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This paper considers the modified fractional integral operators involving the Gauss hy-
pergeometric function and obtains weighted inequalities for these operators. Multidi-
mensional fractional integral operators involving the H-function are also introduced.
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1. Introduction and preliminaries

Tuan and Saigo [7] introduced the multidimensional modified fractional integrals of or-
der a (Re(a) > 0) by

Xn

X2, f(x) = r;)nn JM [min{%,...,a} - l]if(t)dt,

(a+1

(1.1)

X, f(x) = r((;i):)DnJm [1 —max{’t‘—ll,...,’;—:}]if(t)dt,

where R = {(t1,...,t,) | ;>0 (i=1,...,n)}, ¢+(x) is a real-valued function defined in
terms of the function ¢(x) by

p(x), ¢@(x)>0,
¢ (x) = (1.2)
0, p(x) <0,

and D™ denotes the derivative operator 0"/0xj,...,0x,.

The operators in (1.1) provide multidimensional generalizations to the well-known
one-dimensional Riemann-Liouville and Weyl fractional integral operators defined in [5]
(seealso [1]). The paper [7] considers several formulas and interesting properties of (1.1).
By invoking the Gauss hypergeometric function »F; (e, f3;y;x), the following generaliza-
tions of the multidimensional modified integral operators (1.1) of order a (Re(«) > 0)
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2 Inequalities for certain integral operators

were studied in [6]:

B,y _ 1 nJ [ 1 {ﬁ x_”}_ :|lx
S&n” f(x) F((x+1)D o min Py 1+

(1.3)

- F (oc+[>’,oc+;1;1+oc;1 —min{%,...,%})f(t)dt,
1 n

SR L IR ]

Xn

(1.4)

o F ((x+ﬁ,—;7;1+(x;1—max{%,...,—})f(t)dt.

1 tn

For § = —a, the operators (1.3) and (1.4) reduce to the modified integral operators de-
fined in (1.1), respectively. In [8], the integral operators X{,, f(x) and X% , f(x) defined
on the space I, (R?) are shown to satisfy some L, — L, weighted inequalities. The space
M, (R}) represents the space of functions f which are defined on RY, and are entire func-
tions of exponential type (see [7]). The present paper is devoted to finding inequalities for
the generalized multidimensional modified integral operators (1.3) and (1.4) by making
use of the inequality stated in [8] (which was established with the aid of Pitt’s inequality).

Multidimensional operators have also been studied in [3, 4].

2. Inequalities for operators (1.3) and (1.4)

f (J f)(x) denotes the integral operator

(NG = | ko) fd,

then following [8], we have

1
J k() f(y)dy = (an)”J “(5) f*(1 - s)xrds,

(1/2)

where the integral over (1/2) stands for the multiple integral

1/2+ic0 1/2+ic0
Lm) - Jl/Z—ioo o L/z—ioo’
and k*(s) and f*(1 —s) are the Mellin transforms of the functions k(y
spectively. It is proved in [8] that if

Ik*(s)| < Cls| <s€ (%) oczO),

then there holds the inequality

|| |10g}/ _ t|fby1/27l/r(ﬂ{f)(y)

(2.1)

(2.2)

(2.3)

) and f(y), re-

(2.4)

ny = Cl|llogy - l‘|d)’1/271/qf()’)||Lq(m)> (2.5)
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or equivalently,

r a—b+n(1/r=1/q)
|| llogy — ¢ ~0y!2~/ (@ = Cllllogy —¢| 72V £ (g g,
(2.6)
for all t € R?, provided that
{20( 1} b { a 1 a 1 } 1
maxqy—,—+-¢r—-1<-—<min{0,— ——,—+——-1¢+-,
rn n n qgn q r
L1 (2.7)
max{O,n(;+a—l>}socsn,1<qsr<00.
In the paper [6], it was established that if
Re(a) >0, Re(hj)<% (j=1,...,n), Z <7+m1n{Re[3) Re(n)},
(2.8)

then the operator thﬂf[yx‘h f(x) is a homeomorphism of the space Jl;/,(R%}) onto itself,
and

ST XM £ (x)

_ 1 J L(B+n—30 1hj— 35 ys)T(n+n—35_1hj— 3 s))
(27‘[i)" (1/2) ( Z]:lh 2;:151) ((X+ﬂ+7’]+l’l—z;l=1h]‘ Z] 1 ])

fH(s)x" ds.
(2.9)
We note that

D(Btn=37 b =S5 s) =S =Sis)
T(n—X7_ hj— Y s)T(a+B+n+n—3F hj— X 15])—O(|s| ), (2.10)

so we can apply the inequality (2.6) to the multidimensional operator defined by (2.9),
which leads to

£ b 1/2- 1/r+hS“ﬁV —hf

|[llogy — L (R™)

(2.11)
SC”HOg)/_ K b+n(1/r— l/q)yl/z l/qf y)HLq([R{’l)’

valid for all t € R®, provided that the constraints (2.7) and (2.8) are satisfied. On the
other hand, (see [6]) if

Re(a) >0, Re(hj)>% G=1rm), 2 ) > S eReB-) -1,

(2.12)
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then the operator th ~h x~"f (x) is a homeomorphism of the space /l,/,(R?) onto itself,
and we obtain

ﬁ)’xfhf(x)

1 J T(1=n+ 37 hj+ 25 s)T(L=B+n—n+ X hi+ 37 s))
@ri)n Jamy T(1=B—n+37  hj+ 37 )T +a+n—n+ X7 hj+ 3 s))

X f*(s)x~*ds.

