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ON A DIRECT CONSTRUCTION OF INVERSE SCATTERING
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We present a method to construct inverse scattering problems for integrable nonlinear evo-
lution equations in the two-spatial dimension. The temporal component is the adjoint of the
linearized equation and the spatial component is a partial differential equation with respect
to the spatial variables. Although this idea has been known for the one-spatial dimension
for some time, it is the first time that this method is presented for the case of the higher-
spatial dimension. We present this method in detail for the Veselov-Novikov equation and
the Kadomtsev-Petviashvili equation.
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1. Introduction. The search for the methods to construct inverse scattering prob-
lems for integrable nonlinear evolution equations has been an interesting subject, see
[5, 9, 14] for example, since the discovery of the soliton solutions for the Korteweg-de
Vries equation [1, 2, 6, 7, 10, 11]. It was known that the adjoint of the linearized equation
could be used as the temporal component to construct an inverse scattering problem
for integrable equations in the case of the one-spatial dimension [3]. In this note, we
extend this concept to the case of the two-spatial dimension. Let the spatial variables
be x and y. The spatial component is assumed to be of the form L¢, = R¢, where
L and R are assumed to be partial differential operators with respect to x. Requiring
the temporal equation and the spatial equation to be compatible, we obtain an explicit
form for the spatial component as a special solution to the compatibility condition. To
find the spatial component is the main work of this note. A consequence of this pro-
cess is a natural derivation of a Miura-type transformation that can be used to generate
Lax pairs for the integrable equations. We present it in details for the Veselov-Novikov
equation [13], which is also known as the Nizhnik-Veselov-Novikov equation [12], and
the Kadomtsev-Petviashvili equation [8].

2. Veselov-Novikov equation.
Ut = Uxxx + Uyyy +3(UV) x +3(UW) y, (2.1)
where u is a function of t, x, and y, v and w depend on u with vy = Uy, Wx = U,,

and the subscript denotes the partial differentiation, for example, u, = 0u/ox, u, =
ou/oy, a1 x = 0ai/0x, and so forth.
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The adjoint of the linearized equation of (2.1) is
bt = Pxxx + Pyyy +3VPx +3Vx + 3wy + 3050y (udy), (2.2)
where
Y, = ucpsy. (2.3)
We now propose
Ly =R, (2.4)
where L and R are partial differential operators with respect to x,

L=eg+e10y+e05+---+epydl,
(2.5)
R =7 +710x +7202 + - - - + 71,0,

and where e;, 0 < i <m, and 7}, 0 < j < n, are functions depending on u and its partial
derivatives but not explicitly on £, x, or y.

We request that (2.2) and (2.4) be compatible. Since (2.2) is symmetric with respect to
x and y, we also request that (2.4) be symmetric with respect to x and . Interchanging
x and y in (2.4), we get

(ef +ef0y +e305+ - +emdt)dx = (1 +7{0, +7505 +- - - +7,50}) p, (2.6)

where e and rj“ are obtained from e; and 7, 0 <i < m, 0 < j < n, by interchanging x
and v, respectively. In order for (2.6) to be the same as (2.4), we need m =1 and n = 1.
Thus (2.4) becomes

(eo+e10x)py = (Yo +710x) . (2.7)
In order to find ey, e;, 79, and 77, we rewrite (2.7) as
¢y = (eo+e10x)  (ro+710x)Pp = (bo+b 105 +b 202+ ). (2.8)

Equating the coefficients of 6,((")<1>, n < 1, on both sides of

(e0+e18X)(b0+b,18;1 +b723;2 4+ )d) = (1’0+7’lax)¢), (2.9)
we get
(] bo =71, (210)
elb()’x +eob0+61b_1 =70, (2.11)
61b71’X +60b71 +61b72 =0, (2.12)
elb,h,x +eob_p+eb_p1=0, h=>1. (2.13)

Now back to (2.3), ¥ must be expressible in terms of ¢. Therefore, we propose

¥ = (ardk +ag_ 1051 +---) . (2.14)
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Substituting it into (2.3), we get
Yy = a0k +ardkdy +ar-1,08 1P +ax 1051 py + -+ - = udy. (2.15)

