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ON CHAINS OF CENTERED VALUATIONS
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We study chains of centered valuations of a domain A and chains of centered val-
uations of A[X1,...,Xn] corresponding to valuations of A. Finally, we make some
applications to chains of valuations centered on the same ideal of A[X7,...,X;]
and extending the same valuation of A.
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1. Introduction and preliminary results. All rings will be commutative with
unit element. The field of fractions of a domain R will be denoted by Fr(R). Let
R < S be domains and take a prime ideal p € Spec(R). Then we write k(p) =
Fr(R/p) and denote the transcendence degree of Fr(S) over Fr(R) by trdegy.
We will use the following notation: R[n] = R[Xy,..., X, ], p[n] = p[X1,..., Xn],
and Fr(R)(n) = Fr(R)(Xy,...,X,).Let P €Spec(R[n]), P lies over p if PNR = p.
We call P € Spec(R[1]) a superior of p if P lies over p and P = p[1]. Let Abe a
subring of a field K, L/K a field extension, and v a valuation on K. The subring
Ay = {x € K| v(x) = 0} is the valuation ring associated to v, m(v) = {x €
K | v(x) > 0} is its maximal ideal, and k, = A, /m(v) is its residue field. The
valuation v is positive on A if A € A,, and then v is a valuation on A. The prime
ideal m(v) N A is called the center of v on A. The valuation v is called trivial
if A, =K. If v’ is a valuation on k,, then the set {x e K | x € A,, X € Ay'} is
a valuation ring on K. The valuation associated to this valuation ring is called
the composite valuation and is denoted by v; = v'v.

Let v, v’ be valuations on K. By definition, v < v’ if one of the following
equivalent conditions is satisfied:

(1) Av’ < Av,

(2) m(v) cm(v’),

(3) v/ =v”v for some valuation on k,;

v and v’ are called equivalent if A, = Ay; v < v’ if v < v’ but not equivalent.
A valuation w on L is an extension of v if A, = A, N K. The valuation w on
K(X) given by

w(Zai(X—a)i) =inf{v(a;) |0 <i<n} (1.1)

i=0

is called the canonical extension of v to K(X). We have that k,, = k, (X).


http://dx.doi.org/10.1155/S0161171203206360
http://dx.doi.org/10.1155/S0161171203206360
http://dx.doi.org/10.1155/ijmms
http://www.hindawi.com

4348 RACHID CHIBLOUN

The following classical results will be used in this paper; the proofs can be
found in [2, Proposition 1.2], [4, Theorem 1.5], and [6, Propositions 1.1, 1.3,
and 1.4].

PROPOSITION 1.1. Letv be a valuation on K and w, < w; two valuations on

0

kwy .
L extending v. If trdeg, " is finite, then

Y« trdeg:fo ) (1.2)

v

tr degl,i

PROPOSITION 1.2. Let vy < v; be two valuations on K and w, a valuation
on L extending vi. Then there exists a valuation wy on L extending vy, with
wWo < Wi.

PROPOSITION 1.3. Let w be a valuation on L and v its restriction to K. If
trdegk is finite, then

trdeg" < trdegk. (1.3)

PROPOSITION 1.4. If p < q in Spec(A) and if vy is a valuation of K with
center p on A, then there exists a valuation v, of K with center q on A such that
Vo < V1.

THEOREM 1.5. Let f: A — B be a homomorphism of domains. Then there
exist an algebraic extension L' of Fr(B) and a valuation v on K with center
Ker(f) on A such that

A/Ker(f) <k, < L. (1.4)

In this paper, we will study chains of valuations of a polynomial ring A[ X7,
...,Xy,] and of a field extension F of Fr(A). We give the length of chains of
valuations which pass through a given valuation, and we characterize when a
valuation is maximal or minimal in the following situations:

(a) all the valuations are centered on the same ideal,

(b) all the valuations extend the same valuation of Fr(A).

Then we study chains of centered valuations on a domain A and chains of
centered valuations on A[ X1,..., X, ] corresponding to valuations on A. Finally,
we give some applications to chains of valuations centered on the same ideal
of A[Xy,...,X,] and extending the same valuation on A.

2. Valuations centered on the same ideal. Throughout this section, K is
the quotient field of an integral domain A, L is a field extension of K, and v is
a valuation on A.

PROPOSITION 2.1. There exist n + 1 valuations wg < - -- < wy, on A[n] ex-
tending v in such a way that, for each i € {0,...,n},

K, )
trdegkv1 =n-i. (2.1)
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PROOF. Let k =k, and let wq be the canonical extension of v to K(X). It is
well known that ky, = k(X). Let w be a valuation on k(X), positive on k[X]
and with center (X) on k[X], and w; = ww, the composite valuation of w and
wo. The valuation wy < w; as w is not trivial, so Ay, NK € AyyNK = A, and
it is easy to see that

Ayc{zeK(X)|z€ Ay, Z<€EAu}NK. (2.2)

Therefore, w; extends v. As A[X] € Ay, and k[X] € Ay, X € Ay, and X=Xe

kw,
Ay, thatis, X € Ay, and w; is a valuation of A[X]. We have tr degkv0 =1, and

. . K k k
according to Proposition 1.1, 0 < trdeg," < trdeg, ° =1, so trdeg," = 0.