(2.13)
By noting the estimate that
I(1-n+ Z7=1hj + Z;Llsj)l"(l —B+n—n+ 27=1hj +Z?=15j) _ 051
r(1-p- n+Z;L:1hj +Z;':15j)1"(1 +a+n—n+ Z’;zlhj + Z;-’lej) ’
(2.14)

we again apply the inequality (2.6) to the multidimensional operator defined by (2.13) to
get

— — a,P, —
| byl/z 1/r+h57g1)’y hf

|[llogy —¢ Mz, we)

oo : (2.15)
SC”tHOgy—ﬂa b+n(1/r l/q)y1/2 l/qf(y)HLq([R'l)’

valid for all t € R, provided that the constraints (2.7) and (2.12) are satisfied.

3. Classes of multidimensional operators

We introduce the following classes of multidimensional modified fractional integral op-
erators involving the well-known H-function [2, Section 8.3] (see also [1, page 343])
defined by

(H e |t /) 00 = (HEG e (0 i £) ()
(3.1)
=D" an[QN[mm{fl ..,tn} ZZ%Z)]f(t)dt
R 1
(HPQ | (o ) (0) = (HBQ i | oo £) ()
(3.2)

X1 Xn
= (-1 ”D"J HM’N[ma {——}
(1D | Hp [maxq e

where we assume that the parameters of the H-function involved in (3.1) and (3.2) satisfy
the existence conditions as given in [2].

The special cases of the operators of interest in this paper are the operators which
emerge from (3.1) and (3.2) in the case when N =0, P = M, Q = M, and the parame-
tersay =ay=---=ay, =1,and 1 = B2 = --- = B, = 1. Thus, we have the following
multidimensional fractional integral operators (defined in terms of Meijer’s G-function)

i | roar
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By setting the parameters

m=2, a=1-p, a=1-n, bi=1-a-p-1, b, =0,
n (3.1), and

m=2, a=1-4, a=1l+a+n, by=1-B+19, b, =0,

n (3.2), and noting the relation (see [1, equation (1.1.18), page 18] )
bz(l _0.)a1+a27b17b271
GZ, a,a —
2 [0 | b"bz] [(ai+ay—by —by)
2 Fi(ay —br,a1 —bisa1+a; — by —by1-0) (0<1),

we observe the following relationships:

(Ggrl;;ﬁ,lfn);(lfa*/ﬁ’*ﬂ»o)f> (x) = "‘S+ "fx
(Gg;;ﬁ)1+a+n);(l—ﬁ+f1»0)f) (x) = S‘f’fq’yf(x),

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

in terms of the multidimensional modified fractional integral operators (1.3) and (1.4).
We state below two useful lemmas concerning the multidimensional Mellin transform

of the functions f(max[xy,...,x,]) and f(min[x,...,x,]) (see [3, 6]).

Lemma 3.1. LetRe(sj) >0 (j = 1,...,n) and let 75171 f (1) € L1 (R,), then

sl

Jnxs‘lf(max[xl,...,xn]) f*(| D,

where s' denotes the product si,...,s,, and |s| =s; + - - - +5s,.

Lemma 3.2. LetRe(sj) <0 (j = 1,...,n) and let 75171 f (1) € L1 (R,), then

J nxS_lf(min[xl""’x”])dx: ) 1|5|f*(| ).

(3.8)

(3.9)
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Making use of (3.1), we have

(ap,ap)

. (x X
(Hlﬁ%\fﬁn E;:%xfs) (x) = D“J _Hpy' [mm { = . —”} ]t’sdt
RY f tn ) 1 (bopa)
(3.10)
MN (apap)
= D“xl’sj £72Hpg [min{tl,...,tn} ]dt.
R? (ba:Ba)

Applying now (3.9) of Lemma 3.2, and the following result giving the Mellin transform
of the H-function [1, equation (E.20), page 348], namely,

(am:)ﬂ*( [T, T (b +Bjs) [T, T(1 — a; — as)
S =
(ba,Bo) l_[zl')zNH I'(a; + a;s) H?:MH F(l — b]‘ — ﬁjS)

X (—IE}L%[Re/E,bj)] < Re(s) < min [71—Re(a,~)]>’

{HK’QN [x

j 1<i<N (24}
(3.11)
we obtain
(HZG o | i *) )
T(1+n—Is)) [T, Db + B (Isl =n)) [TE T(1—ai—au(lsl = n))
= x
I'(n—|sl) Hf=N+1r(ai+“i(|5| —n)) ]'Q:M+lr(1 - bj _ﬁj(|5| —n))
(3.12)

Similarly, by using the multidimensional operator (3.2), we obtain

MN (ap,ap) _ —
(HPQ - in | (o x ) ()

DT =t IO T T(b+ B (sl =) TS T = @i — (sl = m)
I(-n+ |s|)]_[f=N+1F(a,'+a,-(|s| —1)) ;'):M-Hr(l - bj _ﬁj(\5| —n))
(3.13)

The result (3.13) on specializing the parameters in accordance with (3.5) yields the for-
mula 7, equation (3.6), page 148] involving the multidimensional modified integral op-
erator (1.4). Similarly, we can deduce a result from (3.12) which involves the multidimen-
sional modified integral operator (1.3).
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