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A Volterra integral equation of the first kind K (x) 1= [*, k(x —t)@(t)dt = f(x)
with a locally integrable kernel k(x) e LIIOC(ERD is called Sonine equation if there
exists another locally integrable kernel £(x) such that [} k(x —t)£(t)dt = 1 (lo-
cally integrable divisors of the unit, with respect to the operation of convolu-
tion). The formal inversion @ (x) = (d/dx) fé‘ L(x —t)f(t)dt is well known, but
it does not work, for example, on solutions in the spaces X = L, (R') and is not
defined on the whole range K(X). We develop many properties of Sonine ker-
nels which allow us—in a very general case—to construct the real inverse oper-
ator, within the framework of the spaces Lp([R1 ), in Marchaud form: K1 f(x) =
f(0) f(x)+ fé” L' (t)[f (x—t)— f(x)]dt with the interpretation of the convergence
of this “hypersingular” integral in L,-norm. The description of the range K (X) is
given; it already requires the language of Orlicz spaces even in the case when X is
the Lebesgue space Ly (R1).

2000 Mathematics Subject Classification: 45D05, 45H05, 44A15, 26A33.

1. Introduction. We study integral equations of the first kind on the real
axis of the form

Ko := Jj( k(x-t)pt)dt = f(x), xeR, (1.1)

where the kernel k(x) is assumed to satisfy the condition that there exists
another kernel €(x) such that

I:#(x—t)k(t)dtzl, x>0, (1.2)

the latter condition being known as the Sonine condition due to Sonine [8],
where such equations were firstly considered in the case of finite interval, see
[7, page 85], about Sonine equations.

A well-known particular case of the Sonine kernel is the kernel of fractional
integration

XD(*I
k(x):m, x>0,0<ux<1, (1.3)
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for which £(x) = x~*/T'(1 — ), see [7, Section 2]. Other examples can be found
in Section 7. There exist many examples of Sonine equations with special func-
tions in the kernel, see Section 7; such equations arise in many applications.

2. Preliminaries
2.1. Definitions

DEFINITION 2.1. A kernel k(x) € L'*“(R!) is called a Sonine kernel if there
exists a kernel £(x) € LI°°(R!) such that relation (1.2) is valid for almost all
x € RL. Correspondingly, the operator K with a Sonine kernel k(x) will be
called Sonine integral operator.

The kernel £(x) will be referred to as the kernel associated to the kernel
k(x). Obviously, £(x) is also a Sonine kernel.

From (1.2) it follows that both the Sonine kernel k(x) and its associate £(x)
are necessarily unbounded as x — 0.

In the case where the kernels are both monotonous of the same sense, the
following Chebyshev inequality is valid:

Jxﬁ(x—t)k(t)dts lJxk(t)dtJ’x#(t)dt, x> 0. (2.1)
0 x Jo 0

We observe that the standard proof of the Chebyshev inequality (2.1) uses the
assumption that the product k(t)#(t) is integrable, which is not the case for
Sonine kernels; however, the Chebyshev inequality may be proved without that
assumption, see the appendix.

2.2. On identity approximations. An operator A; is said to be an identity
approximation in a Banach space X if ||[A:.f — fllx — 0 as € — 0. Let A; be a
convolution operator

Ag(p:JIRn a:(t)p(x—t)dt, &>0. (2.2)

The following statement on sufficient conditions for operator (2.2) to be an
identity approximation is well known at least for L,-spaces. For completeness,
we give it with the proof in the following general form, see Lemma 2.3, in
which X = X(R") is an arbitrary space of functions defined on R", satisfying

the following axioms:
(1) X is translation invariant: || f(x —h)l|lx < C||fllx with C not depending
on h € R™ and the mean continuity with respect to the norm || - || x holds

wyx(f,8):= ‘il‘,lpr(X*h)*f(X)HX—'O as 6 — 0; (2.3)
<o
(2) Minkowsky integral inequality is valid

HJ[R”f(-’t)dtHXSJ[Ran(-’t)”th' 2.4)
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REMARK 2.2. The above assumptions (1) and (2) obviously hold for the
spaces L, (R"), 1 < p < oo, and also for the Orlicz spaces Ly (R™) with a Young
function ® (1) satisfying the Ay-condition: ®(2x) < k®(x) for large values of
x, with some k > 0; the validity of Minkowsky integral inequality is in fact a
consequence of the definition of the Orlicz norm and does not need the A;-
condition, while #-mean continuity requires this condition, see [1, page 179].
See also [1, page 192], about identity approximation with dilatation invariant
kernel in the case of the Orlicz space Es.

LEMMA 2.3. Let a Banach function space X satisfy assumptions (1) and (2)
and functions a. (t) satisfy the conditions

lim| a.(t)dt=1, J las(t)|dt <M < oo (2.5)
e—~0JRrn RN
with M not depending on ¢ and
-0

lim las(t)|dt=0 (2.6)
It]=5

for any 6 > 0. Then A; is an identity approximation in the space X and for any
0 > 0 the estimate

[[Aef = fllx = C(&,8)|Ifllx + Mwx (f,6) (2.7)
is valid where

C(g,8) = ‘ JRn ag(x)dx—l‘ +2 |ae(x)|dx. (2.8)

[x[>06

In particular, in the case a-(x) = (1/e")a(x/¢), estimate (2.7) reduces to
1
4cf = fllx < C@Iflx+Mex(f,eln ) (2.9)
with

c(s)=zj

|x|>In(1/¢g)

la(x)|dx, M= J |a(x)|dx. (2.10)
Rn
PROOF. We have

lAef = fllx =

[ acol -0 feoar|

#| [ acwar-1]isix @11
=C:+D:;.
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By the first condition in (2.5), the term D; in (2.11) vanishes as € — 0. For
the term C. we have

Ces||[, aslroe—n-fooldt]|

HJ E(t)[f(x t)*f(X)]dtH (2.12)
[t]>o
=E2+F).