Let n > 1 and suppose that the property is true for n — 1. There exists vy <
v1, two valuations of A[X; ] extending v, and for each i € {0,1}, tr deg::i =1-
i. There exists n valuations w; < - - - < wy, of A[n] extending v;, and for each
ie{l,...,n},wehave that tr degifli = n—1i. According to Proposition 1.2, there
exists a valuation w|, of K(Xi,...,X,) extending vy and w) < w; <+ -+ < wy,.
The valuation w is a valuation of A[n] because A[n] c Ay, C Aw(). For each

, k )
Yittrdeg! = n— i, w

U1

. K, k
ie{l1,...,n}, w; extends v and trdegkfl = trdeg,
extends v, and

’

0

Ky kw(') k”[)
trdeg, ° = trdegkvo +trdeg,,

(2.3)

Ky X
= trdeg, (? +1>trdeg,.' =n-1,

’

k
< n, that is, trdegkfo =n. O

k,
according to Proposition 1.3, n—1 < tr degkw0

v
COROLLARY 2.2. If trdegé = n, then there exist n+ 1 valuations wy < - - - <
kuw,
wy, on L extending v such that trdegkfl =n-iforallie{0,...,n}.

PROOF. Let {x1,...,Xx,} be a transcendence basis of L over K, v a valuation
of Ay,and A, [x1,...,Xn] = Ay[X1,..., X, ]. According to Proposition 2.1, there
exist n + 1 valuations vy < --- < v, on K(x1,...,X,) extending v such that
tr deg’,izi =n-iforeachie {0,...,n}. Let w, be a valuation of L extending v,,.
Applying Proposition 1.2, we obtain n + 1 valuations wg < - - - < w,, of L such
that for each i € {0,...,n}, w; prolongs v;, then w; prolongs v, and

kw; K, kv, .
trdeg, ' =trdeg, '+trdeg, '=n-—i. (2.4)
1 O

LEMMA 2.3. Let vy be a valuation on L with center q on A. For each k € N
i k . . .
strictly smaller than tr degkfg), there exists a valuation v, of L with center q on

k
A such that vy < vi and trdeg; ;) = k.
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PROOF. Let {zy,...,zx+1} be a family of elements of k,,, algebraically in-
dependent over k(q). According to Theorem 1.5, there exist an algebraic ex-
tension L’ of k(q)(zi,...,zx) and a valuation v’ of k,, with center (zi+1)
on (A/q)[z1,...,zk+1], such that (A/q)[z1,...,2x] € kyy € L'. Let v1 = v'vg
be the composite valuation of v’ with vy, vy is a valuation of L. For each
beA be A, andb € A/qg € Ay, thatis, b € A, and if a € m(vy) N A,
then @ € (m(vy)/m(vy)) N (A/q) = m(v')n (A/q) = (0), that is, a € q and
m(vy)NAcqorqg=m(vyg) NA < m(vy)nA; therefore the center of v; on
Alis q. As Ay = Ay, /m(vp), m(v') = m(vy) /m(vy) and ky = Ay /m (V') =
Ay, /m(vy). Thus, vy < vy and trdegia) = trdegl,i’(“q') = trdegﬁg;@' """ ) _ k.,

O

THEOREM 2.4. Letw be a valuation on L with center q on A. Then tr deg’,ﬁ}"q)
is the supremum of all natural numbers k for which there exists a chain of
valuations w = wq < - - - < wyg on L, with center q on A.

PROOF. Suppose that we have a chain of valuations w = wy < - - - < wy on
L, with center q on A. If tr degm) is finite, then it follows from Proposition 1.1
that

K K
0 < trdegy (X < - - < trdeg, () = trdegy, (2.5)

and consequently k < tr deg',z}”m. This proves that k < tr deg',j;”m

To prove the converse inequality, we consider two different cases:

(a) trdeg’,if“q) = k; € N is finite. If k; = 0, then there is nothing to prove.
Take k; > 0. By Lemma 2.3, there exists a valuation w; on L with center
q on A such that w < w; and tr deg’,zz;) = k; — 1. Using an easy induction
argument, we find k; + 1 valuations with w = wy < -+ - <wy on L, all
with center g on A;

(b) trdegk(q) = co. By Lemma 2.3, we can find, for every k € N, a valuation
w; on L with center g on A such that tr degk (q) = k. It then follows from

(a) that there exists a chain of valuations w = wgy < --- < wy of L, all
with center g on A. We can do this for every k € N, hence the supremum
is infinite. O

LEMMA 2.5. Let w be a valuation on A[n] with center q on A.
(a) If tr deg’,zl(”q) = oo, then for every k € N, there exists a valuation w, on A[n]

with center q on A such that w < w, and trdegk @ = k-

(b) If trdegk(q) = k € N, then there exists a chain of valuations w = wqg <
- <wyg on A[n], all with center q on A.

