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For A > -1 and . > 0, we consider a liner operator I} on the class o of analytic functions in the unit
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classes are obtained.

Copyright © 2008 K. Al-Shaqsi and M. Darus. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let o denote the class of functions of the form
f(z)=z+> a7, (1.1)
k=2

which are analytic in the unit disk U = {z : |z| < 1}.
If f(z) € o satisfies

arg <_zf’(z) - oc>
f(2)

then f(z) is said to be strongly starlike of order ff and type a in U, and denoted by S*(a, §).
If f(z) € o satisfies

arg<1+%—a>

<%p (zeU, 0<a<1, 0<p<1), (12)

<%p (zeU, 0<a<1, 0<p<1), (1.3)
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then f(z) is said to be strongly convex of order § and type a in U, and denoted by C(a, p).
It is obvious that f(z) € o belongs to C(a,p) if and if zf'(z) € S*(a,p). Further, we note
that 5*(a,1) = S*(a) and C(a, 1) = C(a) which are, respectively, starlike and convex univalent
functions of order a.

Let P denote the class of functions of the form p(z) = 1 + p1z + - -+ analytic in U which
satisfy the condition Re{P(z)} > 0.

For functions f given by (1.1) and g(z) = z + 3, 2,bkzF, let (f*g)(z) denote the
Hadamard product (or convolution) of f(z) and g(z), defined by

(F29)(2) = f(2)rg(2) = 2+ 3 aubiz". (1.4)

k=2

If f and g are analytic in U, we say that f is subordinate to g, written f < g or f(z) < g(z), if
there exists a Schwarz function w in U such that f(z) = g(w(z)) [1].
Let f € 4. Denote by D* : o/ — o/ the operator defined by

D\ = ﬁ*ﬂz) (A>-1). (1.5)

It is obvious that D°f(z) = f(z), D' f(z) = zf'(z), and

6-1 (6)
Dﬁf(2)=w (6 € Ny = NU {0}). (1.6)

The operator D? f is called the 6th-order Ruscheweyh derivative of f. Recently, K. I. Noor [2]
and K. I. Noor and M. A. Noor [3] defined and studied an integral operator I, : 4 — 4,

analogous to D f(z) as follows.
Let fu=2z/(1- z)"*l, (n € Np), and f,(,_l)(z) be defined such that

Fa@rf V(=) = ﬁ (1.7)

Then

-1
ﬁ] SE e (18)

Lf(z) = f " (2)f(2) = [
We note that Iyf(z) = zf'(z), Lif(z) = f(z). The operator I, is called the Noor integral of
nth order of f (see [4, 5]), which is an important tool in defining several classes of analytic
functions. In recent years, it has been shown that Noor integral operator has fundamental and
significant applications in the geometric function theory.
For real or complex numbers a, b, c other than 0,-1,-2, ..., the hypergeometric series is
defined by

= (a) (b) k
,byc;z) = ,
2Fi(@bicz) = 2, 05 1,7

(1.9)



K. Al-Shagsi and M. Darus 3
where (x); is Pochhammer symbol defined by

I'(x+k)

(x)k = I—v(x)

=x(x+1)---(x+k-1) fork=1,23,..., xeC, (x);=1. (1.10)

We note that the series (1.9) converges absolutely for all z € U so that it represents an
analytic function in U. Also an incomplete beta function ¢(a, c; z) is related to Gauss hyperge-
ometric function z,Fy(a, b; ¢; z) as

P(a,c;z) = F1(1,a;¢;2), (1.11)

and we note that ¢(a,1;z) = z/(1 - z)?, where ¢(2,1; z) is Koebe function. Using ¢(a, c; z), a
convolution operator [6], was defined by Carlson and Shaferr. Furthermore, Hohlov [7] intro-
duced a convolution operator using »Fi(a, b; c; z).

N. Shukla and P. Shukla [8] studied the mapping properties of a function f, to be as
given in

fula,b,c)(z) = (1 - p)zoFi1(a,b,c; z) + pz(zoF1(a, b, c; z)) (u>0), (1.12)
and investigated the geometric properties of an integral operator of the form

* ”t(t) dt (1.13)

Kim and Shon [9] considered linear operator L, : &/ — o defined by L,(a,b,c)f(z) =
fu(a, b, c)(z)*f(2).