Substituting ¢, by (2.8) into (2.15) and equating the coefficients of o ¢ on both sides
of (2.15), we get k = 1. Thus

Y = (a10x +ap+a 10" +---)¢. (2.16)

Furthermore, equating the coefficients of a§")¢ on both sides of (2.15) with k = 1 for
n < 1, we get, for the coefficient of ¢,

ai,y +aiby =u, (2.17)
for the coefficient of ¢,
arbox+aib_1+ao,y +aoby =0, (2.18)
for the coefficient of 07! ¢,
arb_ix+arb_r+aob_1+a_1,+a_1by =0, (2.19)
for the coefficient of 0;%¢,
arb_yx+a1b_z3+aob_r—a_1box+a_-1b_1+a_»,+a_oby=0, (2.20)

and for the coefficient of ;" ¢,

arb_px+aib_p_1+aob_p + (terms linear in a_1,...,a_p+1) + d—p,y +a-pbo =0,
(2.21)

for h > 2.
We now demand that (2.2) and (2.8) be compatible, that is, ¢rxy = Pyix.
Differentiating both sides of (2.2) with respect to x and y, we get
Pixy = Pxxxxy + Pyyyxy +3Vxy Px +3Vx Py +3Vy Prx + 3V Py
+3¥xxy +3Wxy Py +3WxPyy +3Wy Pyy (2.22)

+3Whxyy +3Uyy Py + 06Uy Py +3UDy .

Differentiating both sides of (2.8) with respect to t and x, we get

byix = (Djxdbp+Dj 0L p+bjbpr+b;oL o). (2.23)

j=<0

By equating the coefficients of 6,((”)¢ on both sides of ¢;xy = ¢pyx after we use (2.2),
(2.8), and (2.16) to express both sides in terms of 6,((”)¢, we get, for the coefficient of
6;4( ¢l

bo = by, (2.24)
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for the coefficient of 93¢,
u = —-box+boas,
for the coefficient of 92 ¢,
2boxx +b_1x+Vy +2Ux = boxa +2boar x +boao+b_1ai,
and for the coefficient of 0, ¢,

4D xxx +6b_1xx + 3D g1 +b0,yyy +4b0 yybo+3 (Do) +6bg, bE +3Ux,
+3vbox +3uxx +3wybo+3whg
= b(),t + 3b0,x((l1,x + (lo) + bobo,yy + 3b0’yb(2) + 3b0(a1,xx + Zao,x +(l71)

+3b_1xa1+3b_1(a1x+ao) +3b_za,.
From (2.17) and (2.25), we get a1, = —bg x. Let g = —-dz'ay, then
ay = —qx, by = qy,
and, from (2.25),
U =—(xy —dxqy-
Substituting (2.29) into (2.1), we get

0=1uUr —Uxxx —Uyyy =3 (UV)x = 3(UW),,

= M(qt — @xexx — Ayyy — 3dxxlx — Ay — 3Vdx — 3y dy — 43 — 3Wdy),

where M = —q,, 0x — qx0y — 3%,

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

Thus (2.29) is a Miura-type transformation relating the Veselov-Novikov equation,

(2.1), to the modified Veselov-Novikov equation
At — Axxx — dyyy — 3dxxqx — Qi —3Vdx —34yydy — Q; -3wq, =0.

From (2.18), we get

-1
bfl = (?1) (albo‘x +ao,y +6lob0).

Note that a; # 0 from (2.17).
Substituting (2.32) into (2.26) and using (2.28) and (2.29), we get

(QXa;ch + (= dxx +q;2c)ay +dxqy0x + Axdxy — Aydxx) (Ao _Q;Zc) =0.