By Minkowsky inequality (2.4) and translation invariance, we obtain

ngj | ae(®) [ |Lf (x =)= £ ()|t
[t]>6

(2.13)
<A+O)flx | facw)|at
t]>6
which tends to 0 as € — 0 by (2.6). For E? we have
EX < ‘SF%”JC(X_”—f(X)HxL |a:(t)|dt < Mwx(f,5) (2.14)
tl<

by the second condition in (2.5).
Gathering the estimates, we arrive at (2.7) which yields the convergence by
arbitrariness of 6. To obtain (2.9), it suffices to choose 6 = €ln(1/¢). O

2.3. About L,-setting for the Sonine equation. To consider the Sonine op-
erator on L, (R1), we have to introduce some condition on the kernel, guaran-
teeing the existence of the integral on L,-functions. Obviously, if k(x) has a
special form

m(x)
iar X >0, ili](:)) |m(x)]| < oo, (2.15)

k(x) =

with a bounded function m(x) and some x € (0,1), then a sufficient condition
is &« < 1/p by the Hardy-Littlewood theorem for fractional integrals. In this case
the operator acts from L, (R!), 1 < p < 1/«, into Lq(lRl), 1/q=1/p—-«.Foran
arbitrary Sonine kernel, the range already does not belong to any L, (R!), but
may be embedded into some Orlicz space according to Theorem 2.4.
First we note that a convolution with a locally integrable kernel k(x) is well
defined for any function f € L, (R!) if there exists an N > 0 such that
J |k(x)|p’dx< 0,
N

+— =1. (2.16)

.1
por

Indeed,

© N 0
J k(t)f(x—t)dtzj k(t)f(x—t)dt+J k(t) f(x —t)dt, (2.17)
0 0 N
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where the first term exists almost everywhere by the Minkowsky inequality
and the second term is even bounded by the Holder inequality.
In Theorem 2.4 we use the notation

t
K (1) = %JO K*(s)ds, (2.18)

where k*(s) = inf{t > 0: m(k,t) < s} is the nonincreasing rearrangement of
|k(x)|, inverse to the distribution function m(k,t) = mes{x € R : |k(x)| > t}.
Observe that

K*(t) = k*(t), [[k*]], = [kllp, 1<p <. (2.19)
Also
IkK**[], < p'lIkllp, 1<p <o, (2.20)

by boundedness of the Hardy operator in L.
The following statement is a particular case of the O’Neil theorem on bound-
edness of convolution operators in Orlicz spaces, see [2, page 316].

THEOREM 2.4. Let k(x) € Lll"C(Rl). The convolution operator K is defined
forall p € L,(RY), 1 < p < oo, under condition (2.16) or the condition
1

r" [ k** (x) |

N XU dx < o (2.21)

with some N > 0. Under condition (2.21) the operator X is bounded from L, (R!)
into the Orlicz space Ly (RY) with the Young function ®(x) defined by its inverse

- ¥ k() [ JUX J"" k*(s) ]
1 = - 1/p
d1(x) L/X i dt =p|x . |k(s)|ds+ T ds|. (2.22)
REMARK 2.5. The condition
J |k(x)|"dx < o (2.23)
N

for some v < p’ is sufficient for the validity of (2.21) which is easily obtained
by the Holder inequality and properties (2.19) and (2.20).

REMARK 2.6. From (2.22), by the direct differentiation we also have

de~'(x) _ k**(1/x) +p[k*(1/x) - [k(1/x)|]

I e . (2.24)

3. Sonine equation in L;(—o0,b), b < +o0. Let

Lf:= KC L(x-t)f(t)dt, (3.1)
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where £(x) is the kernel associated with k(x). Formally applying the operator
L to the operator K from the left, we arrive at the relation

J, qa(s)ds:J L(x—t)f(t)dt, (3.2)

due to condition (1.2). Then the formal solution of (1.1) is

X
@(x)=K1f:= ij Lix—t)f(t)dt. (3.3)
ax J-w
To justify this inversion for solutions in L; (—o0,b), we recall the following
definition, see [7, page 130].

DEFINITION 3.1. A function g(x) is said to be absolutely continuous on
(—o00,b) :g(x) € AC(—c0,b) if it is absolutely continuous on every finite inter-
val and has bounded variation on [—co, b].

The condition g(x) € AC(—c0,b) is equivalent to the representation of g(x)
in the form

X
g(x) = J, @(t)dt +const with @(x) € Li(—o0,b). (3.4)

The following statement is valid.

THEOREM 3.2. Let k(x) be a Sonine kernel. Equation (1.1) is solvable in
Li(—c0,b) if and only if the function ge(x) := [*,1(x —t)f(t)dt satisfies the
conditions

go(x) € AC(—0,b), ge(—00) =0. (3.5)

Under these conditions the equation has a unique solution given by (3.3).

The proof of Theorem 3.2 is similar to the case of kernel (1.3) (see [7, Theo-
rem 2.1, page 31 and Theorem 6.3, page 131]).
The following lemma, in which

X
L(x) =J {(s)ds (3.6)
0
is the primitive of the kernel £(s), gives a sufficient condition for validity of

(3.5) in terms of the function f itself.

