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COEFFICIENTS ESTIMATES FOR FUNCTIONS IN B;, ()

S. ABDUL HALIM
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We consider functions f, analytic in the unit disc and of the normalised form
f(z)y=z+ Zio:z akzk. For functions f € By («), the class of functions involving
the Salagean differential operator, we give some coefficient estimates, namely, |a>]|,
lasl, and |a4].

2000 Mathematics Subject Classification: 30C45.

1. Introduction. Let A be the class of functions f which are analytic in the
unit disc D = {z:|z| < 1} and are of the form

f(2)=z+> a;z’. (1.1)

j=2
For functions f € A, we introduce the subclass B, (x) given by the following
definition.

DEFINITION 1.1. For « > 0 and n = 0,1,2,..., a function f normalised by
(1.1) belongs to By, («x) if and only if, for z € D,

DAVIEIN

Z

Re 0, (1.2)

where D" denotes the differential operator with D" f(z) = D(D" ! f(z)) =
z[D" 1 f(z)] and D° f(z) = f(z).

REMARK 1.2. The differential operator D" was introduced by Salagean [5].

For n = 1, B (x) denotes the class of Bazilevi¢ functions with logarithmic
growth studied [4, 6, 7], amongst others. In [2], the author established some
properties of the class By, («) including showing that B, () forms a subclass
of S, the class of all analytic, normalized, and univalent functions in D. The
class By () was initiated by Yamaguchi [8].

2. Preliminary results. In proving our results, we need the following lem-
mas. However, we first denote P to be the class of analytic functions with a
positive real part in D.
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LEMMA 2.1. Let p € P and let it be of the form p(z) =1+ .i, ¢iz'. Then
i) lcil<2fori=1,
(i) lc2 —pc?| < 2max{1,|1-2ul} for any u € C.

LEMMA 2.2 (see [3]). Ifthe functions1+3.;_byz¥ and1+Y;_; ¢, z¥ belong
to P, then the same is true for the function 1+ (1/2) > _bycyz¥.

LEMMA 2.3 (see [3]). Let h(z) = 1+ hiz+hyz?+--- and let 1 + g(z) =
1+g1z+g2z®+--- be functions in P. Set yo =1 and forv =1,

Yv = 2_”[ % i ( )hu} (2.1)

If Ay is defined by

00

S (-1)¥ My, 1(g(2)" Z Ak, (2.2)

then
|Ax] < 2. (2.3)

3. Results

THEOREM 3.1. Ifx>0,n=0,1,2,...,and f € B, (x) (n is fixed) with f(z) =
z+ Z;‘;Z a jzj , then the following inequalities hold:

201
la,| < W' 3.1)
2071 ( (a—l)( o2 +20x ))
1- foro< o<1
n 2 ’ y
las| < (2+0<)l o« o2 +20x+1 (3.2)
20"
(2?7)"' forx>1,
Zo(n—l
B+ o)
4(1 — x)x2n—2 (1-20)(2+ )1
|a4] < (1+¢x)”(2+o<)"( 3(1+x)2n ) for0 <a<1,
n-1
é:x_T)n’ for x> 1.
3.3)

REMARK 3.2. When n = 1, the above results reduce to those obtained by
Singh [6].
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PROOF. For f € By, (x), Definition 1.1 gives

eD‘I’Lf(Z)(X
z&

R > 0. (3.4)

Inequality (3.4) suggests that there exists p € P such that for z € D,

an(z)(x

= =a&"p(z2). (3.5)

Next, writing D" f(z)® as z[D" ! f(2)*]" and p(z) = 1+ ;7 ¢;z! in (3.5), it
follows that

[Dn—lf(z)tx]’ = " (Za—l + Zcizi+a—1) (3.6)

and integration gives

n-1 « hd 1
b f(2)* —0("1|:1+Z(X GiZ } (3.7)

" -
z o i+

Now, repeating the process, we are able to establish the following relation
which holds in general for any k =0,1,2,...,n

n-k o8 > izt
m:a"-k[uzw - } (3.8)

2 =5 (it ok

In particular, when n = k, we have

DOJ;(XZ)'X _ (f(zz)>“:1+§lan(ic+i§)n_ (3.9)
On comparing coefficients in (3.9) with f(z) =z + Z;":z ajzj, we obtain
xXap = (ffig)n: (3.10)
oas = (2“f§2)n “(1_2“)‘15, (3.11)
Xaq = (30(;1;3)” “(1_“)(;0‘_2)“3 + (1 — ) azas. (3.12)

Inequality (3.1) follows easily from (3.10) for all & > 0 since |c;| < 2.
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Eliminating a, in (3.11), we have

e o 1ey (1—0()( " 1e )2
T 2+ a)n 2 \(1+o)n
ot C(x=1) 2+0)" o2
T Rron|? 2 (1+o)2n !
o(n—l
TR+
20("71
< —
2+ o)

