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We construct one-parameter complex analytic families whose special fibers are
complete toric varieties. Under appropriate assumptions, the general fibers of
these families also become toric varieties, and the corresponding fans are explicitly
described by the data of the fans associated to the special fibers. Using these fam-
ilies, we construct a deformation family for a certain toric weakened Fano 3-fold.
Moreover, we obtain certain examples of toric weakened Fano 4-folds.
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1. Introduction. It is well known that the Hirzebruch surface F; (a > 0) of
degree a is deformed in a one-parameter family to F,_», where k is a positive
integer such that a — 2k > 0. In particular, if a = a’(mod?2), then F,; and F,
are homeomorphic. In this paper, we generalize this classical result to certain
nonsingular complete toric varieties. Namely, for a nonsingular complete toric
d-fold V which has a toric fibration onto P! such that its general fiber has at
least one symmetric pair of toric prime divisors (see Definition 3.2), we con-
struct a complex analytic family {V;}:cc such that V;, = V. Moreover, under
appropriate assumptions, the fan corresponding to the general fiber of this
family is explicitly described by the data of the fan corresponding to V, and
{Vi}i+0 are mutually isomorphic.

As an application of this construction of families, we construct a deforma-
tion family for a certain toric weakened Fano 3-fold, that is, a nonsingular toric
weak Fano variety which is not Fano but is deformed to a Fano variety. Toric
weakened Fano d-folds are classified for d < 3 (see Sato [8]). Moreover, we
obtain certain examples of toric weakened Fano 4-folds.

The content of this paper is as follows. In Section 2, we review the homo-
geneous coordinate of a toric variety, which is a key to our main result. In
Section 3, we construct complex analytic families of nonsingular complete va-
rieties over C as stated above. In Section 4, as an application of the construc-
tion, we study deformations among P4~!-bundles over P!. In Section 5, we give
certain examples of toric weakened Fano 3-folds and 4-folds using the families
constructed in Section 3.

2. Homogeneous coordinates of toric varieties. In this section, we recall
homogeneous coordinates of toric varieties (see Cox [3] and Oda [6]).
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Let N = 74 with elements regarded as column vectors, M := Homz (N, Z),
Nr:=N®R, Mg := M®R, and X a fan in N. Throughout this paper, we mean
by a cone a nonsingular rational cone and by a fan in N a nonsingular fan which
contains at least one d-dimensional cone. For 0 < i < d, we put (i) := {0 €
3 | dimo = i}. Each T € 3(1) determines a unique element e(t) € N which
generates the semigroup T N N. Let

GZ):={e(T)eN|TE=()} (2.1)
and G(o0) := 0 N G(X). We introduce variables {¥, | p € G(X)} and consider

the polynomial ring S := C[%, | p € G(X)], which we call the homogeneous
coordinate ring of the nonsingular toric d-fold V corresponding to 3. Let

[ X,=0for anyan]» cCé®, (2.2
pPeEG(E\G(0)

Z:= ‘|(Xp)pec<2) € o™

On the other hand, by the exact sequence
0—M — 72°® — Pic(V) — 0, (2.3)
we have an exact sequence
1 — G := Homg (Pic(V),C*) — (C*)°® — Ty — 1. (2.4)

Since (C*)¢®) acts naturally on C“®)| the subgroup G c (C*)¢® acts on C¢®
as

gt:=(g([Dp])tp) pecs)» (2.5)

where g € G, t = (tp)pecx) € C®), and [D,] € Pic(V) is the class of the toric
prime divisor D, corresponding to p. In this setting, the following proposition
holds.

PROPOSITION 2.1 (Cox [3, Theorem 2.1]). The subset C6&) \ 7 ¢ C¢®) js
invariant under the action of G, and V is the geometric quotient of C°® \ Z by
G. The subset C¢)\ Z is denoted by U(X).

We need the following proposition for this description.

PROPOSITION 2.2 (Cox [3, Theorem 2.1]). For any o € X,

[T X+ 0}) /G, (2.6)
PEG(X)\G(0)

where U, C V is the affine toric subvariety associated to .