PROOF. (a)Let Q be the center of w on A[n] and k; = tr degA[”]/Q We know
that k; = n—ht(Q/q[n]), where ht(Q/g[n]) means the height of the prime
ideal Q/g[n], and there exists a chain Q = Qg C - - - C Qg, of prime ideals of
A[n], all lying over q.
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Assume first that k < k; then there exists i€ {1,...,k; } such that tr degﬁgg]mi

= k.Let w’ be avaluation on A[n] with center Q; and w < w”’ (see Proposition

1.4). According to Lemma 2.3, there exists a valuation w; on A[n] with center
k k

Q; such that w” < w,; and trdegA’EJjL]/Qi = 0. Thus, w < w; and trdegk’(”ql) =

ku Aln]/Q;
trdeg ) o, Ttrdegy,,; ' =k.

Now assume that k > k; and let @« = k — k;. By Theorem 2.4, there exists a
. . kq
valuation w; on A[n] with center Q such that w < w; and trdeg A'E’}l] =%
hence

k k
trdeg,,, = trdegA?,ll]/Q +trdegf§52]/Q =a+k =k. (2.6)

(b) Let Q be the center of w on A[n] and k; = trdeg’an]/Q. According to
Theorem 2.4, there exists a chain of valuations w = wg < + - - < wy, on A[n],

all with center Q, such that trdeg’;\lfjﬂ/Q =k —1i for each i € {0,...,k;}. Let

x=tr degﬁgg]/Q; then there exists a chain Q = Qo C - - - C Q4 of prime ideals

of A[n] lying over q. According to Proposition 1.4, there exist «+ 1 valuations

Wi, < --+ < Wiky+a = Wi on A[n] such that wy,,; has center Q; on A[n]
for each j € {0,...,«}. Therefore, wy,,; has center g on A, and the chain of
valuations wy < - - - < wy meets the requirements. |

THEOREM 2.6. Let w be a valuation on A[n] with center q on A. Then
trdeg’j\’;’q is the supremum of all natural numbers k such that there exists a
chain of valuations w = wq < - - - < wg on A[n] with center q on A.

PROOF. Letw = wy < - -- < wy be a chain of valuations on A[n] with center
qonA.If tr deg’X}’q is finite, then 0 < tr degil/“g’ <eee<tr degi?’g, sok <tr deg’j{}’q,
and it follows that k < tr deg’j\'j’q.

Take k < tr degf\';“q. We distinguish two cases:

1) deg’X}’q is finite. It follows from Lemma 2.5(b) that there exists a chain
of valuations w = wq < - - - < wy on A[n] with center g on A;
(2) tr deg'j{fq is infinite. It follows from Lemma 2.5(a) that there exists a valu-

. . k
ation w; on A[n] with center g on A such that w < w; and tr deg;/’ji =k.
In both cases, we obtain the existence of a chain of valuations w = wy < - -+ <
wy on A[n], all with center g on A. O

PROPOSITION 2.7. Letw be a valuation on A[n] (resp., L) extending v. Then
tr degﬁj’ is the supremum of the set of integers k such that there exists a chain
of valuations w = wy < - - - < wy on A[n] (resp., L) extending v.

PROOF. Let w’ be a valuation on K(n) (resp., L). We first show that w’ is
a valuation on A[n] (resp., L) extending v if and only if w’ is a valuation on
Ay[n] (resp., L) with center m(v) on A,.

First, assume that w’ is a valuation on A[n] (resp., L) extending v. Then
Ay NK =A, and w’ is a valuation on A[n] (resp., L), hence w’ is a valuation
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on A, [n] (resp., L) and
mw )NA, =mw )NKnNA, =mw)nA, =mv). (2.7)

Conversely, A[n] ¢ A,[n] < A, therefore A, c Ay NK.If z€ Ay NK and
z¢ Ay, then z7' e m(v) = m(w’) nK, a contradiction. Hence, A, NK = A,
and w’ extends v.

To finish the proof, it suffices to apply Theorems 2.4 and 2.6 to w and m(v)
€ Spec(Ay). O

COROLLARY 2.8. (a) Let w be a valuation on A[n] (resp., L) with center q on
A. Then ht(m(w)/qAy) is the supremum k of the integers k for which there
exists a chain of valuations wy < - - - <wo = w on A[n] (resp., L) with center q
onA.

(b) Let w be a valuation on A[n] (resp., L) extending v. Then ht(m(w)/
m(v)Ay) is the supremum k of the integers k for which there exists a chain of
valuations wy < - - - < wo = w on A[n] (resp., L) extending v.

PROOF. (a) Let wy < --- <wo = w be a chain of valuations on A[n] (resp.,
L) with center g on A. We have gA,, < m(wy) C --- C m(wy) = m(w), and
therefore ht(m(w)/qAw) = k.