We now introduce a function (f,) 1) given by

Fula,b,0)(@)*(fula,b,c)(2)) " = ﬁ (£>0, 1 >-1), (1.14)
and obtain the following linear operator:
IX(a,b,¢)f(2) = (fu(a,b,)(2)) " xf (2). (1.15)

The operator I P),‘ is known as the generalized integral operator. For y = 0 in (1.14), I,(a, b;
c)f(z) = I,);(a, b; c) f (z), which was introduced by K. I. Noor [10].
Now we find the explicit form of the function (f,) ™D 1t is well known that A > -1

= (A+1)
o kZ=0( +' kzkel (zeU). (1.16)

Putting (1.9) and (1.16) in (1.14), we get

i (uk +1)(a) (b)) e+l (fy)( 1) i ()H‘l)k ey

N O N R 2 (1.17)



4 International Journal of Mathematics and Mathematical Sciences

Therefore, the function (f,) D has the following form:

@ A+l i
(fﬂ(a, b, C)(Z)) = Z mzk ! (Z € [U) (118)

k=0

Now we note that

I}a,b,c)f(z) =z + kﬁjl M%akﬂzk”. (1.19)
From (1.19), we note that
aA+1,0)f(z) = f(z), INa1,a)f(z)=zf(z). (1.20)
Also it can easily be verified that
z(Ii(a,b,c)f(2)) = (A + 1)[}* (a,b,c) f(z) - AL(a,b,c) f (2), (1.21)
z(Ii(a+1,b,c)f(2)) = aly(a,b,c)f(z) - (a—1)I;(a+1,bc)f(2). (1.22)

Now we introduce the following classes in term of the new operator I /);(a, b,c). For A > -1,
u>20,0<a<l,and0<p<1,let .Sﬁ(a, b, c; a, B) be the class of functions f € «f satisfying

N, z(I}(a,b,c)f(z))’ )
!\ L@bofe

Observe that I(a,b,c)f(z) € S*(a,p) and z(I;(a,b,c)f(2)) /L;(a,b,c)f(z) #a. Also, for A >
-1,p>0,0<a<l,and0< B <1, let Cﬁ(a, b, c; a, B) be the class of functions f € < satisfying

< z(I}(a,b,c)f(2))"
arg ( 1+ — — =
(Li(a,b,c)f(2))
Observe that I (a,b,c) f(z) € C(a, ) and 1 + z(I;(a,b,¢) f(2))"/(Ii(a,b,c) f(2)) #a.
Clearly, f € CI);(a, b,c;a,p) if and only if zf'(z) € Sﬁ(a, b,c;a,p).
Note that 36\(61,/\ +1,aa,p)=S"(a,p), SS(a,)L +1,a;,a,1) = S*(a), C(*)(a,)u +1,a4a,p) =

C(a,p), and C())‘(a,)u +1,a,a,1) =C(a).
Finally, let JCﬁ(a, b,c;a,B,y; A, B) be the class of functions f € o satisfying

‘ <z(1,§(a, b,c)f(z))
ar
I}(a,b,c)g(z)

a>‘ < %ﬁ (z € V). (1.23)

a> ‘ < %p (z € D). (1.24)

- a> ‘ < %p (z € ) (1.25)

forA>-1,u>0,0<a<1,0<p<1l,and g€ Qﬁ(a,b,c,‘y,‘A,B),where

Qu(a,b,c;y; A, B)

ey L (FUabag@) \ 1+4z
T T\ Bebogze 1+Bz

} (zeU; 0<y<1, -1<B<AKL]).

(1.26)
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We also note that JCé(a, A+1,a;a,1,y;1,-1) and JCé(a, 1,a;a,1,y;1,-1) are the classes of qua-
siconvex and close-to-convex functions of order a and type y, respectively, introduced and
studied by Noor and Alkhorasani [11] and Silverman [12].

2. Main results
In order to give our results, we need the following lemmas.

Lemma 2.1 (see [13]). Let f, y be complex numbers. Let ¢p(z) be convex univalent in U with ¢(0) =1
and Re[p(z) +y] >0, z € Uand q € 4 with q(z) < ¢(z), z € U. If p € P is analytic in U, then
zp'(2)

p(z) + Ba) +y

<P(z) (zel) (2.1)
implies
p(z) <p(z) (zel). (2.2)

Lemma 2.2 (see [14]). Let 8, n be complex numbers. Let ¢(z) be convex univalent in U with ¢(0) =1
and Re[6¢(z) + 1] >0, z € U. If p € P is analytic in U, then

zp'(2)
(Z) + W < (i)(Z) (Z [S U) (23)
implies
p(z) <¢(z) (z€l). (2.4)

Lemma 2.3 (see [15]). Let ¢(z) be convex univalent in U and let E > 0. Suppose B(z) is analytic in
U with Re B(z) > E, If g € P is analytic in U, then

Ez*¢"(z) + B(z)zg'(z) + g(z) < ¢(2) (z € ) (2.5)
implies
8(z) <¢(z) (zel. (2.6)

Theorem 2.4. Let ¢(z) be convex univalent in U with ¢(0) = 1 and Re ¢(z) > 0. If f(z) € o satisfies
the condition