Us = (U(Z)(r = {(Xp)pGG(Z) cu)
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3. Constructions of families. In this section, we construct one-parameter
complex analytic families whose fibers are nonsingular complete varieties. In
particular, the special fibers are nonsingular complete toric varieties. This is
a generalization of the classical results on deformations among Hirzebruch
surfaces.

Let N := {n € N | the dth coordinate of nis 0} and Sa complete fan in N.
For a complete fan S in N containing S as a subfan, we define subfans of = as
follows:

>*:= {0 € 3| the dth coordinate of n is nonnegative for anyn € o},

. ) . (3.1)
3~ := {0 € 3| the dth coordinate of n is nonpositive for anyn € o}.

Then, we have S = 3*N3". We denote by V (resp., V'™ and V) the nonsingular
toric d-fold corresponding to the fan X (resp., =* and X~), while we denote by
V the nonsingular toric (d —1)-fold corresponding to the fan s,

REMARK 3.1. The variety V has a toric fibration V — P! whose general fiber
is isomorphic to V.

For a nonsingular complete fan 3 in N, we can define the abstract simpli-
cial complex I'(X) whose vertex set is G(X), naturally. We need the following
definition.

DEFINITION 3.2. Let S be a nonsingular complete toric variety and =g the
corresponding fan in N. Then, a pair (D;,D>) of distinct toric prime divisors
on S is called a symmetric pair if the following conditions hold:

(i) D1 = D> in Pic(S);
(ii) the bijection ¢ : G(Zg) — G(Zs), defined by

¢(my)=m, Pm)=m,  PloE)\mm =id, (3.2)

induces the automorphism of I'(Zg), where n; and n, are the elements
in G(Zg) corresponding to D, and D>, respectively.

REMARK 3.3. There exists a linear subspace H C N of codimension 1 such
that G(Z¢) \ {n;,ny} C H.

EXAMPLE 3.4. The d-dimensional projective space P4 has a symmetric pair
of toric prime divisors, while a toric bundle over P! also has a symmetric pair
of toric prime divisors.

EXAMPLE 3.5. One can easily check that every nonsingular toric Fano 3-fold
has a symmetric pair of toric prime divisors by the classification. There exists
a toric Fano 3-fold which is neither P3 nor a toric bundle over P! (see Batyrev
[2] and Watanabe-Watanabe [9]).
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Suppose that V has at least one symmetric pair of toric prime divisors.
In the above situation, let

G(S) = {el,...,eq_1,a1,...,a,},

G(E) ={by,....bu}UGE), G(E)={c,...,cal UGS), 69
{eq,...,e4_1,b;} the standard basis for N, and
(ai,...,ap,by,...,bm,c1,...,Cpn)
ai, - apn b?,l cor bmi Cl1 e Cna 3.
aid -+ Apd bz-,d o bma Cia -+ Cna

Suppose that the pair of the toric prime divisors on 1% corresponding to e;
and a; is a symmetric pair. Suppose further that {e;,...,e;_1,b;} generates
a d-dimensional cone in X*, while {e;,...,e;_1,C1} generates a d-dimensional
cone in 3. For a nonnegative integer k, we construct a complex analytic family.

Since {ai,...,a,} C G(i), we have a1 4 = --- = apq = 0. We have c1 4 = -1,
by the assumption that {e;,...,e;-1,C;} generates a d-dimensional cone in 3.

