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Self-similar random fractal measures were studied by Hutchinson and Riischen-
dorf. Working with probability metric in complete metric spaces, they need the
first moment condition for the existence and uniqueness of these measures. In
this paper, we use contraction method in probabilistic metric spaces to prove the
existence and uniqueness of self-similar random fractal measures replacing the
first moment condition.
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1. Introduction. Contraction methods for proving the existence and unique-
ness of nonrandom self-similar fractal sets and measures were first applied by
Hutchinson [7]. Further results and applications to image compression were
obtained by Barnsley and Demko [3] and Barnsley [2]. At the same time, Fal-
coner [5], Graf [6], and Mauldin and Williams [13] randomized each step in
the approximation process to obtain self-similar random fractal sets. Arbeiter
[1] and Olsen [15] studied self-similar random fractal measures applying non-
random metrics. More recently, Hutchinson and Riischendorf [8, 9, 10] intro-
duced probability metrics defined by expectation for random measure and es-
tablished existence, uniqueness, and approximation properties of self-similar
random fractal measures. In these works a finite first moment condition is
essential.

In this paper, we show that, using probabilistic metric spaces techniques,
we can weaken the first moment condition for the existence and uniqueness
of self-similar measures.

The theory of probabilistic metric spaces, introduced in 1942 by Menger
[14], was developed by numerous authors, as it can be realized upon consult-
ing [4, 18] and the references therein. The study of contraction mappings for
probabilistic metric spaces was initiated by Sehgal [19] and Sherwood [20].

2. Self-similar random fractal measures. Based on contraction properties
of random scaling operators with respect to L} and 1;*, for 0 < p < 0, on a
space of random measures and their distributions, respectively, defined below,
Hutchinson and Riischendorf [8, 9, 10] gave a simple proof for the existence
and uniqueness of invariant random measures. The underlying probability
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space for the iteration procedure is also generated by selecting independent
and identically distributed (i.i.d.) scaling laws for measures.
Let (X,d) be a complete separable metric space.

DEFINITION 2.1. A scaling law with weights is a 2N-tuple
S:=(p1,S1,....,PN,SN), N =1, (2.1)

of positive real numbers p; such that Zﬁl pi = 1 and of Lipschitz maps S; :
X—-X.

Let v; = LipS;, i € {1,...,N}. Denote by M = M(X) the set of finite-mass
Radon measures on X with weak topology. If u € M, then the measure Su is
defined by

N
Su= > piSit, (2.2)

i=1
where S;u is the usual push-forward measure, that is,

Sip(A) = u(S;1(A)) for AcX. (2.3)

DEFINITION 2.2. The measure u satisfies the scaling law S or is a self-similar

fractal measure if Sy = p.

Let M, denote the set of unit mass Radon measures p on X with finite gth
moment; that is,

Mq={ueM|u(X)=1, qu(x,a)du(x)<oo}, (2.4)

for some (and hence any) a € X. Note that, if p = q, then M, C M,.

DEFINITION 2.3. The minimal metric l; on M, is defined by

1/gn1
Lo(u,v) = inf{(jxdwx,y)dy(x,y)) |y =, Ty = v}, (2.5)

where A denotes the minimum of the relevant numbers and 1r;y denotes the
ith marginal of y, that is, projection of the measure y on X X X onto the ith
component.

The l; metric has the following properties (see [16]).
(a) Suppose « is a positive real, S : X — X is Lipschitz, and Vv denotes the
maximum of the relevant numbers. Then, for g > 0 and for measures y and v,
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we have the following properties:

1 (o, vy = &l (u,v), (2.6)
lZ” (U + 2, vi+v2) < 13” (up,v1) + 12” (u2,v2), (2.7)
l;(Su,Sv) < (LipS)a™M 1, (u,v). (2.8)

The first property follows from the definition by setting y = cy, where y is
optimal for (u,v), and the third follows by setting y = Sy. The second follows
by setting y = y; + y2, where y; is optimal for (u;,Vv;), and also by noting that
(a+b)1<al+blifa,b>0and 0<qg<1.

(b) The pair (My,1,) is a complete separable metric space and I, (ty, 1) — 0
if and only if

(i) un — p (weak convergence),

(i) [ydi(x,a)dpn(x) — [d9(x,a)du(x) (convergence of gth moments).