1 [/z(I*'(a,bo)f(2)
1‘Y< abofz 1) D (2.7)
then
1 [/z(I}(a,b,0)f(2))
1_Y< Iﬁ(a,b,C)f(z) _Y> <¢(Z) (ZEU) (28)

fordA>-1,u>0,and0<y<1.
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Proof. Let
1 [z(Ii(ab,0)f(2)
p(z) = < £ -v), (2.9)
-y Ii(a,b,c)f(2)
where p € P. By using (1.21) in (2.9) and then differentiating, we get
1 [z (a,b,o)f(2) zp'(z
1 < . ) =p@ s 2D 2.10)
-rY\ IL;"(ab,c)f(z) L+ 1)g(z)
where g(z) = Ifi‘*l(a, b, c)f(z)/Ilﬁ‘(a, b,c)f(z) and q(z) < ¢(z). Hence by applying Lemma 2.1,
we obtain the required result. O

Theorem 2.5. Let ¢(z) be convex univalent in U with ¢(0) = 1and Re ¢(z) > 0. If f(z) € A4 satisfies
the condition

1 [/z(I}abo)f(2)
Iy ( Li(a,b,0)f(2) —r ) <9z (z€l), (2.11)
then
1 [/z(IXa+1,b,0)f(2))
1—Y< IXa+1,b,c)f(z) _Y> <¢(z) (z€D) (2.12)

forA>-1,u>0,and0<y <1

Proof. By using the same technique in the proof of Theorem 2.4 and using (1.22) and applying
Lemma 2.2, we obtain the required result. O

Taking ¢(z) = (1 + Az)/(1 + Bz) (-1 < B < A < 1) in Theorem 2.4 and in Theorem 2.5,
we have the following.

Corollary 2.6. It holds that
Q" (a,b,c;y; A, B) C Qu(a,b,c;y; A, B),
(2.13)
Qﬁ(a, b,c;y;A,B) C Ql);(a +1,b,¢;7; A, B)
forA>-1,u>0,0<y<1l,andRea>1-y.

Also, by taking ¢(z) = (1+z)/(1 - 2))P (0< p < 1) in Theorem 2.4 and in Theorem 2.5,
we have the following.
Corollary 2.7. It holds that
5ﬁ+1(a' b,cy,p)C Sﬁ(a, b,cy,pB), o1p
Sﬁ(a, b,cy,p) C Sﬁ(a +1,b,¢v7,p)

forA>-1,u>0,0<y<1l,andRea>1-p.
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Corollary 2.8. For A > -1, 4 >0,0<y <1,and Re a > 1 -, one has
C."M(a,b,c;y,p) C Ci(a,b,c;y,B),

C.(a,b,c;y,p) C Ch(a+1,b,cY,p).

(2.15)

Proof. We will proof the first relation and by the same method we can proof the second relation

f(2)€C (abcy.p) = zf'(z) € 3, (a,b,c;7, p)
= zf'(z) € S,(a,b,c;y, )
= I,(a,b,0)(zf'(2)) € S'(1, )
— z(I,;(a,b,0)f(2))' € 5(y,p)
& I,(a,b,c)f(2) € C(y,p)
= f(2) € Cy(a,b,c;y,p).

(2.16)

O

Theorem 2.9. Let ¢(z) be convex univalent in U with ¢(0) = 1 and Re ¢(z) > 0. If f(z) € 4 satisfies

the condition

1 <4$W&MV@W

1-y\ Iiabof(2) _Y><¢(Z) O<y<l zel),

then

1 <z(Ilﬁ‘(a, b,c)F(z))’ B

1-y Iﬁ(a,b,c)l-"(z) Y> <p(z) (0<y<1, zel),

where F be the integral operator defined by
F(z) = Clef L (dt (e > -1).
0

Proof. From (2.19), we have

z(I}(a,b,c)F(2)) = (c+1)I}(a,b,c)f(z) - cI}(a,b,c)F(z).

Now, let
1 [ z(Ii(a,b,c)F(z))'
p(z) = 7 T - )
- Y I}l(a/blc)F(Z)
where p € P. Then by using (2.20), we get
(c+DI(a,b,c)f(2)

(1-yp(z) +c+y I}(a,b,c)F(z)
Xa,b,

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Differentiating both sides of (2.22) logarithmically, we obtain

() 1 (z0abafE) > 223
p(Z)+C+Y+(1—Y)P(Z)_1—Y< Ii(a,b,c)f(z) Y (229)
Then, by Lemma 2.2, we obtain that
1 [z(Li(ab,0)f(2) . (2.24)
1—Y< Ii,‘(a,b,c)f(z) y> <¢(z) (0<y<1; zel).
O

Now, by letting ¢(z) = (1 + Az)/(1+ Bz) (-1 < B < A <1) in Theorem 2.9, we have the
following.

Corollary 2.10. For A > -1, y >0, ¢ > -y, and 0 <y < L. If f € Qﬁ(a,b,c;y;A, B), then F €
Q.. (a,b,c;y; A, B), where F given by (2.19).