We take

2
ao = (qx

(2.31)

(2.32)

(2.33)

(2.34)
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as it is an obvious solution to the above equation. Therefore, from (2.32), we have
b_1 =qxy +adxqy = —u. (2.35)

Now, from (2.19), we have

b_z = (;1)(@119_1’9(4»“0]9_1 +a_1,y+a_1b0). (2.36)
1
Substituting it into (2.27) and using (2.28), (2.29), (2.31), (2.34), and (2.35), we get

[ay+ax<(qix)(ay+qy))]a,l _o. (2.37)
Thus we take
a-1=0 (2.38)
as an obvious solution. Therefore, (2.36) becomes
b2 = —dxxy —dxxdy +dxdy- (2.39)
We are now ready to solve (2.7). Normalizing e; = 1, we have, from (2.10),
1 =bo = qy. (2.40)
From (2.12) and (2.39), we have

eO(Qxy + Qny) == (Qxy +Qx‘1y)x —(= Axxy —qxxdy + Q;Zch)

(2.41)
= —dx (Qxy + QXQy)-
Hence eg = —qy, since gxy +qxq, = —u # 0. From (2.11), we have
10 =5lxy+(_Qx)Qy+6Ixy+51x(1y =2qxy. (2.42)
Hence, (2.7) becomes
(Ox —dx) by = (Ay0x +2qxy) P. (2.43)
Thus (2.2) and (2.43) form a pair of inverse scattering problems for (2.1).
REMARK 2.1. Since vy = Uy, Wx = Uy, and U = —qxy —qxqy, we have
-1 1\ >
V= —dxx =0,y (dxxdy) = {5 )dis
(2.44)

_ 1
W=—-dyy *axl(QXny) - (E)Q§/

Substituting u, v, and w by their expressions in terms of g into (2.2), and using (2.43),
we get an inverse scattering problem for the modified Veselov-Novikov equation, (2.31).
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REMARK 2.2. From (2.13), we have

b_px—axb-n+b_p_1=0, h=1. (2.45)
Multiplying it by a1,
ar1b_px—arqxb-p+arb_p_1 =0. (2.46)
Since ap = —a19gx,
ar1b_px+aob_p+aib_p_1 =0. (2.47)
Now, suppose a_1 =---=a_p.1 =0, then from (2.21) and (2.47),
(@-n)y+a-nbo =0, (2.48)
that is,
(0y +qy)a-n =0. (2.49)

Thus we can take a_j; = 0. Since we have shown in (2.38) that we can take a_; = 0,
hence we can take a_, = 0, h > 1. Note that this provides a consistency between (2.13)
and (2.21). Also, (2.14) becomes ¥ = (a10x +do) P = —qx Px + g2 P.

REMARK 2.3. From (2.47),

b_p_= _bfh,x +qxb_n = (_ax"‘QX)bfh

N N (2.50)
=(=0x+dx) b1 =—(-0x+qx) u, forh=1.
This provides a recursive relation among the coefficients of (2.8).
REMARK 2.4. Let g =InY¥; we get from (2.29) and (2.31) that
Yoy +U¥ =0, ¥ = Yyxx +30¥ + ¥y + 3wV, (2.51)

This is the inverse scattering problem for (2.1) given in [13].

3. Kadomtsev-Petviashvili equation. We now turn to the Kadomtsev-Petviashvili
equation [8]

U = 05 Uyy — Usxy — BUU. (3.1)
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The adjoint of its linearized equation is

d)t Za;ld)yy_d)xxx_Gud)x- (3.2)

Just like in the case of the Veselov-Novikov equation, we propose (2.4) where L and R
are partial differential operators with respect to x and the coefficients depend on u
and its partial derivatives but not explicitly on x, v, or t.

We demand that (3.2) and (2.4) be compatible. In order to do so, we rewrite (2.4) as
¢y = L7'R¢p, where, formally,

L'R=amd +am 100" '+ - +ap+a105 +-+- = > ayox. (3.3)
k=m

Thus

by = Y awdke. (3.4)

k<m

We now demand that (3.2) and (3.4) be compatible, that is, ¢ixy = Pyix.
Differentiating both sides of (3.2) with respect to x and y, we get

Pixy = Z Ak,yy 0N +2 Z Ary 05y + Z ArdYpyy —B6Uxy Py

k<m k=m k<m

GMX( S adkdt Y aka,’ﬁ“d>) 61y o

k<m k<m
—Gu( S apdip 2 Y andt g Y aka§+2¢) 55)
k<m k=m k=m

_( Z ak,xxxxaplgqs"“l Z ak,xxxa§+l¢+6 Z ak,xxa§+2¢

k<m k=m k=m

+4 > a0k + > aka,’§+4¢).