(c) If 6, is the Dirac measure at a € X, then

1/an1
lg(u,u(X)6,) = (qu(x,a)du(X)> ,
15(84,6p) = d'"(a,b).

(2.9)

Let M denote the set of all random measures y with value in M, that is,
random variables p : Q — M. Let M, denote the space of random measures
u:Q — M, with finite expected gth moment. That is,

M, = {u EM | u®(X) =1 a.s., Ey, deq(x,a)duw(x) < oo}. (2.10)

The notation E,, indicates that the expectation is with respect to the vari-
able w. It follows from (2.10) that u® € M, a.s. Note that M, C My if g < p.
Moreover, since E}4| f]1 — exp(Elog| f]) as g — 0,

Mo 1= UgoMy = {u EM| Up(X) =1 as., ij logd(x,a)du®(x) < oo}.
X

(2.11)
For random measures p,v € My, define
1/q4q
Ewlg(u®,v®), gq=1,
vy =1 (2.12)
Eulg(u@,v®), 0<g<l.

One can check, as in [16], that (Mq,ll’{) is a complete separable metric space.
Note that [} (1,v) = lg(y,v) if p and v are constant random measures.
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Let Jl denote the class of probability distributions on M, that is,
M={D =distu | u € M}. (2.13)

Let Jt, be the set of probability distributions of random measures u € M. For
q < p, itis to be noticed that Jl, C Jt4. Let

Mo = Uq>0./i/tq. (2.14)
The minimal metric on ., is defined by
L (@1,%2) = inf {1 (u,v) | u £ Dy, v 2Dy} (2.15)

It follows that (Mq,l;‘*) is a complete separable metric space with the next
properties (see [16]):

(@) L3 (a1, 0D2) = «L3* (D1, D2),

(b) L3 (@1 + Do, D3+ D) < LUy, D3) + 13T (D, Ba),
for ¥; e My, 1 =1,2,3,4.

DEFINITION 2.4. A random scaling law with weights or a random scaling law
for measureS = (p1,51,p2,52,...,Pn,SN) is arandom variable whose values are
scaling laws, with Zﬁl pi=1as.

We write & = distS for the probability distribution determined by S.
If u is a random measure, then the random measure Su is defined (up to
probability distribution) by

N
Sui=> piSiu?, (2.16)
i=1

where S, u™V,...,u™ are independent of one another, and u® £ p. If % =
dist i, we define ¥% = distSpu.

DEFINITION 2.5. The measure u satisfies the scaling law S or is a self-similar

random fractal measure if Su 4 U, or equivalently % = %, where 9 is called a
self-similar random fractal distribution.

To generate a random self-similar fractal measure, we use the iterative pro-
cedure described as follows. Fixg > 0. Beginning with a nonrandom measure
Ho € M, (or, more generally, a random measure py € My), one iteratively ap-
plies i.i.d. scaling laws with distribution & to obtain a sequence L, of random
measures in M, and a corresponding sequence %, of distributions in Jl, as
follows.

(i) Select a scaling law S via the distribution &¥ and define

n
1 =Spo = 2. piSiHo, (2.17)
i=1
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that is,

(@) = Sko = > pi(@)Si(wpo, D L . (2.18)
i=1

(ii) Select S',...,SN via & with S* = (pi,Si,...,pk,SL), i € {1,2,...,N}, in-
dependent of each other and of S, and define

p2 = SHo = zPiP}Si OS}HO, @, & Ho. (2.19)
i,j

(iii) Select SU = (pi,SV,...,pk,Sk’) via &, independent of one another and
of S§t,...,SN,S, and define

o o 4
ps =S3po = > viP}PLJSiOS}OSiJIJo, D3 = U3, (2.20)
ik

and so forth.

Thus py4 = Z?’:l piSiuif), where uif) 4 Ly 4 D, S 4 ¢, and uﬁp and S are
independent. It follows that %,, = Y%9y_1 = "%, where % is the distribution
of po. In the case py € My, 9y is constant.

In the following, we define the underlying probability space for a.s. conver-
gence (see [10]).