Conversely, let k; € N with k; < ht(m(w)/qAw). Then there exists a chain
Py, C-+- CPy=m(w) in Spec(Ay) such that Py, N A = q. The valuation rings
Ay =(Ay)pyC-++ C (Aw)p,<1 of K(n) (resp., L) are all with center g on A. For
each i € {0,...,k1}, let w; be the valuation on K(n) (resp., L) associated to
(Aw)p,. Then wy, < --- < wo = w are valuations on A(n) (resp., L), all with
center g on A.

(b) The proof follows immediately from (a) and the proof of Proposition 2.7.

O

COROLLARY 2.9. (a) A valuation w is a maximal (resp., minimal) element in
the set of valuations on A[n] (resp., L) extending v if and only if tr degﬁj}” =0
(resp., ht(m(w)/m(v)Ay) =0).

(b) A valuation w is a maximal (vesp., minimal) element in the set of valu-
ations on A[n] (resp., L) with center q on A if and only if trdegﬁl/”q =0 (resp.,
htim(w)/qAy) =0).

COROLLARY 2.10. Let w be a valuation on A[n] (resp., L).
(@) Ifw has center q on A, then the maximum length of a chain of valuations
on A[n] (resp., L) having center q on A and passing through w, is equal
to

ht (m(w)/qAw) +trdeg’/f\"/q. (2.8)
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(b) If w extends v, then the maximum length of a chain of valuations on
A[n] (resp., L) extending v is equal to

ht (m(w)/m(v)Ay) +trdegg? . (2.9)

PROPOSITION 2.11. (a) Let s be the maximal value of ht(m(w)/qAy) +
trdegﬁl/”q, where w runs through all valuations on A[n] (resp., K(n)) with cen-

ter q on A. Let t be the maximal value of tr deg’f{j'q, where v’ runs through all
valuations on K with center q on A. Then s = n—+t.

(b) The value n is the maximal value of ht (m(w)/m(v)Ay) +1r deg’,ﬁ’j, where
w runs through all valuations on A[n] (resp., K(n)) extending v.

PROOF. (a) Let w be a valuation on A[n] (resp., K(n)) with center q on
A and let (k;,k») € N2 be such that k; < trdeg'j\‘;’q and k> < ht(m(w)/qAy).
According to Theorems 2.4 and 2.6, there exists a chain of valuations w =
wo < --- < Wiy, on A[n] (resp., K(n)) with center g on A. By Corollary 2.8,
there exists a chain of valuations wy, < --- < wo = w on A[n] (resp., K(n))
with center g on A. Thus, we have a chain of valuations wy, < -+ <wp=w <
-+ <wyg, on A[n] (resp., K(n)) with center q on A, and
\

K
< trdeg?") +t<n+t,

(2.10)

kuy, kuy, Kug,
ki+kz <trdeg,,,;” = trdegkwk X +trdegy,
2

where wy, |k is the restriction of wy, to K. Consequently, s < n +t.
Conversely, take k < t. Then there exists a valuation v’ on K with center g on
Ky . . ) .
A such that k < trdeg,,. According to Proposition 2.1, there exists a valuation

k
wo on A[n] extending v’ with tr degk:,0 =mn, and

kuw, " kuw,
n+k < trdeg; ; +trdegf\'7q =trdeg,,, <s. (2.11)
(b) The proof follows immediately from (a) and the preceding results. O

COROLLARY 2.12. Ifthe transcendence degree of L on K is infinite, then there
is no upper bound on trdegﬁl}’q +ht(m(w)/qAw), with w running through all
valuations on L with center q on A.

PROOF. The proof is immediate from the preceding proposition. O
3. The symbol 6((0),Q) in A[n]. Throughout this section, A will be an

integral domain, (0) # g a prime ideal of A, K the quotient field of A, and n
will be a nonnegative integer.

LEMMA 3.1. Let Q be a superior of q in A[X] such that there exists a € A
with X —a € Q. Then, for each valuation v of K with center q on A, there exists
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a valuation w of K(X) with center Q on A[X], extending v, and such that
trdegkv = trdegkv +1 3.1)
SFr(A[X1/Q) SFr(a/q) T .

PROOF. Let 6 be a strictly positive element of the value group G, of v. We
define the valuation w on K(X) as follows: if

fX)=bo+---+b,(X—a)", (3.2)
then

w(f (X)) =inf{v(a;)+id |ie€{0,...,n}}. (3.3)

It is well known (see [1]) that tr deg’,ﬁf = 1. We show that w is a valuation on
A[X] with center Q on A[X]. For f(X) =bg+---+by(X—a)" € A[X], we have

w(f(X)) =inf{v(b;) +is | i€ {0,...,n}} = 0. (3.4)

If f(X)em(w)nA[X], then by e m(v)NA=gqand f(X) €Q.
Conversely, let g(X) =ag+ - - +am(X —a)™ € Q c A[X]. For each i €
{1,...,m}, v(a;)+id > 0 and ap € m(v)nA = q, hence

w(g(X)) =inf{v(a;)+id i€ {0,...,m}} >0, (3.5)
that is, g(X) € m(w) n A[X]. Thus, we have

k k k k k
trdegF;‘{A[X]/Q) = trdegF;‘(A/q) = trdegk‘v" +trdegpr”(A/q> = trdegpf(A/q) +1.