k<=m k=m

Differentiating both sides of (3.4) with respect to t and x, we get

(bytx = am,ta;n+1¢+ Z (ak,tx +ak71,t)a§¢
k=m

+ 2 adidyy 6 > adl (udy) - D ardke (3.6)

k<m k<m k<=m

+ O Ak 08 pyy =6 > arx0k(udy) — D arx0k3 .

k<m k<m k=m
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Demanding ¢,:x = Prxy, We get, after simplification,

am,ta;n+1¢+ Z (Akix + ak- ]t)a -6 z akakJrl (udx) z akxa d)yy

k<m k<m k<m

-6 Z ak,xa)lg(ud)x)"'g Z uk,xa£+3¢

k<m k=m

= Z Ar,yy 0P +2 Z g,y 05 Py — 6y P

k<m k<m

—6ux< > agxokp+ > aka,’g“qs) — 61Uy Py (3.7

k=m k=m

—6u< S aendid 2 S k-l S aka,f;+2¢)

k=m k=m k=m

_( D AkxxxOx P4 3 Ak dy P63 ak,xxa§+2¢).

k=m k=m k<=m

CramM 3.1 (if m = 3, then a,, = 0). Suppose m = 3 and a,, # 0. Using (3.4) for ¢,
and ¢, to equate the coefficients of the same order of partial derivatives of ¢ with
respect to x on both sides of (3.7), we get, for the coefficient of 33" 1¢ : a,, xa2, = 0.
Hence,

a, = constant + 0. (3.8)

Note that since m > 3, 33™~1 ¢ is the highest order of partial derivative of ¢ with respect
to x. Substituting (3.8) into (3.7), we get

Am-100 b+ > (Akex +Ak-1,)05p—6 > ardk™ (uex)

k=m-1 k=m

+ D a0k lpyy =6 D arxdk(upy) +3 D arxke

k=m-1 k=m-1 k=m-1

z akyya ¢+2 z akya (l)y 6uxy¢x

k<m-1

—GMX( > arxokep+ > aka,’ﬁ”qb) ~ 61y Py (3.9

k=m-1 k=m

6u< S andbb 2 S audlg zaka§+2¢>

k=m-1 k=m-1 k=m

k<=m-1 k<=m-1 k<=m-1

Again, using (3.4) for ¢, and ¢, to equate the coefficients of the partial derivatives
of ¢ with respect to x on both sides of (3.9), we get, for the coefficient of 33™~2¢,
Am-1xa% = 0. Hence am_1x = 0, aym—1 = constant. Note that since m > 3, 3™ 2¢ is
the highest order of partial derivatives of ¢ with respect to x in (3.9).
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Repeating the above argument, we can show that, for the coefficient of 93" "¢,
Am-n+1xa% =0 for 1 < h < 2m —2. Hence am-pi1x = 0, Am-n+1 = constant for 1 <
h <2m-2. When h = 2m -2, 33" "¢ = 07"*2¢p. Now, equating the coefficient of
o*+2¢ on both sides of (3.9), we get —6dm U —A—m+3xaA% = —6Udy. Hence a_p 3.5 =0,
a_m+3 = constant. Now, equating the coefficient of 37**!¢ on both sides of (3.9), we get
—6am(M+1)Uyx —6am-_1U = 6UxAy —6bUAy-1. Hence 6a,, (m +2)uy = 0.

Hence a,, = 0. But this is a contradiction to the assumption that a,, # 0.

Thus, if m > 3, then a,, = 0. Therefore, (3.4) becomes

by = > axdke. (3.10)

k<2

Now with m = 2 in (3.7) and using (3.10) to equate the coefficients of a,‘ﬂ )¢ on both
sides of (3.7) for h < 5, we get, for 32 ¢,

(a3+3)azx =0 (hence either a3+3 =0 or a, = constant). (3.11)

For 0% ¢,
(a3+3)aix =0 (hence either a3+3 =0 or a; = constant). (3.12)

For 93 ¢,
12asuy —2a;1 xaza —6ai xx +2ai,yaz — (a3 +3)aox = 0. (3.13)

For 02 ¢,

2
Ayt —18aruyx —6a1Ux +2a1 xapaz +2(arx) az
+aalx +2a1a2a0x +6a1 U —2a;ya; (3.14)

+6uUy —2a0,yA2 +4a1 xxx +6a0xx + (a5 +3)a-1x = 0.