LEMMA 3.3. If(a) f(x) € AC(—c0,b), f(—0) =0, (b) [*, f(D)L(x-t)dt e
L(—,b), () the integral ffwf'(s)L(x—s)ds converges for all x € (—,b),
then gy(x) € AC(—o0,b) and gy(—) =0 and gy(x) may also be represented
as

g0(x) :L F/($)L(x —5)ds. (3.7)
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PROOF. By condition (a) of the lemma, we have

X

t
gg(x):J l(xft)dtj_ f'(s)ds, (3.8)

whence (3.7) follows after the interchange of the order of integration, this
interchange being easily justified by condition (c).
To obtain (3.7), we observe that the following relation holds:
X t X t
J {(x— t)dtj f(s)ds = J (J f ()Lt —S)ds)dt, (3.9)

which may be verified via the interchange of the order of integration. Then the
statements gy(x) € AC(—o0,b) and gy(—o) = 0 follow from condition (b) of
the lemma. O

4. Properties of Sonine kernels

LEMMA 4.1. Let a Sonine kernel k(x) and its associate £(x) have locally
integrable derivatives and satisfy the conditions

limtk(t) =0, limtf(t) = 0. 4.1)
t—0 t—0
Then the formula
J:#’(t)[k(x) —k(x—t)]dt =k(x)¥(x) 4.2)

is valid for almost all x > 0 (for all x > 0 if k' (x) and ¥’ (x) exist at every point
x> 0).

PROOF. Firstwe observe that from (4.1) it follows that the integrals fol tk'(t)dt
and fol t¥’ (t)dt exist (integration by parts). From (1.2) we have

1
xj L(x—xt)k(xt)dt = 1. (4.3)
0
Differentiating with respect to x, we obtain

1
xJO [0 (x—xt)(1-t)k(xt)+L(x—xt)k'(xt)t]dt

. (4.4)
+J f(x—xt)k(xt)dt = 0.
0
After the inverse change of variables we have
X X
J ' (x—t)(x—t)k(t)dt+J C(x—t)k'(t)tdt
0 0 (4.5)

+JX€(x—t)k(t)dt =0.
0



3616 S. G. SAMKO AND R. P. CARDOSO

Here the third term is identically equal to 1. In the second term we represent
k' (t)dt as d[k(t) — k(x)] and integrate by parts. Nonintegral terms vanish
because of (4.1) and the fact that lim;_o€(t)[k(x) —k(x—t)] = 0 for almost all
x > 0 which follows from (4.1) and existence of the limit lim; .o ((k(x) —k(x —
t))/t) for almost all x > 0. As a result we reduce the above relation to

j:wx—t)[xk(t) —tk(x)]dt+k(x)J;€(t)dt —o. (4.6)

Hence
xj:y'm[k(x) Ck(x—D)]dt = k(x)j: e+, @)
which yields (4.2) since €' (£)t +£(t) = (d/dt)[tL(t)]. O

REMARK 4.2. In Lemma 4.3 we show that condition (4.1) is satisfied au-
tomatically for both k(x) and £(x) if k(x) and €(x) are nonincreasing in a
neighborhood of the origin.

The inversion of the Sonine equation for L,-solutions will be realized under
some additional assumptions on the kernel k(x) and its associate £(x).

MONOTONICITY NEAR THE ORIGIN. There exists aneighborhood 0 < x < &
where

kix)=0, £(x)=0, k(x)!, L(x)!, 0<x<e¢g. (4.8)

ABSOLUTE INTEGRABILITY OF k' (x) AND ' (x) AT INFINITY. Itis assumed
that derivatives exist in the generalized sense and are locally integrable and

J [k'(x)|dx < o, J [ (x)|dx < . (4.9)
1 1
Note that a kernel satisfying condition (4.9) stabilizes at infinity

3 1im k(x) = k(e0), [k(e0) | < . (4.10)

Based on the above additional assumptions (4.8) and (4.9), one may derive
many special properties of k(x) from the condition for k(x) to be Sonine
kernel, such as its behavior as x — 0 and x — o and various integral estimates.
They are summarized in the following two lemmas which are crucial for further
proofs.
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LEMMA 4.3. Any Sonine kernel satisfying assumption (4.8) has the following
properties:

xk(x)l(x) <1, 0<x<eé&, (4.11)
X X

k(X)J L)ydt <1, ﬂ(x)j k(t)dt <1, 0<x <&, (4.12)
0 0

k(x)J l(t)dt+€(x)J K(dt>1, 0<x<g, (4.13)
0 0

.[0 k(t)dtJ;) {(t)dt =x, 0<x<e, (4.14)

li_r(r)l k(x) = li_r(r)l {(x) =+, (4.15)

lim xk(x) = lim x{(x) =0, (4.16)

x—0+ x—0+

Oilel<p£0 [L [k’ (t)|dt J’s_tl(s)ds] <1. (4.17)

PROOF. By the monotonicity condition (4.8), in (1.2) we have k(t) > k(x),
Y(x—-t)=¥l(x),0<x < &. Therefore,

J:ﬂ(x —-tk(t)dt = l(x) J: k(t)dt = 0(x)k(x)x (4.18)

so that properties (4.11) and (4.12) follow immediately from (1.2).
Inequality (4.13) is proved as follows:

2x

X
1= J k(O E@x—Ddt+ | k(D e@x —1)dt
0 X

N oy (4.19)
<{(x) Jo k(t)dt + k(x)J £(2x —t)dt.

Inequality (4.14) is a consequence of the Sonine condition (1.2) and Cheby-
shev inequality (2.1).

Property (4.15) follows from (4.12) by monotonicity of the functions k(x)
and £(x) near the origin. Taking (4.15) into account, we see that (4.16) is a
consequence of (4.11).