(3.6)

O

LEMMA 3.2. Let Q be a superior of q in A[X] and let v be a valuation on K
with center q on A. Then there exists a valuation w on K (X) with center Q on
A[X] extending v such that trdeglg;‘{A[X]/Q) = trdeg'ﬁ;’wm +1.

PROOF. (a) Assume that A is integrally closed in the algebraic closure K’ of
K. We have two different cases:
(1) g is a maximal ideal of A, Q" = Q/q[X] is generated by g(X) = X" +
An 1 X" 1 +..-+a9 € (A/q)[X]. Let a; € A be a representant of a; €
(A/q). Then

m

fX) =ao+ - +an 1 (X-a)" T+ X" = [ (X-7)" € K[X]. (3.7)
i=1

Since 7; is integral over A, so ¥; € A, and

gXx) :]‘[ (X-m*eqQ. (3.8)
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Then there exists j € {1,...,m} such that X —7; € Q. We conclude by
Lemma 3.2.

(2) Now, let g be any prime ideal in A. Let S = A — g; we have (S~1Q) which
is a superior to qA4 in A4z[X] and A, is integrally closed in K’. The
valuation v has center gA, on Ay, so there exists a valuation w of K[ X]
with center S~1Q on A;[X] extending v, with

k _ k
trdegFr“gAq[X]/S,lQ) = trdegpa/q) +1, 3.9)

k k
trdege(arx)q) = rdegeya,q) +1.

(b) Let A’ be the integral closure of A in the algebraic closure K’ of K. Let
v’ be a valuation on K’ extending v. The integral closure of A in K’ is the
intersection of all the valuation rings on K’ that contain A, as v is a valuation
on A, so v’ is a valuation on A’. Let ¢’ be the center of v’ on A’, ' N A = q, and
q'[XINnA[X] = q[X]. The closure A’'[X] is integral over A[X], so there exists
a prime ideal Q' of A’[X] such that Q' is a superior of g, and Q' lies over Q.
According to (a), there exists a valuation w’ of K’ (X) with center Q" on A’'[X]
extending v’ with tr deg';;‘(’A, 1o = T degpll /g +1. Let w be the restriction
of w’ to K(X); w is a valuation on A[X],

mw)nAX]=mw')NnK(X)NA[X]

=mw')nA[X]INA[X]=Q nA[X]=Q, (3.10)

and w prolongs v. Also

Ky Fr(A’/q’) Ky Ky k
trdegp o)) T rdegp(ajg) = trdegpa g = trdeg,, +trdege s,y - (3.11)

It follows from Proposition 1.3 that tr deg',;'j’ <tr degf =0, hence

kyr k
tr degFr”(A,/q,) =1tr degFr”(A/q),
Ky, k
trdegr (4 x1/0) = degrr(arx1/0)s (3.12)

kw ky
trdegy(arxy ) = rdegeyaq) +1- .
REMARK 3.3. Let Q be a prime ideal of A[X] lying over q. Then, for each val-
uation v of K with center g on A, there exists a valuation w of K (X) extending
v and with center Q on A[X] such that

trdeg’pc;u(A[X]/@ = trdeglkf:(A/q) +ht(Q/qlX]). (3.13)

Indeed, Lemma 3.2 implies the case where Q is a superior of g. If Q = gq[X],

let w be the canonical extension of v to K(X). It is well known (see Section 1)
kw kv

that trdegFr((A/q)[X]) = trdegFr(A/q).
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THEOREM 3.4. Let Q be a prime ideal of A[n] lying over q. Then, for each
valuation v of K with center q on A, there exists a valuation w of K (n) extending
v and with center Q on A[n] such that

trdeg’l;;le[n]/Q) = trdeg’;;’(A/q) +ht(Q/qlnl). (3.14)
PROOF. Ome proceeds by induction on n. The case n = 1 follows from
Remark 3.3. Assume that the statement is true for n—1. Let Q; = Q N A[X;].

Then there exists a valuation w; of K(X;) extending v, with center Q; on
A[X;], and

Kuw .
trdegg, iix,1/0,) = trdeg’F‘r(A/q> +ht(Q1/q[X1]), (3.15)

and there exists a valuation w of K(X1)(X>,...,X,) = K(n) extending w;, with
center Q on A[n], and

kw kw
trdeggyarny ) = degrarx, 10, +ht(Q/Q1[Xz,..., Xn])

(3.16)
= trdegfl 1 ) + 0t (Q1/a[X,]) +ht(Q/Q1[ Xz, ..., Xn]).
We conclude by remarking that
ht(Qi/q[X1]) +ht(Q/Q1[Xz,...,X,]) =ht(Q/q[X,..., Xxn]). (3.17)
O

NOTATION 3.5. Take g; C g» in Spec(A). We will denote by 6(q1,gq2) the
maximal value d for which there exists a valuation v on Fr(A/q;) with center
d2/q1 on A/q; such that trdeg’F‘r”(A/qz) =d.