A construction tree (or a construction process) is amap w: {1,...,N}* =T,
where T is the set of (nonrandom) scaling laws. A construction tree specifies,
at each node of the scaling law used for constructive definition, a recursive
sequence of random measures. Denote the scaling law of w at the node o by
the 2N-tuple

S (w) = w(o) = (p{ (W), S (w),...,pR(w),SF(w)), (2.21)

where p? are weights and S Lipschitz maps. The sample space of all con-
struction trees is denoted by Q. The underlying probability space (Q,%, P) for
the iteration procedure is generated by selecting i.i.d. scaling laws w (o) dg
for each o € {1,...,N}*. We use the notation

P’ =papaips” - pa
S7 = So Soipay 7 -+ Sa ! (2.22)
1 : n )

where |o| = n and where p? and S denote the ith components of scaling law.
For a fixed measure py € My, define

fn = Hn(@) = > P ()S” (w)po (2.23)

lol=n
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for n > 1. This is identical to the sequence defined in an iterative procedure
with an underlying space Q = Q. To see this, for w € Q and 1 <i < N, let
w® e Q be defined by
w(o)=w(i*xo) (2.24)
for o € {1,...,N}*. Then
P = pi(0)p” (0), (2.25)
i . .25
Sl*(r _ Si(w) oﬁg(w(l)).

By construction, w® are i.i.d. with the same distribution as w, and are inde-
pendent of (p;(w),S1(w),...,pn(w),Sy(w)). More precisely, for any P mea-
surable sets E,F c Q and BcT,

P({w|weE}) =P({w|w” eE}), (2.26)

where {w | w® € E} and {w | w) € E} are independent if i # j, and {w |
(prw,S1(w),...,pn(w),Sy(w)) €B} and {w | w® € E} are independent. It
follows that

N
Lt (@ Z O (0o = > pi(w)Si () pin (D) = Spi ().

i=1

HMZ

(2.27)

In [8], Hutchinson and Riischendorf proved the following theorem.

THEOREM 2.6. LetS = (p1,S1,p252,...,PN,SN) be a random scaling law with
Zﬁl pi =1 as. Assume A, := E(U(Xﬁl piriq) <1 and

N
Ey ( > pid“(Sia,a)) < oo forsomeq>0, and foracy. (2.28)
i-1
Then the following facts hold.

(a) The operator S : My — My is a contraction map with respect to L.

(b) There exists a self-similar random measure pu*.

(c) If po € My, (or, more generally, M), then

Ak/
Ea 1 (i, ™) < ‘;UqEU”llq(ul,Suo)~0, az=1,

. (2.29)

A
Eolq (M) < 75— Ewlq(k1,S00) — 0, 0<q <1,
a

as k — oo, In particular u,, — u* a.s. in the sense of weak convergence of mea-
sures.

Moreover, up to probability distribution, u* is the unique unit mass random
measure with Ey, [Ind(x,a)du® < oo, which satisfies S.
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Using contraction method in probabilistic metric spaces, instead of condi-
tion (2.28), we can give a weaker condition for the existence and uniqueness
of invariant measure. More precisely, we prove the following theorem.

THEOREM 2.7. Let S = (p1,51,p2,52,...,PN,SN) be a random scaling law
which satisfies Z?’:I pi = 1 a.s., and suppose A, := esssup(Z?’:1 pir!) <1 for
some q > 0. If there exist x € My and a positive number y such that

P({wEQIlq(tx(w),Scx(w))zt})s% Vt>0, (2.30)

then there exists u* such that Su* = u* a.s.
Moreover, up to probability distribution, u* is the unique unit mass random
measure which satisfies S.

REMARK 2.8. If condition (2.28) is satisfied, then condition (2.30) also holds.
To see this, let a € X and «(w) := 6,4 for all w € Q. We have

P({weQ|14(6a(w),S84(w)) > t})

N N
= P({w €Q| lq(Z pida(w),> piSi(Sa(w)) > t})

i=1 i=1

N
< P({w €Q1D pilg(da(w),Sida(w)) = t]»)

i=1 (2.31)
N
= P({w €Ql D> pidi(Sia,a) = t]»)
i=1
1 N
i=1
However, condition (2.30) can also be satisfied if
N
Ew ( > pidq(Sia,a)> =0 VYgq>0. (2.32)
i=1

Let Q =]0,1] with the Lebesque measure, let X be the interval [0, o[, and let
N = 1. Define S: X — X by S®(x) = x/2 +e!'/®. This map is a contraction with
ratio 1/2. For g > 0, the expectation E,,d4(50,0) = o, however

P({wtelq(S0,0)zt}):% (2.33)

forall £t > 0.