To check (4.17), we observe that

Jo [k’ (t)|dt Litﬂ(s)ds =- Io L(s)ds Lis k' (t)dt
= Jo L(s)[k(e—s)—k(e)]ds (4.20)

=1 —k(e)E#(s)ds <1

with (1.2) taken into account. O
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LEMMA 4.4. If a Sonine kernel k(x) satisfies the integrability condition (4.9)
and k(o) =0, then

N+a
}Iim k(t)dt =0 foranya >0, 4.21)
o N
& o0
Jk(t)dtsj |k(t+e)—k(t)|dt, 0<e<e. (4.22)
0 0

If k(x) satisfies both (4.9) and (4.8), then

Jw |k(x +h) —k(x) |dx < o (4.23)
0
for any h € R! and
sup [E(E)Jm [ k(x+e)—k(x) |dx] < o0, (4.24)
0<e<egg 0
and also
£ )
sup H E(t)dtj |k’(t)|dt] < w. (4.25)
O<e<gg LJO €

PROOF. First we prove (4.21). This property is derived from the inequality
N+a 0
H k(s)ds’ saI |k’ (t)|dt (4.26)
N N
and condition (4.9) for k(x); inequality (4.26) is derived from the equality
N+a N+a ©
J k(s)ds = —J dsJ k' (t)dt. (4.27)
S

N N

To prove (4.23), let h > 0. Obviously

In:= J:O |[k(x+h)—k(x)|dx = J: dx‘ Johk’(x+t)dt‘

h o (4.28)
< J dtJ [k (x)|dx.
0 t
Let h > & (the case h < ¢ is easier). We have
h &0 e
Ihgj dt(J +J )|k’(x)|dx
0 t &0
o h &0
:hJ |k’(x)|dx—J dtj k' (x)dx (4.29)
&0 0 0

o0 I’L
shj |k’(x)|dx+J k(t)dt,
&0 0

which proves (4.23).
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To prove property (4.24), we follow the same line as above with h = &: mul-
tiply (4.29) by £(&) and make use of properties (4.12) and (4.16).
To prove (4.25), we proceed similarly to actions in (4.29) and obtain
3 ) £ £ £
J e(t)dtj [k’ (t)|dt = —J €(t)dtj k' (t)dt +cJ £(t)dt, (4.30)
0 £ 0 £ 0

where ¢ = j:g |k’ (t)|dt. Hence

rﬁ(t)dtro [k’ () |dt = [k(e) —k(go)] rﬁ(t)dt +c rﬁ(t)dt (4.31)
0 & 0 0

so that, to get (4.25), it suffices to refer to property (4.12).
Finally,

& N N
Jk(t)dt=J \k(t)ldt—J |k(t) | dt
0 0 £ (4.32)

N-¢ N
:j {|k(t)|—|k(t+s)|}dt+J k() | dt.
0 N-¢
Making use of property (4.21) as N — oo, we arrive at (4.22). |

5. The Marchaud form of the inverse operator

5.1. The Marchaud-type construction on “nice” functions. In the theory of
fractional differentiation it is known that the Liouville fractional differentiation

1 d (* f)dt

& f:F(l—(x)E e (x— D)X’

0<x<l, (5.1)

may be represented in the form

.« T fx)-flx-1)
T T(1-) Jo tlra at

D*f (5.2)

known as Marchaud fractional derivative, see [7, page 109]. This form is much
more appropriate for the inversion of fractional integration within the frame-
works of L,-spaces than the Liouville form, see [7, page 123]. Our goal is to
invert the operator K with an arbitrary Sonine kernel in Lp([Rl), so our first
aim is to find a corresponding analogue of the representation (5.2).

LEMMA 5.1. Let the associate Sonine kernel £(t) satisfy the condition

ii{noxﬁ(x) =0 (5.3)

and have derivative ¥’ (x) € L1(&,N) for all 0 < € < N < . Then operator (3.3)
may be represented in the form

(K1 f) (x) :€<oo>f<x>+j: [f(x—1) - FOO]0 (D)dt (5.4)
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at least on “nice” functions f (x) for which the integral converges, for example,
on functions f(x) € C§ (RY).

PROOF. First we observe that £() exists by (4.9), as in (4.10). For “nice”
function f we have

0 N
(K 'f)(x) =J L) f(x-t)dt = limJ L(t) f (x—t)dt. (5.5)
0 N—o Jo

We substitute £(t) = ¢(N) — ftNE’(E)dE, integrate by parts, and arrive at (5.4).
Since f(x —t)— f(x) ~ ct as t — 0 for “nice” functions, convergence of the
integral on the right-hand side of (5.4) is seen by integrating by parts due to
the condition limy_qx¥(x) = 0. O

When inverting the operator K under the L,-setting, we will interpret oper-
ator (5.4) as the limit of the corresponding truncated integrals

(K=1f) Go) = lim (K:'f) (x) (5.6)
with
(K1) (x) = () f(x) + r [fx—t)—fOO (t)dt (5.7)

and we will prove the general inversion statement K 'Kp = @, ¢ € Lp([Rl),
for an arbitrary Sonine kernel satisfying rather general assumptions, with the
limit in (5.6) treated in L,-norm.

The operator K;! will be referred to as the truncated Marchaud-Sonine op-
erator.

