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1. Introduction. Let Q be the family of functions w(z) regular in the unit
disc D = {z | |z] < 1} and satisfying the conditions w(0) =0, |w(z)| < 1 for
zeD.

For arbitrary fixed numbers A, B, -1 < B < A < 1, denote by P(A,B) the
family of functions

p(z)=1+piz+prz°+p3z3+--- (1.1)

regular in D, such that p(z) € P(A,B) if and only if

_1+Aw(2)

~ 1+ Bw(z)’ (1.2)

p(z)

for some functions w(z) € Q and every z € D. This class was introduced by
Janowski [6].
Moreover, let C(A,B,b) denote the family of functions

f(Z):Z+a222+a»323+"' (13)

regular in D, such that f(z) € C(A,B,b) if and only if

1 _f"(z) 1+Aw(z)
Y202 T 15Bw2)

(1.4)

where b # 0, b is a complex number, for some functions p(z) € P(A,B) and
allze D.

Next we consider the following class of functions defined in D.

Let S*(A,B,b) denote the family of functions

f(z2)=z+b1z+boz%+b3z3+ - - (L.5)
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regular in D, such that f(z) € S*(A, B, b) if and only if

1+

l( f'(2) )_Lw(z) (1.6)

b\“fz) ) T 11Bwz)’

where b # 0, b is a complex number, for some functions w(z) € Q and all
zeD.

We obtain the following subclasses of C(A,B,b) by giving specific values
to A, B,and b. For A=1,B=-1,and b =1, C(1,-1,1) is the well-known
class of convex functions [3,4]. For A=1,B=-1l,and b =1-x (0 < x <
1), C(1,-1,1 — x) is the class of convex functions of order « introduced by
Robertson [9].

For A=1, B=-1, C(1,-1,b) is the class of convex functions of complex
order; this class was introduced by Wiatrowski [12]. For A =1, B = —1, and
b =ecosA, |A| < 1/2, C(1,—1,e " cosA) is the class of functions for which
zf’(z) is A-spirallike; this class was introduced by Robertson [10].

ForA=1,B=—-1,and b = (1-x)e cosA, 0 <x < 1,|A| <m/2,C(1,-1,(1—
«)e A cosA) is the class of functions for which zf’(z) is A-spirallike of order
«xl1,2,7, 8, 11].

If we write 1+ (1/b)z(f""(2)/f'(z)) =C(f'(z),f" (z2),b), then we obtain the
following classes:

(1) the class C(1,0,b) defined by |C(f'(2),f"(z),b)-1] <1,

(2) the class C(B,0,b) defined by |C(f'(2),f"(z),b)—1|<B,0<B <1,

(3) the class C(B,—B,b) defined by

C(f'(2),f"(2),b)-1
C(f(2),f"(2),b) +1

<1, 0<B8, (1.7)

(4) the class C(1,(1 —1/M),b) defined by |C(f'(2),f"(z),b)—M]| < M,
M>1.
Similarly, the subclasses of $* (A, B, b) are obtained by giving specific values
to A, B, and b. These subclasses are obtained in [1, 2, 7, 8, 11].

2. Preliminary lemmas. For the purpose of this paper, we give the following
lemmas.

LEMMA 2.1. The necessary and sufficient condition for f(z) € C(A,B,b) is

JO (1+Bw(@)"“ P8z, B0

f(z)= (2.1)

z
J ebAe@ g, B=0,
0

where w(z) € Q.
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PROOF. Let B # 0 and let f(z) € C(A,B,b). From the definition of the class
C(A,B,b), we can write

1_f"(z) _1+Aw(2)
1+ EZ 2 p(z)= 1T+ Bwz) (2.2)
Equality (2.2) can be written in the form
fr@ L w'(2)
f(2) =bi4 B)1+Bw(z) (2.3)

by using Jack’s lemma [5]. Integrating both sides of equality (2.3), we obtain
z

f2) =j (1+Baw ()" 4. (2.4)

0

Equality (2.4) shows that f(z) € C(A,B,b).
Conversely, if we take differentiation from equality (2.3), we obtain

f(2) = (1+Bw(z))"* P/, (2.5)