3. Invariant sets in E-spaces

3.1. Menger spaces. Let R denote the set of real numbers and R, := {x €
R:x > 0}. A mapping F : R — [0,1] is called a distribution function if it is
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nondecreasing, left continuous with inf;cg F(t) = 0 and sup,cg F(t) = 1 (see
[4]). By A we will denote the set of all distribution functions F. Let A be ordered
by the relation “<”, thatis, F < G if and only if F(t) < G(t) for all real t. Also
F<Gifandonlyif F<Gbut F # G. We set AT := {F € A: F(0) = 0}.

Throughout this paper, H will denote the heaviside distribution function
defined by

0, x=<0,
H(x) —<| 3.1)
1, x>0.

Let X be a nonempty set. For a mapping % : X x X — A* and x,y € X, we
will denote %(x,y) by Fy,,, and the value of Fy, att € R by Fx, (t), respec-
tively. The pair (X,%) is a probabilistic metric space (briefly PM space) if X
is a nonempty set and % : X x X — A" is a mapping satisfying the following
conditions:

(1) Fx(t) =Fyx(t) forall x,y € X and t € R;

(2) Fx,(t) =1, for every t > 0, if and only if x = y;

(3) if Fxy(s) =1and F, - (t) =1, then Fx . (s+t) = 1.

A mapping T :[0,1]x[0,1] — [0,1] is called a t-norm if the following con-
ditions are satisfied:

(4) T(a,1) =a foreveryac[0,1];

(5) T(a,b) =T(b,a) for every a,b € [0,1];

6) ifa=cand b >d, then T(a,b) >T(c,d);

(7) T(a,T(b,c))=T(T(a,b),c) for every a,b,c € [0,1].

A Menger space is a triplet (X,%,T), where (X,%) is a PM space, T is a t-
norm, and instead of condition (3), we have the stronger condition

(8) Fx,y(s+t)=T(Fx2(s),Fz,(t)) forall x,y,z€ X and s,t € R-.

The (t,€e)-topology in a Menger space was introduced in 1960 by Schweizer
and Sklar [17]. The base for the neighbourhoods of an element x € X is given
by

{Us(t,e) = X:t>0, €€]0,1[}, (3.2)
where
Ux(t,€):={y €X:Fy¢y(t)>1-¢c}. (3.3)
In 1969, Sehgal [19] introduced the notion of a contraction mapping in PM
spaces. The mapping f : X — X is said to be a contraction if there exists v €
10,1[ such that

Frix),pov) (rt) = Fx 5 (1) (3.4)

for every x,y € X and t e R,.
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A sequence (xy)nen from X is said to be fundamental if
lim Fy,x,(t) =1 (3.5)
n,m-—oo

for all t > 0. The element x € X is called limit of the sequence (x;)nen, and
we write limy, .o X, = X or X, — x if limy . Fx x, (£) = 1 for all t > 0. A PM
(Menger) space is said to be complete if every fundamental sequence in that
space is convergent.

Let A and B be nonempty subsets of X. The probabilistic Hausdorff-Pompeiu
distance between A and B is the function F4 3 : R— [0, 1] defined by

Fap(t):= supT( inf supFx,y (s), inf supFX,y(s)>. (3.6)
s<t x€A YEB YEB XEA

In the following, we recall some properties proved in [11, 12].

PROPOSITION 3.1. If 6 is a nonempty collection of nonempty closed bounded
sets in a Menger space (X, %,T) with T continuous, then (6,%,T) is also Menger
space, where %< is defined by F¢(A,B) := Fap for all A,B € €.

PROPOSITION 3.2. Let Ty, (a,b) :=max{a+b—-1,0}. If (X, %, Ty,) is a com-
plete Menger space and € is the collection of all nonempty closed bounded sub-
sets of X in (t,€)-topology, then (€,%<«, Ty,) is also a complete Menger space.

3.2. E-spaces. The notion of E-space was introduced by Sherwood [20] in
1969. Next we recall this definition. Let (Q,%,P) be a probability space and let
(Y, p) be a metric space. The ordered pair (¢,%) is an E-space over the metric
space (Y, p) (briefly, an E-space) if the elements of ¢ are random variables from
Q into Y and & is the mapping from € x€ into A* defined via #(x,y) = Fx,y,
where

Fey(0) =P({w e Qld(x(w),y(w)) <t}) (3.7)

for every t € R. Usually (Q,%,P) is called the base and (Y, p) the target space
of the E-space. If ¥ satisfies the condition

F(x,y)+H forx#vy, (3.8)

with H defined in Section 3.1, then (¢,%) is said to be a canonical E-space.
Sherwood [20] proved that every canonical E-space is a Menger space under
T = Tn, where T, (a,b) = max{a+ b —1,0}. In the following, we suppose that
¢ is a canonical E-space.