Also, by taking ¢(z) = (1 +z)/(1 - z))ﬁ (0 < p < 1) in Theorem 2.9, we have the
following.

Corollary 2.11. For A > -1, u>0,c> -f,0<p<1,and0<y <1l If f € Sﬁ(a, b,c;y,p), then
Fe Sﬁ(a,b,c; Y, B).

Corollary 2.12. For A > -1, u>0,c> -f,0<p<1,and0<y <1 If f € Cﬁ(a, b,c;y,p), then
F e C,);(a,b,c;y,ﬂ).

Proof. It holds that

f(z) € Cy(a,b,c;y, ) = F(zf'(2)) € Sy(a,b,c;y,p)

' 2.25
— z(F(2)) € Sy(a,b,c;y,p) (225
— F(z) € Ci(a,b,c;y, ).
|
Theorem 2.13. Let f € 4. Then
A+ . . A . .
X, Ya,b,c;a,B,y; A,B) C K, (a,b,c;a,p,y; A, B) (2.26)
forRea>1-,0<p<1,0<a<1,0<y<land-1<B<A<LL
Proof. Let f € JC,ﬁ“(a, b,c;a,B,y; A, B), then by the definition, we can write
z(I*Y(a,b,c) f(2)) p
! < (fH( /@) —a><<1+z> (zeU) (227)
L-—a\ I;"(ab,c)g(2) -z

for some g € Qﬁ”(a, b,c;y; A, B).
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Letting h(z) = z(I}(a,b,c)f(2))'/I;(a,b,c)g(z) and H(z) = z(I;(a,b,c)g(2)) I;(a,b,
¢)g(z), we observe that h(z), H(z) € P(z). Now by Corollary 2.6, g € Q,);(a, b,c;y; A, B) and so

Re H(z) > y. Also, note that
z(I}(a,b,c)f(2)) = (I}(a,b,c)g(2))h(2).
Differentiating both sides in (2.28) yields

z(I}(a,b,c)f(2))’ B z(I}(a,b,c)g(2))’

Habose | Diaboge o HE = HEME R E).

Now by using the identity (1.21), we obtain
z(I}*'(a,b,c)f(z))’
L (a,b,0)g(2)
~ I;‘*l(a, b,c)(zf'(z))
I} (a,b,c)g(z)

~ z(I}(a,b,c)(zf'(2))) + AI}(a,b,c)(zf'(2))
~ z(IMa,b,0)g(2)) + A} a,b,c)g(z)

_ z(Ii;(a, b,c) (zf’(z)))//lﬁ(a, b,c)g(z) + )L(I,’)(a, b,c) (zf’(z))/If)l‘(a, b,c)g(z))

z(I}(a,b,c)g(2)) /Ii(a,b,c)g(z) + A
_ H(z)h(z) + zh'(z) + Ah(z)
N H(z)+ A
zh (z)
H(z)+\°

=h(z)+

From (2.27), (2.28), and (2.30), we conclude that

ﬁ(k(z)+%—a> < <1t§>ﬂ

Letting E =0and B(z) = (1/(1 —a))(1/(H(z) + 1)), we obtain

1 1

Re[B(z)] = -2 () +)t|2

Re[H(z) + ] > 0.

The above inequality satisfies the conditions required by Lemma 2.3. Hence ¢(z) < (

(1-z))? and so the proof is complete.
Theorem 2.14. Let f € A. Then
A . . A . .
JC”(a, b,c;a,p,y; A B) C JCM(a +1,b,c;a,0,7; A, B)

forRea>1-,0<pf<1,0<a<1,0<y<l,and-1<B<A<LL

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

1+2z)/
O

(2.33)
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Proof. By using the same technique as in the proof of Theorem 2.13, we get

2 (o e ) < (15) (239

By letting E = 0and B(z) = (1/(1 - a))(1/(H(z) + (a—1))), we obtain

1 1
Re|B(z)| = Re[H(z) + (a—1)| > 0. 235
B = s o] ] 239
Then, by applying Lemma 2.3, we obtain the required result. O

Theorem 2.15. Let ¢ > -f,0 < f<1,0<a<1,0<y<1land-1<B<ALLIf €
JC/ﬁ(a, b,c;a,B,v; A, B), then F € ,Kﬁ(a, b,c;a,B,y; A, B), where F is given by (2.19).

Proof. Also, by using the same technique as in the proof of Theorem 2.13, we get

1}a<%+h(z)—a> < <1i§>ﬁ (2.36)

By letting E = 0 and B(z) = (1/(1 —a))(1/(H(z) + ¢)), we obtain

1 1

Re[B(=)] = 1-a |H(z) +c|2

Re[H(z) +¢c] > 0. (2.37)

Then, applying Lemma 2.3, we obtain the required result.
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