Differentiating both sides of equality (2.5), we obtain

SN2 oy 2w (2)
2 A e (2.6)
Using Jack’s lemma [5] and after the simple calculations from (2.6), we obtain
1_f"(z) _1+Aw(2)
1+bzf’(z) _p(z)_il—ka(z)' (2.7)
This equality shows that f(z) € C(A,B,b). Similarly, we obtain
f(z)= J WO T — f(z) € C(A,B,b), B=0. (2.8)
0
LEMMA 2.2. Let f(z) € C(A,B,b) = zf'(z) € S*(A,B,b).
PROOF. Let
9(z) =zf"(2). (2.9)

Taking a logarithmic derivative of (2.9), and after simple calculations, we get

S (2)

1( g'(z) ) 1

1+—-(z -1)=1+—-z . 2.10
b\ g2) b F2) (210
This shows that the lemma is true. O

LEMMA 2.3. The class C(A,B,b) is invariant under the rotation so that
f(ei®*z) € C(A,B,b), |«| <1, whenever f(z) € C(A,B,b).
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PROOF. Let g(z) = f(ei*z). After the simple calculations from this equality
we get

1_g"(2) L iwy S (e2) _ | i
1+h g/(z) 71+b(e Z) f’(eio‘z)’ |§|7 |e Z| < 1. (2.11)
This shows that the lemma is true. O

We note that the class S*(A,B,b) is invariant under the rotation so that
f(ei®*z) € S*(A,B,b), || <1, whenever f(z) € S*(A,B,b).

LEMMA 2.4. Let f(z) be regular and analytic in D and normalized so that
f(0)=0and f'(0) =1. A necessary and sufficient condition for f (z) € C(A,B,b)
is that for each member g(z), g(z) = z+a»z?+---, of S*(A,B,b), the equation

f(2)-f©)

2
2 C ), z,CeD,z#+#C, C=nz, Inl <1, (2.12)

g(Z):z(

must be satisfied.

PROOF. Let f(z) € C(A,B,b), then this function is analytic, regular, and
continuous in the unit disc D and by using Lemmas 2.2 and 2.3, equality (2.12)
can be written in the form

g(2) = z(f' ()" (2.13)

Taking the logarithmic derivative from equality (2.13) and after simple cal-
culations, we get

Y

"(z2) 1 ( g'(z) )_ 1+Aw(z)

f(z) =1+E Zg(z) ") T 1+Bw(z)’

If we consider equality (2.14), the definition of C(A,B,b), and the definition
of S*(A,B,b), we obtain that g(z) € S*(A,B,b).

Conversely, let g(z) € S*(A, B, b), then on simple calculations from equality
(2.12), we get

14 %Z (2.14)

1/ g'(2) 1 2zf'(2) z+C 1
1+ -1) = - 1--. 2.1
+b<zg<z> ) b[f(z)—f(C) z—;}* b 2.15)
If we write
1 2zf'(z) z+C 1
F == - 1-— 2.1
S e R 210
equality (2.15) can be written in the form
. 1(,9>
F(z,C)—1+b<zg(z) 1). (2.17)
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On the other hand,

1

<

. LY ") 1 g (z) 1\ _1+Aw(2)
LmF(z0) =1+ 2% =) = 1+b(zg(z) ) e e
Equality (2.18) shows that f(z) € C(A,B,b). O
COROLLARY 2.5. If f(z) € C(A,B,b), then
Ly pidc) _p(z) = LHAW(E)
2[1+E<Zf(z)_1)]_1_p(2)_1+8w(z)' (2.19)
PROOF. If we take £ =01in F(z,C), we obtain
1 f'(z) 1 _1+Aw(2)
F(z,0) = b <2Z_f(z) 1) +1 b p(z) = 1T+Buw 2 TBwz) (2.20)
This shows that the corollary is true. O

COROLLARY 2.6. If f(z) € C(A,B,b), thenthe set of values of (z(f'(z)/f(z)))
is the closed disc with centre C(v) and radius g(v), where

2—[2B?+|b|(AB—-B?)]r?
2(1-B2r?) :

_IbI(A-B)r

90 = 50 -2y

Cr)=

(2.21)

The proof of this corollary is obtained by using (2.19) and the inequality

(A-B)r
T 1-B2r?’

p(z) € P(A,B). (2.22)

