' g(z), (1.12)

where

Q'h(z) = T2~ )z'Dih(z) = 3 2@

n+1
anaz" -, am=1,

= T(n+2-1) 13)
ST(n+2)T(2-0) .
A o At _ n+l _
Q'g(z) :=T(2-1)z"D;g(z) nE:O Tr+2-1) bz, by =0.

We will define subclasses of normalized harmonic functions obtained by the Hadamard
product and using the fractional derivative.

2. Main results

Let h and g be analytic in U. Let Py stand for harmonic functions f = h + g so that Re f >
0, zeUand f(0) =1.
If the function f, + f, = I’ + ¢’ belongs to Py for the analytic and normalized functions

h(z) =z + Zanz", g(z) = anz”, (2.1)
n=2 n=2

then the class of functions f = h + g is denoted by 1321 [6].
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The function

5 1

ty(z) =z + ! Z5 e+ z"
T  1+a 1+(n-1a

. (2.2)

is analytic on U when a is a complex number different from —1,~(1/2),~(1/3),.... For Qf €
PY, we denote by Pﬁo(oc) the class of functions defined by

Q'F = QM fx(ty +1y). (2.3)
Therefore,
Q'F=Q'H + Qg
- I'(n+1)'(2-.4) n e I'n+1)I'2-.1)
=z+ a,z" + b,z"
nzzzl"(n+l—)u)[1+ (n—1)a] 7Z:‘;l"(n+1—)L)[1+(n—1)oc] (2.4)
=z+ZAnz"+Zan , zel
n=2 n=2

isin 1331’0(01). Conversely, if QAF is in the form (2.4), with a,, b, being the coefficients of ot fe
INJEI, then Q'F = IN’I)_‘I’O(cx).
Note that P} (a) = PY (a) [7] and P} (0) = PY,.

Theorem 2.1. If Q'F € P’(a), then there exists Qf € PY, so that

a[z(Q'F)_(z) + Z(Q'F)z(z)] + (1 - 0)Q'F(z) = Q' f(2). (2.5)

Conversely, for any function f such that Q' f € 15101, there exists Q'F € 131);,0(“) satisfying (2.5).

Proof. Let Q'F € P;°(a). If Q'f € PY, then since
azty(z) + (1 - a)ta(2) = to(2) (2.6)
as Q'F = Q! fx(t, + t,), we obtain that
Q'f(2) = alQ'f(2) (2t + 2t0)] + (1 - a) [Qf (2)*(ta + 1a)]- (2.7)

Therefore,

Q' f(z) = a[z(Q'F) (z) + Z(Q'F)_(2)] + 1 - 0)Q'F(z). (2.8)
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Conversely, for Q' f € PY,, from (2.1), (2.2), and (2.5),

. il"(n Fr@-Y) ir(n +Dre-N,
n=2

Tn+l-n) " T(n+1-1)

n=2

—z+ ST+ (- DalA, + ST+ (1 DalB,z,
n=2 n=2

where

T(n+1)IQ2-1) T(n+1)I(2-1)

An
Therefore,

Q'F =z+ > Ayz"+ D Byz" = Q' fx[ta(2) + ta(2)].
n=2 n=2

Theorem 2.2. A function Q'F of the form (2.4) belongs to 13?{’0(05), if and only if
Re{z(Q'H(2))" +a(Q'G(2))" + (Q*H(2)) + (Q'G(2))'} >0, zel.
Proof. If Q'F = Q*H + Q\G € P’ (a), then from Theorem 2.1,
a[z(Q'H) + 2(Q'G)] + (1 - a) [Q'H + QG| = Q'h + Qlg e P,
and (Q'h)’ + (Q'g)' € Pyy. Hence

0<Re{(Q'h) +(Q'g)'}

TTm+ 1N+ (m=Da] ™ "TTm+1-N[1+ (n-1Da] ™

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

x Re {az(Q'H)" + a(Q'H) + (1 - a)(Q'H)' +az(Q'G)" +a(Q'G)' + (1 - @) (Q'G)'}

x Re {z(a(Q'H)" +a(Q'G)") + (Q*"H)' + (Q'G)'}.