(3.13)

(co—pcet)

max {1,|1-2ul},

where we used Lemma 2.1(ii) with

N <2+(x>"

2K = A+0)" \1+x (3.19)

Since py > 0 for & > 1, both inequalities in (3.2) are easily obtained.
We now prove (3.3). Using (3.10) and (3.11) in (3.12) gives

a4

ot . (1-0)B+x)"ax™ 1 [ cico (1-2a)x™ ¢}
T By |’ (1+c)n 2+00"  6(1+x)2n
(3.15)

First, we consider the case 0 < « < 1/2. Applying the triangle inequality with
Lemma 2.1(i) in (3.15) results in the inequality

a4l < 5 oom 1+o)n Q2+on T 31+

(3.16)

n-1 _ n n—1 _ n—-1
2 [1+2(1 &) (3+ )" ( 1 +(1 200) & )}

which is the first inequality in (3.3).
For the case 1/2 < @ < 1, we use Carathéodory-Toeplitz result which states
that for some ¢ with |e] < 1,

2 2
02:C1+5<2—|C1| ) (3.17)

2 2

Thus, (3.15) becomes

ol [ (1-0)B3+ )" 1cy
a4 -

T B+ | S (1+x)n

" c? . (1—20()0(”’1c12Jr £ 2—1cyl?
22+ o00)n 6(1+x)2n (2+o0)n 2 '

(3.18)
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We then have

ol (1-0)B+x)"a™ Ly | | c? ley |?
|“4|<(3+cx)n(|c3|+ Qron@ron | 2W 7 2 “F2))
(3.19)
where
_ n-1 n
w14 L2072+ 00T (3.20)

3(1+x)2n

Since 0 < w <1 and |¢| < 1, it is easily shown that

n-1 _ nyn—1 2
PR (|C3|+(1 o) (3+ 00" |c1<<|cll

= Bran 1+00m(2+ )" 2 (“’_1”2))

(3.21)

and the result follows trivially when using |c;| < 2 and |c3]| < 2.

Finally, we consider (3.3) for the case « > 1. Here, we use a method intro-
duced by Nehari and Netanyahu [3] which was also used by Singh [6] and the
author in [1].

First, let h and g be defined as in Lemma 2.3, and since p € P, Lemma 2.2
indicates that

1+G(z) = 1+% > grekzk (3.22)
k=1

also belongs to P.
Next, it follows from (2.2) that, with g replaced by G,

1 1 1
|As| = 553303—§Y191g26102+§Y2g§Cf . (3.23)

Rewriting (3.15) as

(1-)(3+ )" !
(1+0)"(2+x)"
(1-00(1-20)(3+x)" 2" 2
6(1+x)3n 1

a3+ o0)"ay = c3 +

1C2
(3.24)

and comparing it with (3.23), the required result is easily obtained since, by
Lemma 2.3, |Az| = ((3+ ca)™/(x™ 1))|as| < 2. This however is only true if we
can show the existence of functions h and ¢ in P where @ (z) =1+ g(z). To
be simple, we choose @/ (z) = (1+2z)/(1—z). Thus, now it remains to construct
and show that an h € P.
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Now since g, = g» = g3 = 2, it follows from (3.23) and (3.24) that

_(x—1)B+x)"an !

e P TP TI (3.25)
C(1-x)(1-2x)(3+ )"’ 2
= ESEL . (3.26)
However, from (2.1), we have
1 1
Y1 =§<1+§h1), (3.27)
—1<1+h +1h) (3.28)
Y2 = 2 1+5 2. .
Solving for h; by eliminating y; from (3.25) and (3.27), we obtain
o (=1 B+ )"t
[l =2 A+00)n2+0)n ' (3.29)

Quite trivially, it can be seen that |h;]| < 2 for o« > 1.
In a similar manner, eliminating y» from (3.26) and (3.28) and using h; given
by (3.29), we have

2 1 o?+3x \"| /1-2« o?+20 \"
h22{1_3<1_o()((x2+30<+2> [( o< )(o(2+2(x+1) +3}}'

(3.30)

For @ = 1, elementary calculations show that |h,| < 2.
Next, we construct h by first setting it to be of the form

ui(l—-z) pp(1+2az?)

hz) = 1+z 1-Az2

(3.31)

with

1 (x=1)B+x)"ax"!
N S LS T
_(x=1)B+x)" !

SRS TP U N
27(1-2«x oA 4+2x \"
A_17§[< Y )((x?+2(x+1) +3]'

It is readily seen that for &« > 1, both y; and p» are nonnegative and p; + o =
1. Further, with a little bit of manipulation, it can be shown that |[A] < 1 and
the coefficients of z and z? in the expansion of h are respectively those given
by (3.29) and (3.30). Hence h € P and thus |a4| < 2&"™ /(3 + x)", the second
inequality in (3.3). This completes the proof of Theorem 3.1. ]

(3.32)
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