5.2. Integral representation of the truncated Marchaud-Sonine operator
5.2.1. The composition K; 'K

THEOREM 5.2. Let a Sonine kernel k(x) and its associate £(x) satisfy con-
ditions (2.21), (4.9), and (4.8). Then the truncated Marchaud-Sonine operator
on functions f(x) = K with @(x) € L,(R"), 1 < p < o, has the following
representation:

(K 'Kop) (x) = jo Ne(D@(x -y, (5.8)
where
Ne(s) = Jmﬂ’(t)[kJr(s—t) ~k(s)]dt +L(c0)k(s). (5.9)

PRrROOF. First, we note that Kg(x) exists almost everywhere in the case
@(x) € L, (R™), by Theorem 2.4. Then K; 'K (x) exists almost everywhere as
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a convolution of a function in Orlicz space with an integrable kernel £’ (x) €
L, (&, ), the latter being well known and following for example from (2.4), see
Remark 2.2.

We have
flix-t)—f(x)= JO [ki(s—1t)—k(s)]@(x—s)ds, (5.10)
where
1k(s), s3>0,
k+ (S) = (511)
0, s<0.
Then

00

K0 = |

&

[Jo [ki(s—1t) —k(s)]cp(x—s)ds]ﬁ'(t)dt+€(oo)(K<p)(x)
(5.12)

and after the interchange of order of integration we arrive at (5.8) and (5.9).
It remains to justify the above interchange. By Fubini theorem it suffices to
show that the integral

I(x):= JO |q9(x—s)\d5j [€ ()] - [ke(s=t)—k(s)|dt (5.13)
converges for almost all x. We have
I(x) :J |Q9(X—S)|dsj [/ (t)] - |k(s)|dt
0 £

+j |<p<x—s>|dsj 10(t)] - K(s)|dt

(5.14)

o S

+J Iw(x—s)ldsj [0 (t)] - | k(s—t)—k(s)|dt
& &
=L+ +1;.
Obviously,

Il+125C5J [k(s)p(x—s)|ds, (5.15)

0

where ¢, = f:° [¢’ (t)|dt, which converges for almost all x by Theorem 2.4. For
the term I3 it suffices to show the convergence of the integral

j |€’(t)|dtjt l@Ge—s5)| - (|k(s—)| + [k(s)|)ds (5.16)
which has the form

L Iﬁ’(t)lg(xft>dt+g(x)L |0 (t) | dt (5.17)
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with g(x) = [ |k(s)@(x —5s)|ds € L (R') by Theorem 2.4. It remains to note
that the integrals in (5.17) converge. O

We will show later in Lemma 5.4 that N.(s) is the averaging kernel, so that
the operator on the right-hand side of (5.8) is the identity approximation op-
erator.

5.2.2. Properties of the averaging kernel N, (x)

LEMMA 5.3. Let the Sonine kernel k(x) satisfy assumptions (4.8) and (4.9).
Beside formula (5.9), the kernel N:(x) may also be represented in the following
equivalent forms:

Ne(s)=4L(e)[k(s)—ki(s—&)]+ % rﬁ(t)h (s—t)dt, (5.18)
N¢(s) :ﬁ(e)[k(s)—k(s—f)v]—r L(s-)k' (t)dt, s> &, (5.19)
Ng(S)zf(f)k(s)+JS€'(t)k+(S—t)dt, (5.20)

(5.21)

N.(s) = Joﬂ(t)[k(s)—k(s—t)]dt, s> ¢,
k(s)(e), 0<s<e.

PROOF. From (5.9) we have (5.20). Relation (5.18) follows from (5.20) if we
observe that

4 rigﬂ(s —tk(t)dt =L (e)k(s—¢) + .[S L' (t)k(s—t)dt. (5.22)
ds Jo 3

We prove (5.21). The second line in (5.21) is already contained in (5.18) and
(5.20). Let s > &. Then from (5.9) we have

Ne(s) = Jd#'(t)[k(s—t) —k(S)]dt—Jmﬁ'(t)k(s)dt+k(s)€(oo) (5.23)
or
Ne(s) = rﬂ’(t)[k(s—t) —k(s)]dt
°. (5.24)
_Jo O (t)[k(s—t)—k(s)]dt+k(s)l(s)

which turns into (5.21) by (4.2).
To prove (5.19), we use (5.21) and for s > € we have

Ne(s) = }5111;)1 [ J';E'(t)k(s)dt - E#'(t)k(s - t)dt]

= hm{ﬂ(é)[k(s—é) —k(s)]+L(e)[k(s)—k(s—¢)] —rﬁ(t)k’(s—t)dt}.
5-0 s
(5.25)
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Since k(s) is differentiable for s > 0, the first term tends to zero as 6 — 0, by
(4.16), which yields (5.19). O

LEMMA 5.4. If the Sonine kernel k(x) satisfies assumptions (4.8) and (4.9),
then N¢(x) has the properties of the identity approximation kernel

sup [Ng(x)|dx =M < o, (5.26)
O<e<eq

00

lim| N:(t)dt =1, (5.27)
e-0Jo
where [y N (t)dt = 1 in the case k() =0, and
limj [Ne(s)|ds =0, &>0. (5.28)
e-~0Js
PROOF. By (5.21), we have
(o] & (o]
J |N5(s)|ds=€(s)J |k(5)|ds+J |Ng(s)|ds (5.29)
0 0 &

for 0 < € < &p. Here the first term is bounded for 0 < € < & by (4.12). The
second term is estimated by means of (5.19) as follows:

Jw |Ne(s) |ds sﬁ(s)ro |k(s)—k(s—¢)|ds
¢ o (5.30)
+L dSL—s |[£(s—t)k'(t)]|dt.