(2.14)

Conversely, if the function Q'F = Q'H + Q\G of the form (2.4) satisfies (2.10), then by

Theorem 2.1 (Q*h)" + (Qg)" € Py and the following function holds:

Qf =Q'h+ Qlg = az(Q'H) +2(Q'G)'] + (1 - a) [Q'H + QG| € Y,

Then by Theorem 2.1, Q'F = Q'H + QG € P}’ (a).

(2.15)

O
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Theorem 2.3. IN’IfI’O(a) is convex and compact.
Proof. Let Q'F; = Q*H; + Q Gy, Q'F, = Q'H, + Q)G € 13;’0(11) and let y € [0,1]. Then
Re(z[a(u(Q'Hi(2))" + (1 - p)(Q'Ha(2))") +7(Q'G1(2))" + (1 - 1) (R'Ga(2))")]
+u[(Q'H1(2)) + (2'G1(2))] + (1 - ) [(Q' Ha(2)) + (Q*G2(2))'] }
= p Re{z[a(Q'Hi(2))" + 2(Q'G1(2))"] + (Q*H1(2))' + (Q*G1(2))'} (2.16)
+ (1 - pRe{z[a(Q'Hy(2))" + @(Q'G2(2))"] + (Q' Ha(2))' + (Q*Ga(2))'}
> 0.

Hence from Theorem 2.2, uQ*F; + (1 — u)Q'F, € ﬁﬁio(a). Therefore, 131)_‘1’0(cx) is convex.
Now, let Q'F, = Q'H, + Q'G, € P}’(a) and let Q'F, — Q'F = Q'H + Q'G. By
Theorem 2.2,
a[z(Q'H,) +z(Q'G,)' ] + (1 - a) [Q'H,, + Q1G] € PY,. (2.17)
Since 1321 is compact, see [6],
a[z(Q'H) +z(Q2'G)] + (1 - a) [Q'H + Q'G] € P, (2.18)
Hence by Theorem 2.1, Q'F € 151)30(11), therefore ﬁﬁo(a) is compact. O

Theorem 2.4. If Q'F = Q'H + Q'\G € P}’ (a) and |2| = r < 1, then

—r+2In(1 +7) < Refa[z(Q'H,) +z(Q'G,)'] + (1 - a) [Q*H,, + Q'G, ] }

(2.19)
<-r-2In(1-r).
Equality is obtained for the function (2.3) where
Q' f =2z+In(1-2)-3z-3In(1-%), zel. (2.20)

Proof. From Theorem 2.1, if Q*H + QG € P;’(a), then there exists Q' f = Q'h+Qlg € PY so
that

al[z(Q'H) +z(Q'\G)'] + (1 - a) [Q'H + Q\G] = Q'f. (2.21)
Since by [5, Proposition 2.2]

-r+2In(1+7) <Re(Q'f) <-r-2In(1-7), (2.22)

this completes the proof. O
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Theorem 2.5. If Q'F = Q'H + Q\G € P};’(a) and Re a > 0, then there exists Qf € P, so that

1
atp=l f g2 (QM ) (z0)dg, zeU. (2.23)
aJo
Proof. Since
1 a1 Z
ta(2) = — fo o 11_—Z€d§, <1, Rea>0, (2.24)

and for Q' f = Q'h+ Qg € PY,

z (@)= : _(@'9)=)

A A
(Q h)(z)*l_Zg : , (Q g)(z)*l_zg : , (2.25)
we have
1
@ H)@) = @0 ta = 3 [ $@ =D
°1 (2.26)
1 _
(@'6)@) = (@@ ko= [ @) 00
0
Hence Q'F is type (2.23). O
Theorem 2.6. If Re a > 0, then 150)"0(11) C 13%
Proof. Let Q'F € P;°(a) and Re a > 0. Then there exists Q' f € P?, so that
Q' F=Q'H+Q'\G=Q' f x (t, +1,) = (Q'h*t,) + (Q' g t,). (2.27)