(5 LoABr®
P2 gy

Inequality (2.22) was proved by Janowski [6].
LEMMA 2.7. If f(z) € C(A,B,b) and h,(z) is defined by

flp((z+a)/(1+za))) - f(a)
(1-lal®)f"(a)

h,(z) = , a,zeD, pe(0,1), (2.23)

then h,(z) € C(A,B,D).
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PROOF. Let B # 0. After simple calculations from (2.23), we obtain
1 _hy(z)
-t
b™ hp(z)

__(zlal®)z |, 1( (z+a))f”(p((zm)/(ufa)))
(z+a)(1+za) 1+za)) fp(z+a)/0+za) | 224

1+

b
+[1_1 2za (1-1]al?)z }

bl+za (z+a)(1+za)
On the other hand, if we use Lemma 2.1, we can write

flo(z+a)/Q+za))-fl@)  (? .
(1—lal?)f(a) —JO (1+Bw(T)) dc. (2.25)

After a brief computation from equality (2.25), we get

b p
— A2
+[11 2za (1-1]al?)z }

1+Aw(z)_ (1—|a|2)z 1+l< (z+a ))f”(p((Z-i-ll)/(].-i-Zﬁ)))
1+Bw(z) (z+a)(1+za) 1+zal)) fp((z+a)/(1+za)))

bl+za (z+a)(l1+za)

(2.26)

Let B = 0. Similarly,

flp((z+a)/(1+za))) - f(a) ZJzebA(u(C)dC:) 1+Aw(z) _ L+ Aw(2)
0

(1-lal?)f"(a) 1+Bw(z)
~ (1-lal®)z 1+1( <Z+a ))f”(p((2+a)/(1+zﬁ)))
T (z+a)(1+za) b 1+zal)) fp((z+a)/(1+za)))
. 171 2za  (1-lal*)z
bl+za (z+a)(l+za) |
(2.27)

In (2.26) and (2.27), letting z = ¢ and w = p((e?? +a)/(1 +e'?a)) gives

1+Aw(z)  (1-]al?) 1 f(w)
1+Bw(z) |1+ae |2 [1+ b Fw) }

1 2e%a  (1-lal?)et
- — —— — 2.28
+[1 b1+ea |14e-ifg| (2.28)
h)(z
1. L 0 (2)

PN, (z)
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and we conclude that h,(z) is in (2.27) for every admissible p. From the
compactness of C(A,B,b) and (2.28), we infer that h(z) = lim,_; h,(z) is in
C(A,B,D). |

3. Two-point distortion for the class C(A,B,b). In this section, we give
two-point distortion theorems for the class C(A,B,b).

THEOREM 3.1. Let f(z) € C(A,B,b). Then for |z| =7,0<7r <1,

(1 +B‘Z|)(B—A)(Ib\—Reb)/ZB

(1 7B‘Z|)(B—A)(Ih\+Rcb)/ZB

~A)(Ib|-Reb)/2B
vy < (L= Blz) 3.1)
<I|f | < (1+B|Z|)(B—A)(\b\+Reh)/ZB' B#0,

e APzl < | f7(2)| < eAlblIZl B — 0.

PROOF. If we use the definition of the class C(A,B,b), then we obtain

f7(z) Reb(B?—AB)¥r?—|b|(A-B)r
Re(z 2) ) > g2 , B#0, (3.2)
since
Rezf”(z) = rilog |f (2], lzl=7; (3.3)

f(z2) or

and using (3.2), we obtain

Reb(B?—AB)r — |b|(A—B)

(1-B2r7) 5.4

a ’
3, 108 | f'(2)| =

Integrating both sides of inequality (3.4) from O to v, we obtain

B—A)(|b|-Reb)/2B
1+B\Z|)( )(Ib|-Reb)/

1 _B‘ZI)(B—A)(IbH-Reb)/ZB )

| f(2)] = E (3.5)

Similarly, we obtain the bounds on the right-hand side of (3.1).
If B =0, then we have

“~

"(2)
f(2)

—|b|Ar <Rez < |b|Ar; (3.6)
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and using (3.3), we obtain
0 ,
—|blA < ﬁlog|f(z)| < |b|A. (3.7)

Integrating both sides of inequality (3.7) from 0 to 7, we obtain the desired
result. O

THEOREM 3.2. If f(z) € C(A,B,b), then, for|z|=7,0<7r <1,

(B—A)(|b|-Reb)/4B
|z|(1+Blz])

(1 _B|Z|)(B—A)(|b|+Reb)/4B

(B-A)(|b|-Reb) /4B
|zI(1-Blzl)
=|f(2)]= (1+Blz|)E- A EFReBAB B+#0,
‘Z|e—|b\A\zI/2 < |f(Z)| < |Z|elb\A\zI/2’ B=0.