Here the first term is bounded by (4.24), while the second one is reduced after
the change of order of integration to

f |k (t) |dtr |€(s) |ds+r° |k’ (t) |dtr€(s)ds (5.31)
0 -t £ 0

which is also uniformly bounded in view of (4.25) and (4.17).
To verify (5.27), we make use of representation (5.18). For the first term in
(5.18) we have

J: [k(s)—ki(s—¢)]ds = ;15130 J: [k(s)—ki(s—¢)]ds

@ (5.32)
= lim k(s)ds=0
a-xJa—¢
by (4.21). To treat the second term in (5.18), we denote
s
A (s) = J C(tk(s—t)dt, s> ¢, (5.33)
&

so that in view of (5.32),

Jng(s)ds = Jw iAg(s)ds = Ag(00). (5.34)
0 e ds
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It remains to show that lim,_yA:(o) = 1. We have

Ag(w) = lim [rﬁ(t)k(s—t)dt—rﬁ(t)k(s—t)dt]
b 0 (5.35)
= 1—limJ L(t)k(s—t)dt.
s=Jo

The remaining limit in (5.35) equals zero if k(o) = 0, the limit existing by
(4.10). Indeed, supg ;¢ k(s —t)| = |k(se)| with s —& < s < s, which tends to
zero as s — . Hence A¢ (o) = 1 and from (5.34) we obtain that f0°° Ne(t)dt =1.
In the case where k() # 0, we arrive at (5.27).

Finally, to prove (5.28), we make use of representation (5.19) taking into
account that € < § < s and obtain

limJ 1N5(§)|d§shmf 2(8) | k(s) k(s — &) | ds
e-0Js e~0Js
0 &
+limJ dsj L(t) |k (s—t)|dt (5.36)
e-0Js 0
=:lim# (&)1} +1limI2.
=0 &—0
The term I} is estimated as in (4.28):

1 0 B & (e8] ,
I SJO Ik (x+6) —k(x) | dx < L dtjms K (x) | dx

€ o (5.37)
SJ dtj |k'(x)|dx =ce

0 s

by (4.9). Then lim,_o#()I! = 0 in view of (4.16).

For I? we have
& Y] &
2= J €(t)dtL [k (s)]ds < c(5)J L(t)dt — 0, (5.38)

0 -t 0

where ¢(6) = [5,, |k’ (s)|ds under the assumption that € < §/2. a

6. Inversion theorem and characterization of the range K(L,). Theorems
6.1 and 6.3 of this section are generalizations of [7, Theorems 6.1 and 6.2]
which correspond to the special case k(x) = x%!. The proof follows princi-
pally the same lines as in the proof in [7], but we emphasize that this gener-
alization from the case of power kernel to the case of a general Sonine kernel
required nontrivial efforts to show that in the general case the corresponding
kernel in the integral representation (5.8) is an identity approximation kernel,
see the proof of Lemmas 5.3 and 5.4.

THEOREM 6.1. Let k(x) be a Sonine kernel satisfying conditions (2.21), (4.8),
and (4.9). Then

K'Kp=¢, @cL,(RY), 1<p <o, (6.1)
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where

(K1) () = L) fx) #lim [ [fGe-0-FOOI0 0L (6.2

(Lp)

PROOF. By Theorem 5.2, representation (5.8) is valid. Because of the prop-
erties of the kernel N, (s) obtained in Lemma 5.4, Lemma 2.3 is applicable, with
X =L, (R™), which completes the proof. O

In Theorem 6.3 below we give a characterization of the range
K(Lp) = {f: f(x) = Kp)(x), @ € L,(R)} (6.3)

of the operator K under our general assumptions (2.21), (4.9), and (4.8) on
k(x). Naturally, this range is imbedded into a certain Orlicz space. In some
cases it is possible to stay within the L,-scale, namely under the assumption
that there exists an « € (0,1) such that the function m(x) = x* 1k(x) satisfies
the condition

sup | m(x)| < oo, (6.4)
RY
In the general case, dealing with the Orlicz space Lg with the Young function
® defined by (2.22), we need to know that the function ¢ has the A,-property
because we will use Lemma 2.3 on identity approximation, see Remark 2.2. The
following lemma is valid.

LEMMA 6.2. Let k(x) satisfy assumptions (4.9) and (2.21). The Young func-
tion ®(u) defined by (2.22) satisfies the A,-condition if and only if
— o k* () (x/t)MPdt

X
w0 [Tk(dt

(6.5)

PROOF. As is known, the A,-condition is equivalent to the condition

()

U—

0, (6.6)

see [1, page 138], or equivalently,

T2 )
x—ox(d/dx)®1(x)
By (2.22) and (2.24) we have
_ _ 1 © k*(s)
1 _ p-lp*x( 2
@ (x)—p[x K (X>+J1/x siip ds],
d

—(I)_l (X) :Xllp—Zk**(l)
dx x/)’

(6.7)

(6.8)

for x — . Then condition (6.7) reduces to (6.5). O
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In Theorem 6.3 we denote for brevity

Y(R!) = Lo (RY), if k(x) satisfies (2.21) and (6.5), 6.9)
B Ly(RY), if k(x) satisfies (6.4), '

where the Young function ®(u) is defined by (2.22).

THEOREM 6.3. Letk(x) satisfy conditions (2.21), (4.8), and (4.9). Then f (x) €
K(Lp) ifand only if f (x) € Y (R') and one of the following conditions is satisfied:

limK;'feL, or sup|[K;'fl]|; <. (6.10)
(EL;% 0 r

PROOF

NECESSITY. Let f = Kp, @ € L,. The statement f(x) € Y is imme-
diate by the O’Neil and Hardy-Littlewood theorems. The existence of the limit
lim,_oK;'f is a consequence of Theorem 6.1. The uniform boundedness
sup,.o 1Kz ' fllz, < oo follows from representation (5.8) and property (5.26).