Jaffard has shown in [2] that §((0),qg2) is the greatest number n such that
there exists a chain of valuations vy < - - - < v, on A with center g» on A.

COROLLARY 3.6. Let Q be a prime ideal of A[n] lying over q. Then

6((0),Q) = 6((0),q) +ht(Q/q[n]). (3.18)
PROOF. In the case where Q = g[n], the result is well known (see [2]).

Suppose that Q # g[n]. For each valuation v of K with center g on A, there
exists a valuation w of K(n) with center Q on A[n], extending v, with

trdeg’F‘;‘gA[n]/Q) = trdeglgr”(A/q) +ht(Q/qln]) <6((0),Q), (3.19)

and consequently

6((0),Q) = 6((0),q) +ht(Q/qln]). (3.20)
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Conversely, let w’ be a valuation on K (n) with center Q on A[n] and let v’ be
its restriction to K. The valuation v’ has center g on A and

Ky Ky Ky
trdegpy /o) +trdegpaim’® = trdeg, !, +trdegg(,/q) <n+56((0),a),
(3.21)
and therefore
Ky
trdegp(sin)0) < 0((0),q) +ht(Q/qlnl), (3.22)
6((0),Q) =6((0),4) +ht(Q/q[n]). -

PROPOSITION 3.7. Letq; be a prime ideal of A and Q1 C Q> two prime ideals
of A[n] lying over q,. Then

5(Q1,Q2) =ht(Q2/q1[n]) —ht(Q1/q1[n]) —1. (3.23)

PROOF. LetT =A-q;.Then T"'(A[n]/Q;) is an Fr(A/q;)-algebra of finite
type, and therefore a Noetherian domain according to [3]. Then

5(Q1,Q2) =6((0),Q2/Q1) =68((0), T~ (Q2/Q1))
=ht(T7'(Q2/Q1)) -1 =ht(Q2/Q1) -1 (3.24)
=ht(Qz2/aq1[n]) —ht(Qi/a:[n]) - 1. O

We finish this section studying the case of trivial valuations and we assume
that g = (0).

PROPOSITION 3.8. Let Q be a prime ideal of A[n] lying over (0). Then there
exists a valuation w of K(n) with center Q on A[n] such that

. ht(Q) -1 ifQ+0,
trdeglﬁr(A[n]/Q) = ‘|0 lfQ —0 (325)

PrROOF. If Q = (0), then it suffices to take for w the trivial valuation on
K(n). We suppose that Q # (0). If n = 1, then for each w € A(Q), according
to the preceding result, trdeg’l_f;”(A[X]/Q) <6((0),Q) =0, and therefore

trdegfl , x),0) = ht(Q) -1 =0. (3.26)

Take n > 1, assume that the property holds for n — 1, and let Q; = Q n
A[X1]. Then there exists a valuation w; of K (X;) with center Q; on A[X; ] and
tr deg’;;”(g[ x,170,) = 0. If wy is the trivial valuation, then there exists a valuation
w of K(X1)(X2,...,Xn) = K(n) with center Q on A[X; ][ Xo,...,X,] = A[n] and
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trdeg'}f;”(A[n]/Q) = ht(Q) — 1. If w; is not trivial, then Q; # (0) and it follows
from Theorem 3.4 that there exists a valuation w on K(n) extending w; and
with center Q on A[n], and

kw
trdegfr"{A[n]/Q) = trdegp(arx,1/0,) T ht(Q/Q1[Xz,..., Xn])
=ht(Q) —ht(Q1) (3.27)

=ht(Q) - 1. .

4. Valuations on A[n] centered on the same ideal and extending the same
valuation. Let v be a valuation on K with center g on A and Q a prime ideal
of A[n] lying over . We will use the following notation:

(a) A(Q) = {w | w is a valuation on A[n] with center Q};
(b) A(v) ={w | w is a valuation on A[n] extending v };
(c) A(v,Q) ={w | w is a valuation on A[n] with center Q extending v}.

LEMMA 4.1. Let w be a valuation on K(n). Then w is maximal in A(v,Q) if
and only if w is maximal in {w" | w"’ is a valuation on A, [n] with center Q, =
m(w)NAy[nl} and Q; is maximal in {Q’ | Q" € Spec(Ay[n]) with Q' NnA[n] =
Q.

PROOF. Suppose that w is maximal in A(v,Q). Assume that there exists
Q» € Spec(A,[n]) such that Q; € Q2 and Q2 N A[n] = Q. By Proposition 1.4,
there exists a valuation w, on A,[n] with center Q», and w < w», such that
m(wz2)NA[n]=Q and Ay, € Ay, NK € Ay NK = A,. Thus, w; extends v with
center Q on A[n], which is a contradiction.