Let Dy,...,Dgq-1; Aiy,...,Ap; Bi,...,By; and Cy,...,Cy, be the toric prime divi-
sors corresponding to ey,...,e4-1; ai,...,ap; by,...,by; and cy,...,cy; Tespec-
tively. Then, by computing the divisors of the rational functions e(ef),...,
e(ej_,),e(by) € C(V), where {ef,...,e}_,,bi'} C M is the dual basis of {ey,...,
es_1,b1}, we have

D, +111’1A1 + - +ap,1Ap +b2’1B2 + .-
+ bm‘le +C1!1C1 +--- +Cn‘1Cn = 0,
D» +a1,2A1 + - +ap,2Ap + bzysz +---

+ bm‘zBm +C1,2C1 +--- +Cn,2Cn = 0,
(3.5)

Dd—l +a1,d,1A1 + - +ap,d,1Ap +b2,d,132 + -
+bma-1Bm+cra-1C1+- - +cna-1Cn =0,

B +b2’de + - +bm,dBm - +C2’dC2 + - +Cn,an =0

in Pic(V), respectively. Using these equalities, we calculate the homogeneous
coordinates of V, V*, V—, and V.

Let (X1,...,Xa-1,Y1,..,Yp, Z1,..., Zm, W1, ..., Wy) be a homogeneous coordi-
nate of

V=U(2)/G with G :=Homgz(Pic(V),C*) (3.6)



JUMPING DEFORMATIONS OF COMPLETE TORIC VARIETIES 3105

corresponding to ey,...,e4_1; ay,...,a,; b1,...,by; and cy,...,c,; respectively,

and (Xf,...,X;lll,Yf,...,Y;,Zf,...,Z,*n) a homogeneous coordinate of

V*=U(S*)/G* with G* := Homg (Pic(V*),C) (3.7)

corresponding to ey,...,e4_1; ai,...,a,; and bq,...,b;,; respectively. Since
Wi,...,Wn =0 0on Uges+ UZ) s, we can define a surjective morphism

ot |J U®)ecUE) —UE") (3.8)

oext

given by

X{ = XWX = X Wy
Yi =Y., Y =Y, (3.9)
7 = oW W ZE = o, 7 = T

LEMMA 3.6. The morphism @* induces an isomorphism

qNa*:( U U(Z)U) /G—»V*. (3.10)

oext

PROOF. By relations (3.5), for g € G, we have

(9(Di)Xi) (g(Cr)W1) - - - (g (Cu) W)™
= g(Di +C1’iC1 +oee +Cn’iCn)Xinl'i e W:Ln'i
= g( — (alyiAl +--- +a,,_,—Ap +b21iBz +--- +bm,iBm))XiW1C1'i e Wycln'i
(3.11)
for any 1 <i <d -1, while we have

(9(B1) Z1) (g (Cr)Wr) M -+ (g (Cp) W) ™
—gBi+C1aCr+- - +CnaCp) ZIW ™ - W™ (3.12)
=g(— (boaBo++ - +bmaBm)) ZIW, ™ -+ W™,

Therefore, @™ is compatible with the action of G and G*, and hence @ * induces
an isomorphism

&*:( U U(Z)(,)/GCV—»V* =U(=")/G". (3.13)

oest O

On the other hand, let (Xf,...,X;_l,Y{,...,Y;,W{,...,W,{) be a homoge-
neous coordinate of V- = U(Z7)/G~ with G~ := Homyz(Pic(V~),C*) corre-

sponding toey,...,e4-1;a1,...,a,; and cy,...,Cy,; respectively. Similarly as above,
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the surjective morphism

o J U®ecUuE —UuE), (3.14)

ogex”
given by

_ c by gc1,1+b21 b c1,1+tbm,1
Xl — Xl le,l Zz 2,d . me,d m.

yroany

X7 = X4 lzcl,d-lth,dcl,d-ﬁbz,d-l me,dcl,d-ﬁbm,d-l
d-1 = Ad-147 2 T im

YU = Vi, Yy =Y, Wi = 2002 2 W Wy = Wa,. s Wy = Wy,

(3.15)
induces an isomorphism
@ :( U U(Z)g>/GCV—»V‘ =U(=7)/G". (3.16)
ogex
Next, let (xf,...,x;,l,yf,...,y;) and (xy,...,X; 1,Y1,..-,),) be homoge-

neous coordinates of V corresponding to ey,...,e4—; and ai,...,a,, respec-
tively, and z,w € C*. By similar argument as above, we obtain two isomor-
phisms