In view of (3.11) and (3.12), we will take a% +3 = 0 so that a; does not have to be a
constant. Without loss of generality, let az = —(3)!/2i, where i = (—1)!/2. From (3.13),

12aruy = 2ai xazay +6ai xx —2ai,yao. (3.15)
Hence
1 1 1
Ue = (é)al,xal + ( o) )al,xxf (6)a1,y. (3.16)
Thus
u= (i)aZJr( 1 )a 7<1)a’1a +A for some constant A (3.17)
“\12)% (2a,) )7 N6 )X Y : :
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Substituting (3.17) into (3.1), we get

0 =1ur — 05 Uyy + Uxxx + 6UU
1 (3.18)
= M(al,t —0x a1,yy + A1 xxx + (E)a%m,x — (05 ar,y)an x +62\a1,x),
where M = (1/6)a1 + (1/(2a2))0x — (1/6)05'0,.
Thus (3.17) is a Miura-type transformation relating the Kadomtsev-Petviashvili equa-
tion, (3.1), to the modified Kadomtsev-Petviashvili equation

1
are—0xtaryy +aixxx + (§>a%a1,x —(0x'ar,y)arx +6Aa;x = 0. (3.19)
Substituting (3.17) and (3.19) into (3.14), we get
K(ag—aix) =0, (3.20)

where K = 602 +2a1a20x +2a; xads —2a0y.
Thus ag—a x = 0 is a solution to (3.20). Hence, we take

apg=Aadyx- (321)

Now equating the coefficient of d, ¢ on both sides of (3.7) with the use of (3.17), (3.19),
and (3.21), we get K(a_1) = 0. Again we take

a_1=0 (3.22)

as the solution. Now equating the coefficient of ¢ on both sides of (3.7) with the use
of (3.17), (3.19), (3.21), and (3.22), we get K(a-») = 0. Again, we take a_» = 0 as the
solution.

We now claim that we can take a_, = 0 for all n > 1. Assume that a_;, = 0 for
1 <h<n+1,where n > 1. We want to show that we can take a_,_» = 0 as a solution.

Equating the coefficient of ;"¢ on both sides of (3.7) and using (3.17), (3.19), and
(3.21) and the assumption thata_, =0for 1 <h <n+1,wheren > 1, we get K(a_,_2)
= 0. Thus we can take a_,_» = 0 as a solution. Since we have already shown that we
can take a_; = 0 and a_» = 0, we can take a_, = 0 for all n = 1. Hence (3.4) can be
terminated at ag, that is,

(l)y =axPxx+aipx+aod, (3.23)
where a, = —(3)'/%i, ap = a1 x, and a; satisfies (3.17) and (3.19). Thus (3.2) and (3.23),

d)t = a;l(l)yy - ¢xxx _6u¢m

(3.24)
Qby =arPxx+taipx+apd,

form a pair of inverse scattering problems for (3.1).
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REMARK 3.2. Substitutingu = (1/12)a3+(1/(2az))ax—(1/6)d5 a1, +A into (3.2),
and using (3.23), we get a pair of inverse scattering problems for the modified
Kadomtsev-Petviashvili equation, (3.19).

REMARK 3.3. Let a; = 2(3)V/2i¥, /Y. With a; = —(3)'/2i, we get, from (3.17) and
(3.19),

Yyx + (3) 7120, + u¥ = AY,

(3.25)
Y +4¥yxx + 6u¥y +3uy ¥ — (3)1% (0 uy ) ¥ = 0.

These are the Lax-pair equations found by Dryuma [4].

4. Conclusion. We have demonstrated a method to construct the inverse scattering
problems for the integrable nonlinear evolution equations in the two-spatial dimension
in which the temporal equation is the adjoint of the linearized equation. A Miura-type
transformation and a modified equation are obtained as a byproduct of the process. An
inverse scattering problem for the modified equation is also found. The applicability
of this method for testing the integrability of nonlinear evolution equations in the two-
spatial dimension is currently under study.
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