SUFFICIENCY. First we will show that, under the assumptions of the theo-
rem, there exists a @ € L,,([Rl) such that

fx)=f(x—h)=XKp)(x)-(Kp)(x—h) VheR. (6.11)
We denote
(An@) (x) = J’: ap(x-O)e(t)dt = (Kp)(x) - (Ke)(x—h), (6.12)
where
an(t) =k(t) -k (t—h) e L;(R") (6.13)

by property (4.23).
We have

AnK ' f =K AR f = (KK ) (x0) = (K 'K f) (x - h) (6.14)

at least on “nice” functions; for example, on functions f € Cy. Making use of
representation (5.8), we arrive at the relation

ARK L f = L Ne(S)[f(x—t)— f(x—h—t)]dt (6.15)

at least for f € Cy. The class Cy is dense in the space Y(R!); in the case
Y = Lg it is valid under the A,-condition, see Lemma 2.3 and Remark 2.2, that
is, under condition (6.5). Therefore, by boundedness of the operators in (6.15)
we conclude that (6.15) is valid on the whole space L, (R!).
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Now we pass to the limit in (6.15) in Y-norm as € — 0, which is possible since
the right-hand side of (6.15) converges to f(x)— f(x —h) by Lemmas 5.4 and
2.3. We obtain

fx)=f(x—-h) :lgifl(}Athlf (6.16)

with the limit treated in the sense of the space Y (R1).
Let the first condition in (6.10) be satisfied. Then, by boundedness of the
operator Ay in L, there exists the limit

lin(}Athlf = Ap (hn&KElf =App with @ = lin(}Kglf. (6.17)
(L) (L) Ly

Since AyK; ! f converges both in Y-norm and L,-norm, the limit functions co-
incide almost everywhere and we arrive at relation (6.11). To arrive at (6.11)
under the second condition in (6.10), we repeat the same arguments using a
weak compactness of bounded sets in L,, see details in [7, page 128] in the
case k(x) = x¥1.

Relation (6.11) being obtained, it remains to observe that it immediately
implies f(x) = (K@) (x) since functions with equal differences may differ only
by a constant which may be only zero in our case. O

7. Sufficient conditions for a function to be a Sonine kernel and examples.
Examples of kernels satisfying condition (1.2) given in [8] (see also [9]) are the
following.

(1) Bessel-type functions:

k(x) = (V) VT (2VX), L0 = (VX)L (24/%) (7.1)
or symmetrically
k(x) = (VX) VI, (2Vx),  L(x) = (VX)L (2V%), (7.2)

where

00

JV(X) = Z

k=0

(7.3)

(_l)k(x/2)2k+v - i (x/2)2k+v
kT(k+v+1) "’ S kr(k+v+1)

are the Bessel and modified Bessel functions, respectively, 0 < v < 1. In partic-
ular, one may take

K(x) = cos (2/x) 2(x) = ch(2x)

JTx JTTX 7.4

or vice versa.
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(2) Power-exponential function and the incomplete gamma function:

e#\x
k(x)= o)Xl (7.5)
® AL
#(X):?\“[r(%‘ia)r(—(x,)\x)+l] :Aa'i‘l_(%._(a)J‘x flﬁdt’ (76)

where 0 < x < 1, A > 0, and I'(—, x) is the incomplete gamma function (the
associate kernel (7.6) was given in [8] in a different form).

Note that relation (1.2) in Laplace transforms % (s) = f(;” e Stk(t)dt has the
form

sH(s)EL(s) =1. (7.7)

Therefore, examples of Sonine kernels may be obtained via relation (7.7). For
example, for (7.1) and (7.2) in view of (7.7), we may refer to the formula for the
Laplace transform of the corresponding Bessel function:

© —1/s
JO e (V) Ty (VR dx = S (7.8)

see [3, formula 212.9.3]. For (7.5) and (7.6), by direct calculation of Laplace
transforms we have

1 (A+s)°

H(s) = m, F(s) = B . (7.9)

Some sufficient condition for a function k(x) to be a Sonine kernel is given
by Theorem 7.1 below. Let

a(x)
xl-« ’

k(x) = 0<x<l, a(x)=> arx*, ag#0. (7.10)
k=0

THEOREM 7.1 (see [12]). There exists a unique analytic function b(x) =
Sheo bix* such that the kernel k(x) in (7.10) and the kernel

b(x

X«

{(x) =

(7.11)

are associate Sonine kernels; the series for b(x) converges where the series
for a(x) converges. The coefficients by may be uniquely determined from the
following triangular algebraic system:

sin xTr
aoby = ,
T

n (7.12)
> braniI'(k+1-)T(x+n-k)=0, n=1.
k=0
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In [12], Theorem 7.1 was proved by means of contour integration in the
complex plane. The reduction itself of Sonine condition (1.2) for functions
(7.10) and (7.11) to the algebraic system (7.12) may be given in a direct form.
Indeed, substituting (7.10) and (7.11) into (1.2), after the change of variables
t = x&, we obtain

1 0 0
b k(1 —5)k. N JEJE —
Jo Ex(1-g)l« go“kx (1-8) Jgob.;x gldg =1. (7.13)

Multiplying two power series and equalizing the coefficients, after easy calcu-
lations we arrive at (7.12).

