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Important and interesting results which are already known such as those by Pólya and
Schoenberg in (1958), Başgöze et al. in (1970), and Ali in (1973), and which are related
to convex maps of the unit disc are presented in this note by a more general, unified, and
different method. The method considers the product of a nontrivial multiplier with the
Norlund means, and shows how the known results indicated above are reproduced again
as special cases.

1. Introduction

Let
∑∞

k=0uk be a given series and let {Sn}∞0 denote the sequence of its partial sums. Let
{qn} be a sequence of real numbers with qj > 0 for some j = 0,1,2, . . . , and qn ≥ 0 for all
n= 0,1,2, . . . , n �= j, and let Qn =

∑n
j=0 qj .

By Hardy [6], the sequence-to-sequence transformation defined by

Tn = 1
Qn

n∑
j=0

qn− jS j (1.1)

is called the Norlund means of {Sn}∞0 , and is denoted by (N ,qn). The (N ,qn) is regular if
and only if qn = o(Qn) as n→∞.

By Duren [4], a domain E of the complex plane is said to be convex if and only if the
line segment joining any two points of E lies entirely in E. A function f which is analytic,
univalent in the unit disc D = {z : z < 1}, and is normalized by f (0) = f ′(0)− 1 = 0 is
said to belong to the class K if and only if it is a conformal mapping of the unit disc D =
{z : z < 1} onto a convex domain. Equivalently, f ∈ K if and only if Re·(1 + z f ′′(z)/
f ′(z)) > 0.

Additional information on convexity are given in [8] by Pólya and Schoenberg, in [3]
by Başgöze et al., and in [1] by Ali. Clearly with the normalized conditions imposed on
f , it is easily seen that a0 = 0 and a1 = 1. From now on when talking about f , we imply
that f is an element of the class K if this fact is already not indicated.
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Let g and h be analytic in D, by Nehari [7], g is said to be subordinate to h written as

g ≺ h or g(z)≺ h(z), z ∈D, (1.2)

if g(0)= h(0), and g(D) subset of h(D).

2. Means connected with power series

Let

Sn(z, f )=
n∑
j=1

ajz
j be the sequence of partial sums of f ,

σn(z, f )= 1
n

n∑
j=1

Sj(z, f ) the Cesaro means or the (C,1) means of f ,

Tn(z, f )= 1
Qn

n∑
j=1

qn− jS j(z, f ) the Norlund means of f ,

Vn(z, f )= 1(
2n
n

) n∑
j=1

(
2n
n+ j

)
ajz

jthe de la Vallee Poussin means of f .

(2.1)

3. Known results

In [8], Pólya and Schoenberg proved the following theorem.

Theorem 3.1. For f (z)∈ K , it is necessary and sufficient that Vn(z, f )∈ K for n= 1,2, . . . .

In [3], Başgöze et al. proved the following theorem.

Theorem 3.2. (i) Suppose that the values taken by f (z) for z in D lie in a convex domain
Dw; then the values taken by σn(z, f ) also lie in Dw for all n and all z in D.

(ii) Conversely, suppose that the values taken by σn(z, f ) lie in a convex domain Dw; then
the values taken by f (z) lie in Dw for all z in D.

In [1], Ali proved the following theorem.

Theorem 3.3. (i) Let (N ,qn) be a regular Norlund transformation such that {qn}∞0 is a
nondecreasing sequence of positive numbers. Suppose that the values taken by f (z), for z in
D, lie in a convex domain Dw, then the values taken by Tn(z, f ) also lie in Dw for all n and
all z in D.

(ii) Conversely, suppose that the values taken by Tn(z, f ) lie in a convex domain Dw; then
the values taken by f (z) lie in Dw for all z in D.

In [2], Ali has the following theorem.

Theorem 3.4. (i) Let f ∈ K .
(ii) Let

Qn =
n∑
j=0

qj , Qj =
(

2n
j

)
q0,

ω(n)= −2
Qn

n∑
j=1

(−1) jQn− j ,
(3.1)
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then

1
ω(n)

Tn(z, f )≺ f . (3.2)

4. The main theorem

In this note, we prove a theorem concerning the following product:

1
ω(n)

Tn(z, f ), (4.1)

where

1
ω(n)

= 1(−2/Qn
)∑n

j=1(−1) jQn− j
, Tn(z, f )= 1

Qn

n∑
j=1

qn− jS j(z, f ). (4.2)

We will actually show that under certain assumptions that the product

1
ω(n)

Tn(z, f ) (4.3)

equals to the de la Vallee Pouissin means of f at one time, furthermore equals to the
Cesaro means of f at a second time, and equals to the Norlund sums of f at the third
time.

The theorem is an outcome of Theorem 3.4 by Ali in [2], and is general to cover the
important, and interesting results indicated above by Pólya and Schoenberg [8], another
by Başgöze et al. [3], and third by Ali in [1].

In this note, we prove the following theorem.