The convergence in an E-space is exactly the probability convergence. The
E-space (¢, %) is said to be complete if the Menger space (¢, %, T,,) is complete.

PRrROPOSITION 3.3. If (Y,p) is a complete metric space, then the E-space
(¢,%) is also complete.
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PROOF. This property is well known for Y = R (see, e.g., [21, Theorem
VIL.4.2]). In the general case, the proof is analogous.
Let (xy)nen be a Cauchy sequence of elements of ¢, that is,

Hm_ Fy, sy () =1 V> 0. (3.9)
n,m-—oo

First we show that there exists a subsequence (xy, ) ken Of the given sequence
which is convergent almost everywhere to a random variable x. We set positive
numbers ¢€; so that Y72, €; < o and put 6, = X, €;, p = 1,2,.... For each i,
there is a natural number k; such that

P({weQ|p(xk(w),x;(w)) =€;}) <e; fork,l=k;. (3.10)
We can assume that k1 <kp < --- <k; <---.Then
P({weQlp(xk,,, (w),xy, (w)) =€}) <€ fork,l=k;. (3.11)
We put
D, :uf":p{weQIp(ka,xki) > €;}. (3.12)

Then P(D,) < 6,. Finally, for the intersection D" = m;“:lD,,, we obviously
have P(D’) = 0 since 6, — 0. We will show that the sequence (xi,(w)) has a
finite limit x(w) at every point w € {w € Q | p(xk(w),xm(w)) >t} \D’. For
some p we have x ¢ D,. Consequently, p(xy,,, (w),xy, (w)) <¢€;, forall i = p.
It follows that for any two indices i and j such that j > i > p, we have

j-1 Jj-1 0
P (X1, (), Xk, (W) = D7 P (X (W), Xy (0)) < D €m < D €m = 6.

(3.13)

Thus lim; ;o p(xkj (w),xx,; (w)) = 0. This means that (xx(w))ken is a Cauchy
sequence for every w which implies the pointwise convergence of (x;,)icn to
a finite-limit function. Now remains only to put

(3.14)

(@) limxy, (w) for w ¢ D',
x(w) =
for w € D’

to obtain the desired limit random variable. By Lebesque theorem (see, e.g.,
[21, Theorem VL5.2]), xi, — x with respect to d. Thus, every Cauchy sequence
in ¢ has a limit, which means that the space ¢ is complete. O

The next result was proved in [12].
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THEOREM 3.4. Let (€,%) be a complete E-space, N € N*, and let fi,..., fn:
€ — € be contractions with ratiosry,...,vn, respectively. Suppose that there exist
an element z € € and a real number y such that

PlweQlp(z(w), fi(z(w))) = t}) < (3.15)

=<

for all i € {1,...,N} and for all t > 0. Then there exists a unique nonempty
closed bounded and compact subset K of € such that

fiK)u-- U fy(K) =K. (3.16)

COROLLARY 3.5. Let (é,%) be a complete E-space and let f : € — € be a
contraction with ratio v. Suppose there exist z € € and a real number y such
that

P({wtep(z(w),f(z)(w))zt})s% Vi>0. (3.17)

Then there exists a unique xq € € such that f (xg) = xo.

4. Proof of Theorem 2.7. Before the proof of the theorem, we give two lem-
mas.

Let €, be the set of random variables with values in M, and let €, () be the
set

€q(x) = SLB €¢,13y>0, P{weQ|ly(x(w),B(w)) =t}) < % Vit > 0}.

(4.1)
LEMMA 4.1. Forall x € My, M; C €,(x).

PROOEF. For B € My, we have

P{weQ |l (x(w),f(w)) =t})

dP < %L} lg(x(w), B(w))dP = %Ewlq(a(w),ﬁ(w)).
4.2)

Lq(a(w),ﬁ(w))zt

Since B € M4, we have y = E 1y (x(w),B(w)) < oo for all £ > 0. O
LEMMA 4.2. The pair (€4,%) is a complete E-space.