Theorem 7.1 covers kernels close to power-type functions. Clearly, the class
of Sonine kernels is wider and includes, for instance, functions with power-
logarithmic singularities at the origin. More precisely, functions of the form

n Vk

_ a-1 o n Y

k(x) =h(x)x E {m lnx} (7.14)
- k

are Sonine kernels, where h(x) is any absolutely continuous function with
h(0)#0,0<x<1, vy eRY k=2,...,n, vi €Z and y is a sufficiently large
number, see [4] where a more general class of Sonine kernels was in fact con-
sidered, the reference to [6] is also relevant.
Examples given in (7.1), (7.2), (7.5), and (7.6) are of type of (7.10) and (7.11).
We mention also another example of the same nature:

k(x)=x*1®(B,0,-Ax), O0<a<]l,

; (7.15)
{(x) = Wx“"@(—ﬁ, 1-o;—-Ax),

where ®(B,062) = Sp_o ((B)k/(X)k) (z¥/k!) is the Kummer function (to see that
these functions form associate Sonine kernels, we refer to [7, formulas (37.1)
and (37.31)])

We also dwell on examples not covered by Theorem 7.1, namely

a
k(x) = 1+\/—7 a>0, (7.16)
k(x)=1-—2_ a>o0. (7.17)
X o
In the case of (7.16) we have
_ 1 _1,,b%x _
{(x) = Nz be" *erfc(byx), b=al(x), (7.18)
which may be verified via Laplace transforms:
_Js+b 1
H(s) = I L(s) = N (7.19)
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We observe that the function (7.18) satisfies the property £'(x) € Li(g, ),
& > 0, which may be obtained by means of the known asymptotics for the
error function:

e’

JTT
For the function k(x) in (7.17) the associate Sonine kernel is the generalized
Mittag-Leffler function:

erfcx =

1 1 3 15
(E_T)ﬁ+r)&_@+...> as X — oo, (720)

L(x) =bx “E1_g1-«(bx*™%), b=al(x), (7.21)

where Eqg(x) = > ¢ o (x¥/y(ak +B)), which may be also verified by means
of Laplace transforms, see [7, formula (1.93)]. However, this kernel and its
derivatives grow exponentially as x — .

Finally, we mention a kernel of power-logarithmic type

_In(1/x)+A

k() = e (7.22)

where A € R!, the associate Sonine kernel is expressed in terms of the special
function known as Volterra function:

I"(x)

U(x) = pan(x), h= (e —A, (7.23)
where
o0 Xt—(xeht
ua,h(x) = ,[() mdt (724)

Relation (1.2), in the case of (7.22) and (7.23), is a consequence of the formula
x—1

S h
ns—h’ s>e", (7.25)

JO e N U (x)dx =
which can be checked directly. The function p, and the corresponding inte-
gral equation of the first kind with power-logarithmic kernel were first stud-
ied in [10], see also [11]; closed form solvability of power-logarithmic integral
equations of the first kind of more general form can be found in [7, Section 32].

From the asymptotics of the Volterra function at the origin, see [10], or [7,
formula (32.8)], it follows that £'(x) = ps+1,n(X) is negative near the origin
and then #(x) = pqn(x) satisfies the monotonicity condition (4.8). However,
the function pyp(x) is exponentially growing at infinity (like exeh) and the
same is for its derivative.

As some of the above examples show, the associate Sonine kernel £(x) may
grow at infinity and even exponentially, although the kernel k(x) was decreas-
ing, and the condition ¥’ (x) € L;(&, ) is not satisfied. Therefore, the gen-
eral inversion formula (6.2) is not applicable in this case. However, it may be
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modified in such a way that it is applicable to functions f(x) with support
in (—N, ), N < co. This modification for a general Sonine-type kernel will be
realized in another paper. In this relation, see [5] where a finite interval ana-
logue of the Marchaud formula, that is, formula (5.4) for the kernel (7.22) was
obtained.

Formula (6.2) in its direct form is applicable, for example, to kernels (7.5),
(7.6), and (7.16).

In the case of (7.5) and (7.6) we note that the inversion formula obtained by
Theorem 6.1 for the equation

R S (A VO _ 1 .
F(a)Jlooe (x-t)*tp)dt=f(x) forp(x)eLl,(R'), 1<p <o,

(7.26)
has the form
P(x) = A%f(x) + F(l p” Llﬁ(; W M (7.27)
which formally coincides with
P =t MJ feo) _J;(fa_t)e_mdt (7.28)

since f(?(l—e’t/t“"‘)dt =T(1-x)/«x (see [7, formula (5.81)]); see [7, page
335] about construction (7.28). However, the form of inversion (7.28) assumes
that we have to look for solutions such that eM@(t) € L, (R).

Appendix. The Chebyshev inequality (2.1) without the assumption of the
integrability of the product k(x)£(x) on [0, ] is proved via the same ideas as

in the case of integrability if we first cut off the origin. Namely, following the
standard proof, see, for example, [13], we observe that

xX-0 rx-90
[ kx-o-kontex-o - eonatay (A1)

is positive if k(x) and £ (x) have monotonicity of the same sign, and is negative
if they gave monotonicity of an opposite sign. Hence we obtain

x-0 x-0 x-0
(X—ZE)L k(t)#(t)dtzJ:s k(t)dtJ:; L(t)dt (A.2)
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in the former case, the sign of the inequality being opposite in the latter case.
When k(x) and £(x) have the same monotonicity, the functions k(x —t) and
{(t) have the opposite monotonicity; therefore,

x-0

x-06 x-6
(Xf26)J'(s k(xft)E(t)dtsJ‘é k(xft)dtL L(t)dt (A.3)

and it remains to pass to the limit as 6 — 0 to obtain (2.1).
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