(3.8)

PROOF. If we use Corollaries 2.5 and 2.6 and the definition of the classes
C(A,B,b) and P(A,B), we can write

1( f'(2) 1— ABr? (A=B)r
‘[2<1+b<zf(z)_1>_1)]_1—3272 SI—BZTZ' (3.9)
After the simple calculations from inequality (3.9), we get
f'(z) 2-|b|(A-B)r - (2B*>- (B>~ AB)Reb)r?
Rez 72) > 1_ B2 (3.10)
since
"(z 0
Rezj;((z)) :rﬁlog [f(2)]; (3.11)
and using (3.10), we obtain
0 2—|b|(A-B)r — (2B>— (B> - AB)Reb)r?
3 log| f(2)] = 27 (1- B2 . (3.12)
Integrating both sides of this inequality from 0 to », we obtain
2101 +B|Z|)(BfA)(\b\—Reb)/4B
|f(2)] = (1 Bz|) B APTReDI/ (3.13)

Similarly, we obtain the upper bounds in (3.8). Thus we end the proof. O
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We note that the bounds in Theorems 3.1 and 3.2 are sharp because the
extremal function is

eAbZ, B :,é 0,
J«(2) =1 2(1 = Bz)B-A)(bl-2Reb) /4B .
B =
(B—A)(|b|+Reb)/4B ’ ’
(1+82) o (3.14)
T(T—\/E/b)
1-vyb/b

COROLLARY 3.3. Let f(z) € C(A,B,b). Then

oF(u,v) < | f(w) - fw)]| < a«F2(u,v), B+0,

(3.15)
oGy (u,v) < [ f(u) - f(v)| = aGa(u,v), B=0,
where
12 lu—v]|
o= (1 ‘vl)\l—_ul’
3(B—A)(Ib|-Reb)/4B
1+B
Fl(u,v)=( 121) — )
(1_B|Z|)3(B A)(|b|+Reb)/4B
_ 3(B-A)(Ib|-Reb) /4B (3.16)
Fz(u,v)=(1 Blz1) = ,
(1+B|Z|)3(B A)([b|+Reb)/4B
Gl (u,v) = e—(3/2)\b\A(\u—v\/\l—uiD,

Go (1, v) = eB/DIPIA(u—vI/I1-uv])

PROOF. If we consider Lemmas 2.1 and 2.7 and Theorem 3.2, then we can
write

z|(1+B|z|) PV WPIRDBE ) p (24 a) /(14 z@) - f(@)
(1_B|Z|)(B—A)(Ib|—Reb)/4B = (1-1al2)f (a)

)(B—A)(\bI—Reb)/élB

_ lzZI(A-Blz|
~ (1+Blz))

(z+a)/(1+za)) - f(a)
(1-1al?)f(a)

<|zle IPIAIZI2 B — (.

y B 74 0!
(B—A)(Ib|+Reb)/4B (3.17)

|z]e-P1AIZIr2 ‘f(
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Inequalities (3.17) can be written in the form

a2yl f ztay
(-lal) |f @ M1z < | (255 ) - |
< (1-lal®)|f' (a)IM2(lzl), B#0,
cia (3.18)
2 ’
A-laP)f @iz < | £(Z52) - )
<(1-lal®)|f'(a)|N2(lz]), B=0,
where
|Z|(1+B‘Z|)(BfA)(|h\7Reb)/4B
Mi(lz) = (1-B|z|) E-WPTReB) A5
|Z|(1_B‘ZI)(B—A)(lb\—Reb)/4B
M;(lz]) = (11 B|z)) B ReBIAB (3.19)

N1(|Z|) - |Z|ef\h\AIz\/2’
N2(|Z|) — |Z|e—\b\Alz\/2.
Ifwetakev=a,u=(z+v)/(1+zv),orz=(u-v)/(1-u-v), and if we
use Theorem 3.1 in inequalities (3.18), we obtain the desired result. O
We note that these inequalities are sharp because the extremal function is
eAbz B=+0

J«(2) =9 z(1 = Bz)B-A)(bl-2Reb)/4B (3.20)
(1+ Bz)B-A)(Ib|+Reb)/4B B=0.
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