Assume that w < w’, with w’ a valuation on A, [n] with center Q;. Then
m(w’')NnA[n] =Q and w’ extends v, that is, w’ is a valuation on A[n] with
center Q and extending v, which is impossible.

Conversely, if w < w’ with w’ a valuation on A[n] extending v and with
center Q, then m(w) NnAy[n]=0Q; cm(w’)nAy,[n], but (mw’')nA,[n])n
A[n]=m(w’)nA[n] = Q, which is again a contradiction. O

REMARK 4.2. Take w € A(v,Q). Let Q1 = m(w) NnA,[n] and assume that
Q1 is maximal in {Q’ | Q" € Spec(A,[n]), Q' nA[n] = Q}. The ideal Q;/
m(v)[n] is maximal in {Q" | Q" € Spec(ky[n]), Q" n(A/q)[n] = Q/q[nl}.
According to [5], we have

ht (Q1/m(v)[n]) —ht (Q/q[n]) = inf (trdegly/,, trdegi/s"?). 4.1)

THEOREM 4.3. Forw € A(v,Q), the following assertions are equivalent:
(a) w is maximal in A(v,Q);
(b) inf(trdeg’,jz”,trdeg’j\'f’n]/q) =0.

PROOF. First, suppose that w is maximal in A(v,Q).
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CASE 1. The transcendence degree of k(v) on k(q) is finite. Let Q; = m(w)n
Ay [n]. Then

trdeg’j{[”n]/Q +n-ht(Q/qlnl)

(4.2)
= trdegA/q = ’[rdegf\ﬁ‘)’[”]/Q1 +trdegﬁ’[’,[l?/]éQ1 +n—-ht(Q/q[n]).

According to Lemma 4.1, tr deg’/fﬂj’[n]/Q1 =0, and

trdegﬁ[“%]é@+n7ht(Q/q[n]) n-— ht(Ql/m(v)[n])+trdegA/q, 4.3)

and therefore

trdegify /o™ =ht(Q/qln]) —ht (Q/m(v)[n]) + trdegly,,
trdeght | o = trdeg) i (4.4)
=ht(Q/q[n]) —ht (Q1/m(v)[n]) +trdegy, .
Remark 4.2 implies that

trdegA[n]/Q = trdegly, —inf (trdegA/q,trdegggrq‘]/Q). (4.5)
If tr deg’j([”n]/Q + 0, then trdegi‘[”n]/Q =1r degf‘“/q +ht(Q/gq[n]) —n, and therefore
kw kw ky kv
trdeg,;, = trdeg, " +trdeg,’, = trdeg,;,, (4.6)
that is, trdegﬁ” =0.

CASE 2. The transcendence degree of k(v) on k(q) is infinite. We will show
that tr degﬁ: = 0. According to Lemma 4.1 and Remark 4.2,

ht(Q1/m(v)[n]) -ht(Q/q[n]) = trdegi}s® =n—ht(Q/alnl),  (4.7)

and therefore ht(Q,/m(v)[n]) = n. Thus,

trdegh? ) 0, +trdegy’ 21 = trdeg® (4.8)
SO
trdegh = trdeg)’' /% = n—ht(Q,/mv)[n]) = 0. (4.9)

Conversely, assume that inf (tr degf;” tr dengfn] ,Q) = 0. It follows from Cor-
ollary 2.9 that w is maximal in A(v,Q). O

PROPOSITION 4.4. If wy € A(v,Q) is not maximal in A(v,Q), then there
k. k
exists wy in A(v,Q) such that wy < w, and trdegA'E’,ll]/Q = trdegAt[”fl]/Q -1.
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Kuw
PROOF. Let Qo = m(wy)NAy[n]. According to Lemma 4.1, trdegAU(En]/Q0 +*
0 or Qp is not maximal in {Q’ | Q" € Spec(A,[n]) with Q' nA[n] =Q}.
Kk, . .
If trdeg,, /0, # 0, then it follows from Lemma 2.3 that there exists a val-
kw
uation w; on A, [n] with center Qg such that wy < w; and trdegAv‘[n]/Q0 =

K , Kk k .
trdeg,",1,o, — 1, that is, trdeg 1y, = trdeg,(,;,o —1. The valuation w; ex-
tends v since Ay, € Ay, NK € AyyNK = Ay.