Hence 0 < Re{(Q'h)" + (Q'g)'} = Re{(Q'h)' + (Q'g)'} and since Re a > 0, Re{(Q*H)" +
(Q'G)'} > 0and Q'H(0) = 0, (@*H)'(0) = 1, Q'G(0) = 0, (R'G)'(0) = 0. And hence Q'F ¢
P O
Theorem 2.7. Let Q*F = Q*H + Q'G € 131)_‘;0(11). Then

@)

2T(n+ 12 - A)

lAnl = 1Bl < S T A + - Dl

n>1, (2.28)
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(ii) if Q*F is sense-preserving, then

1 Tm+DTQR-1)

2n -
Ayl < , =12,...,
[An] < n T'n+1-L)1+n-1)a "
(2.29)
2n-3 I'n+1I'(2-1)
By < , =2,3,....
Bl < = T i—nrm-Dar "3
Proof. By (2.10),
I'n+1Ir2-21)
Ayl - By = = by |- 2.
14wl = 1Bull = T = s (= yag %!~ 10 (230)
Also, by [6, Theorem 2.3], we have
llanl - Iba]] < 2. (231)
n
The required results are obtained.
On the other hand, from (2.10), it is known [6, Corollary 2.5] that
2n-1 2n-3
lan| < ——, |ba] s ——. (2.32)
Then we get the coefficient inequalities for 135"0 (a). O

Remark 2.8. Taking A = 0 in Theorems 2.1-2.7, we get the similar results in [7].

Theorem 2.9. Let Q'F = Q'H = Q)G € 131)_‘1’0(11) and sense-preserving in U, then for |z| =1 < 1,

2r

laz(Q'H) + (1-a)Q*H| < -

p +In(l-7r),
(2.33)

3r — 12
1

|az(Q'G) + 1 -2)Q'G| < +3In(1-7r).

Proof. From Theorems 2.1 and 2.2, if Q'F = Q'H + Q\G € INJIﬁ[’O(a), then there exists Q' f =
Q'h + Qg € PY such that

az(Q'H) + (1 - a)Q'H = Q'h,
(2.34)
az(Q'G) + (1 -2)Q'G=Q'g.

By [6, Theorem 3.5], we obtain the results. O



R. A. Al-Khal and H. A. Al-Kharsani 9

Remark 2.10. Taking A = 0 and a = 0 in Theorem 2.9, we get [6, Theorem 2.4].

3. Positive order

We say that the harmonic function f = h + g of the form (2.1) is in the class Py (), 0 < p <1
for |z| =rif Re f > pand f(0) = 1.
If the function f, + 72 = N + ¢ belongs to Py (p) for the analytic and normalized
functions h and g of the form (2.1), then the class of functions f = h + g is denoted by 1313([5).
Denote by P.Y°(B, ) the class of functions defined By (2.3) where Q' f € P3(p).

Many of our results can be rewritten for functions in the class 1513‘1’O (B, «). For instance,
see the following theorems.

Theorem 3.1. If Q'Fe 131)_}'0 (B, ), then there exists Qf € P3(p) so that

a[z(Q'F) _(z) +Z(Q'F)(2)] + (1 - ®)Q'F(z) = Q' f(2). (3.1)

Conversely, for any function f such that Q'f € PY(B), there exists Q'F € P. (B, a) satisfying
3.1).

Theorem 3.2. A function Q'F belongs to IA’If‘I’O (B, a) if and only if
Re{z(Q'H(2))" +a(Q'G(2))" + (Q'H(2)) + (Q'G(2))'} >, zeU. (3.2)
Theorem 3.3. If Q'F € P°(B, «) and Re a > 0, then there exists Q* f € PS(B) so that

o'r-t f L Ve2Ql )z, zell (33)
alo

Theorem 3.4. IfRe a > 0, then IA’P’}’O([},DL) C 13}01 B).
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