PROOF. The lemma follows by choosing Y := ¢, and %, (t) :== P({w € Q|
ly(u(w),v(w)) < t}) in Proposition 3.3. O

PROOF OF THEOREM 2.7. Let S be arandom scaling law. Define f:¢€,; — ¢,
by f(u) = Sy, that is,

Su(w) = Zv?’S{*’u(w“’)- 4.3)
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We first claim that if p € %, then Sy € €,,. For this, choose i.i.d. u(w®) 4 (w)

and (p{°,S{%,...,PN,SY) g independent of u(w). For g > 1 and b; = Si’l(a),
using (2.8), we compute

Jd‘l(x a)d(Su®(x)) —lq(ZPwa (w (i))l(sa)

i=1

(prsw l) prswéh ) (4.4)

1 (™), 8p,).

A
"MZ
<

-
Il
—

Since p(w®) € My, we have
de“(x,a)d(§u(x)) < 0. (4.5)

We can deal with the case 0 < g < 1 similarly by replacing I with ly:

Vs

J d(x,a)d (Su® (x)) = lq< p;“S;“u(w“)),éa)
X

i=1

l(
i

N
< D> periy(u(w'?),6p,) <
i=1

M=

pPSLu(w®) Zp“’S‘”Sb) (4.6)

1

To establish the contraction property, we consider u,v € €,
u(w®) 4 u(w), v(w®) Ly (w), iell,2,...,N}, 4.7)
and g = 1. We have

Fran.pon () = P({ew € Q1 L (f (u(w)), f(v(w))) < t})

P( wtelq<Zp‘“S“’ (w®) prsw w“>)<t}>

1/q
({we@l Zpl (ri) " (u (w(i)),v(w(i)))] <t})

P({ow Q| [Agld(u (w),v(w))]”“<t})—Fu,v<A1—t/q)

\V

[\

for all t > 0.
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In case 0 < g < 1, one replaces lg everywhere by [;:

Fran.pon () = P({w € Q11 (f (u(w)), f(v(w))) < t})

P( weQIM(ZpL“’S“’ (@) zp“’S“’ (w(i)))<t}>

i=1 i=1

1/q
({wem > (r) l(u(w“’),V(w“)))] <tD

Q[ [Aglg(p(w),v(w))] <t}) = Fu,V(;q)

(4.9)
for all t > 0. Thus S is a contraction map with ratio 2\1/ "1 We can apply
Corollary 3.5 for v = Al/q“. If p* is the unique fixed point of S and pp € My,
then

Fsnygu* (£) = P({we Q| Iy (S™ o, u™) < t})
An/q
> P({w eQ| Wl a (Mo, Spo) < t})

t(1-A49
= Fuo.su0 T )

%%FS”NO,N* (t) =1 Vt>O0.

(4.10)

From piy,+1(w) = Suy (w), it follows that u,, — pu* exponentially fast. More-
over, for g > 1,

m|&:

M

[ n 00
P(1§(S"vo,u* Z & Z (4.11)

i=1

This implies by Borel-Cantelli lemma that 14 (pn, u*) — 0 a.s.
For the uniqueness, let % be the set of probability distribution of members
of €,. We define the probability metric on & by

Fya(t) = supsup {Fu,v(s) 7 4 A, v 4 %} (4.12)
s<t

To establish the contraction property of &, we consider #,% € %. For g = 1, we
get

Fya,99(t) = supsup {Fsu,sv(S) lu s, ve 973}
s<t

¢ (4.13)
>supsup{Fu,v(Al/q> | U= &ﬂ V= %}=Fﬂ,g&()\l—/q>

s<t aq q

for all t > 0. For 0 < g < 1, the demonstration is similar.
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Consider @, and %, such that $%, = %; and Y%, = D».
Since 97 = $™(P) and D» = (D, ), we have

t
Fgll,@z(t) ZF‘E[q,@z( ) (414)

T_"
for all t > 0. Using lim,,_.. ¥™ = 0, it follows that
Faya,(t) =1 (4.15)

forallt > 0. O

REMARK 4.3. Since /\}4/‘1 — max;7; as q — o, we canregard [12, Theorem 4.2]
as a limit case of Theorem 2.7. More precisely, if max;#; < 1, then sprtu* is
the unique compact set satisfying the random scaling law for sets (S1,...,Sn).
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