If trdeg:j?n]/QO = 0, let Q; be a prime ideal of A,[n] lying over Q with
Qo C Q1 and ht(Q1/Qp) = 1. According to Proposition 1.4 and Theorem 2.4,
there exists a valuation w; on A, [n] with center Q; such that wg < w; and
tr degifl[n] Q) = 0; w; is a valuation on A[n] with center Q. Then

kuw, v v
trdeg(0),o = trdegiin /6> =ht(Q/qln]) —ht (Qo/m(v)[n]) + trdegyy,,

trdeg:ﬁ]/Q =ht(Q/q[n]) -ht(Q,/m(v)[n]) +trdegf{jq,

(4.10)

and therefore
trdeg0 o —trdegyil, o = ht(Qi/m(v)[n]) ~ht (Qo/m(v)[n)) Wi
=ht(Q1/Qo) = 1. O

THEOREM 4.5. Forw € A(v,Q), letd(w,v,Q) =Supi{k | k e N, 3k +1 valu-
ationsw =wy < --- <wy in A(v,Q)}. Then

d(w,v,Q) =inf(trdeg',§v'”,trdeg§‘f’n]/(2). (4.12)

PROOF. Let k = d(w,v,Q). According to Proposition 4.4, there exist wy <
Kuw; w . .
- < wg in A(v,Q), with trdegA[;L]/Q = trdegi[fl]/Q —1i for each i € {0,...,k}
and wy maximal in A(v,Q), that is,

kw
trdegA[,’j]/Q =1tr deg’ff/q —inf (tr deg'j,'jq,tr degﬁ%ﬂ/Q ) =1tr deg’an]/Q -k,
(4.13)
and therefore
k=tr deg’j{[”n]/q —tr deg’j{;q +inf (tr deg’f{jq, tr degﬁgg]/Q) (4.14)
. kuw kw '
=1nf(trdegkv ,trdegA[n]/Q). O
PROPOSITION 4.6. Forw € A(v,Q),
s =sup{k | Ik +1 valuations wy < - - - <wp =w on A(v,Q)}

(4.15)

=h =inf (ht(m(w)/QAy)),ht(m(w)/m(v)A,).
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PROOF. Let k € N and let wy < --- < wo = w be valuations on A(v,Q).
AsA(W,Q) cAW)NA(Q), k <inf(ht(m(w)/QAy), ht(m(w)/m(v)Ay)), and
consequently s < h.

The converse inequality is trivial if s = co. So let s < o and assume s < h.
Take wy < --- <wp=w in A(v,Q). Then

ht (m(w)/QAw) =ht (m(w)/m(wy)) +ht (m(wi) /QAw,)
(4.16)
=k+ht(m(wi)/QAw,),

and therefore ht(m(wy)/QAy,) #0, and there exists wy, , € A(Q) withwy, | <
Wg. As

ht (m(w)/m(v)Ay) = ht (m(w) /m(wy)) +ht (m(wi) /m(v) Aw,)
4.17)
= k+ht(m(wk)/mv)Ay,),

we have that ht(m (wy) /m(v)Ay,) # 0, and therefore there exists wy ; € A(v)
withw},; <wy.Thus, Ay, C Ay A CAyy Ay = (Aw,)pr,and Ayy =
(Aw,)p with P” and P” two prime ideals of Ay, . As P" and P” are comparable,
Ay S Ay or Ay S Ay TP wy < wg, m(wyy) € m(wg,,) and
m) = m(wy,;) NA, € m(w,,) NA,, that is, m(w,,,) N A, = m(v) and
wy,, extends v, it will be a contradiction since w,,; € A(v,Q).

If wp, <wy,, then m(w,,,) € m(wy,;) ¢ m(w), and then m(w;/,;) N
A[n] =Q and wy,; € A(v,Q), which is again a contradiction.

We conclude that s = h and finish the proof. O

COROLLARY 4.7. Forw € A(v,Q), the following assertions are equivalent:
(a) w is minimal in A(v,Q);

(b) inf(ht(m(w)/QAy),ht(m(w)/m(v)Ay)) =0;

(c) w is minimal in A(Q) or in A(v).

NOTATION 4.8. For each valuation w on A(v,Q), let l(w) be the maximal
length of a chain of valuations on A(v,Q) passing through w. The maxi-
mum value of I[(w), where w runs through the set A(v,Q), will be denoted
by d(A(v,Q)).

THEOREM 4.9. For each valuation w on A(v,Q),

(@ l(w) = inf(ht(m(w)/QAy),httm(w)/m(v)Ay)) + inf(trdegi?:,
trdeght) o);

(b) d(A(v,Q)) = trdegy’,) +ht(Q/qln]).

PROOF. (a) The proof follows immediately from Theorem 4.5 and Proposi-

tion 4.6.
(b) Let w’ € A(v,Q). Then

Ky Ky Ky
trdeg,fy,),o tn—ht(Q/qln]) = trdeg,(,, = trdeg,,,, +trdeg£’(’q), (4.18)
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thus

kw’ v kw’
trdeg 0 = trdegi(q) +ht(Q/q[n]) + (trdegk(v) fn)

) (4.19)
< trdeg;{,) +ht(Q/qlnl).

Therefore, d(A(v,Q)) < trdegi;’q) +ht(Q/q[n]).
Theorem 3.4 implies the existence of w € A(v,Q) satisfying tr degﬁl[”n] 0=
tr deg’,ﬁ}’q) +ht(Q/q[n]), and the converse inequality follows.
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