Theorem 4.1. (i) Let f ∈ K .
(ii) Let

Qn
j =

j∑
r=0

qnr =
j∑

r=0

(2n− 2r + 1)
(2n− r + 1)

(
2n
r

)
q0,

ω(n)= −2
Qn

n

n∑
j=1

(−1) jQn
n− j ,

(4.4)

then

1
ω(n)

Tn(z, f )∈ K iff f ∈ K. (4.5)

Remark 4.2. Without loss of generality, and in order to be more clear, the notation has
been slightly modified. For example, talking about Qn− j before is the same as talking
about Qn

n− j now, and qn− j before is the same as qnn− j now, similarly Qn before is the same
as Qn

n now.
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Proof of Theorem 4.1. We first note by Graham et al. [5] that

Qn
j =

j∑
r=0

qnr =
j∑

r=0

(2n− 2r + 1)
(2n− r + 1)

(
2n
r

)
q0 =

(
2n
j

)
q0, (4.6)

furthermore

1
ω(n)

Tn(z, f )= 1
(−2/Qn

n)
∑n

j=1(−1) jQn
n− j

1
Qn

n

n∑
j=1

qnn− jS j(z, f ),

1
ω(n)

Tn(z, f )= 1
−2
∑n

j=1(−1) jQn
n− j

n∑
j=1

Qn
n− ja jz

j .

(4.7)

The next step is to note that

−2
n∑
j=1

(−1) jQn
n− j =−

( n∑
j=1

(−1) jQn
n− j +

n∑
j=1

(−1) jQn
n+ j

)
. (4.8)

Now using the definition of Qn
j , we can easily see the following.

For n odd, we have

−2
n∑
j=1

(−1) jQn
n− j =

2n∑
j=0

(−1) j
(

2n
j

)
+

(
2n
n

)
, (4.9)

and, for n even, we have

−2
n∑
j=1

(−1) jQn
n− j =−

2n∑
j=0

(−1) j
(

2n
j

)
+

(
2n
n

)
. (4.10)

Now since

2n∑
j=0

(−1) j
(

2n
j

)
= 0, (4.11)

it follows that

1
ω(n)

Tn(z, f )= 1(
2n
n

) n∑
j=1

(
2n
n+ j

)
ajz

j =Vn(z, f ), (4.12)

which are the de la Vallee Poussin means of f , and the theorem follows by Pólya and
Schoenberg [8]. �



Ziad S. Ali 3355

Corollary 4.3. (i) Let f ∈ K .
(ii) Let

Qn
n =

n∑
r=0

qnr = n+ 1, (4.13)

and let

ω(n)=




−2
Qn

n

n∑
j=1

(−1) jQn
n− j − 1, n is odd,

−2
Qn

n

n∑
j=1

(−1) jQn
n− j , n is even,

(4.14)

then

1
ω(n)

Tn(z, f )∈ K iff f ∈ K. (4.15)

Proof of Corollary 4.3. Clearly Qn
n− j = n− j + 1, and for n= 2k+ 1, we have

−2
n∑
j=1

(−1) j(n− j + 1)− 1=−2
2k+1∑
j=1

(−1) j(2k+ 2− j)− 1

=−2
(− (2k+ 1) + k

)− 1

= 2k+ 1= n.

(4.16)

Similarly, when considering the case where n= 2k to obtain the following:

n=




−2
n∑
j=1

(−1) j(n− j + 1)− 1, n is odd,

−2
n∑
j=1

(−1) j(n− j + 1), n is even,

(4.17)

accordingly for any n, we have (1/ω(n))Tn(z, f ) = (1/n)
∑n

j=1 Sk(z, f ) = σn(z, f ), which
are the Cesaro means of f , and the result follows by Başgöze et al. [3]. �

Corollary 4.4. (i) Let f ∈ K .
(ii) Let Tn(z, f ) be a Norlund-type transformation defined by a nondecreasing sequence

{qn}∞0 of positive real numbers such that
∑

f∈odd q
n
j =

∑
j∈even q

n
j , where j is a nonnegative

integer, then

1
ω(n)

Tn(z, f )∈ K iff f ∈ K. (4.18)
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Proof of Corollary 4.4. For n= 2k+ 1, we have

−2
n∑
j=1

(−1) jQn
n− j =−2

2k+1∑
j=1

(−1) jQ2k+1
2k+1− j

= 2
2k−2∑
j∈even

(
Q2k+1

2k− j −Q2k+1
2k− j−1

)
+Q2k+1

0 , j = 0,2, . . . ,

= 2
2k∑
j=0

q2k+1
2k−2 j = 2

n∑
j∈even

qnj , j = 0,2, . . . .

(4.19)

Similarly when n= 2k, we get

−2
n∑
j=1

(−1) jQn
n− j =−2

2k∑
j=1

(−1) jQ2k
2k− j

= 2
2k−1∑
j∈odd

(
Q2k

2k− j −Q2k
2k− j−1

)
, j = 1,3, . . . ,

= 2
2k−1∑
j∈odd

q2k
2k− j = 2

n∑
j∈odd

qnj , j = 1,3, . . . .

(4.20)

Hence for j nonnegative integer, we have

ω(n)= −2
Qn

n

n∑
j=1

(−1) jQn
n− j =

1
Qn

n

( n∑
j∈odd

qnj +
n∑

j∈even

qnj

)
= 1. (4.21)

Accordingly, the result follows by Ali [1]. �
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