(UU(Z*)U)/G*CV*—»‘N/X(CX, (UU(2)0>/ch~\7ch,

(3.17)
given by
+ :X+(Z+)b2,1 (2 )hm,l ot (Z+)b2'd’1 . (Z+)hm,d—1
X1 1 (42 m e Xgoq d-1\42 m ;

b b
=YLy =Y), z=Z{(Z3) - (Z) T,

xl— _ Xf(WE)CZ,1+C1,lCZ,d . (WYI)Cn'lJrCI’ICn‘d,___,

xg_l — X;_l (W2,)c2,d71+C1,d71C2,d . (WY:)Cn,dflJrCl,d—lCn,d,
Y=Yy, =Y,, w=W; (Wy) ... (W)
(3.18)
respectively. These two coordinates of V x C* are related as follows:
T =xywent =X C1,d-1 ¥y oy !
Xp =X W X = Xg W ’ M —3’1:---,J/p—yp, Z—E.
(3.19)

We construct a one-parameter family of nonsingular complete algebraic va-
rieties parameterized by t € C by changing this relation: let {V;};cc be the
family we obtain by patching V* and V~ along V xc* by the automorphism



JUMPING DEFORMATIONS OF COMPLETE TORIC VARIETIES 3107

(XTseesXg s V1 sees Vo W) = (XT o, X3 1, Y1 .00, Yy, 2), defined by
X7 = x; Wty wk xd = x;we, xS = xg  whdT
1 (3.20)

yf—:yl_l--'!y;:y;; Z:E.

This is well defined since (D1,A;) is a symmetric pair of toric prime divisors
onV. Thus, we have the following theorem.

THEOREM 3.7. The family {V;}cc is a complex analytic family whose special
fiber V is isomorphic to V.

Finally, we calculate the general fibers of this family under appropriate as-
sumptions. We introduce certain notation.

For any q = (q1,...,q4-1) € Z% !, we can define a complete fan q~= in N as
follows:

qZ=3fu{qoloex}, (3.21)

where q~ o is the image of o under the automorphism of Ny corresponding
to the matrix

1 0 0 q1

0 1 0 q»

Do .o S (3.22)
00 -+ 1 4qa

o o0 --- 0 1

acting from the left on the elements of N = 74 regarded as column vectors. We
denote by g~V the nonsingular toric d-fold corresponding to the fan g~ 2.

THEOREM 3.8. Foranyt e C%,
Vt = (2k,—ka1,2,...,—kal,d_l)f\/, (323)

if the following conditions are satisfied:
i m=n=1,
(ii) kClyd +C1,1 =C11 — k>0.

REMARK 3.9. Theorem 3.8(i) implies that V has a toric bundle structure
V — P! whose fiber is isomorphic to V.

PROOF OF THEOREM 3.8. Let (X{,...,X; |,¥/,...,¥,,2) be a coordinate of
V x C*. By assumption, we can define an automorphism ¢* : (x{,...,x}_;,
Vi ¥ 2) = (X R, 9T 97, 2) of VX T by

R =xy K-ty R = xR =X, (.24

Y=, Vs =Y ey =Y, Z:=z.
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In fact, we can easily construct the inverse of this morphism. Then, the coordi-
nates (fc{r,...,)%;71,37{,...,5/;,2) and (Xy,...,X; 1,1 ,..,),,w) are related
as follows:

X = (x;wt +ty;whw K —ty; = xpwerrk,

o+ - ; o+ - _
Xy =X, W2, X =X whdl, (3.25)

P =tlgwr +tyrwk), 35 =y, L9 =y, 2:5.
By considering the action of G:= HomZ(Pic(V), C*), these relations are equiv-
alent to

A - -2k o+ - 2+kay; + - _1+k _
xf =X w1 X3 =3 w2t fll,z,___,x‘#l = Xd—lwcl’d' 1HRaLd-1
. 1 (3.26)

P =t w Rty ), P =y, =y, 2:5.

Similarly, we can define another automorphism
W (X s Xy Y10 s Voo W) — (R, X V000 VW) (3.27)

of VxC* by

X7 =X,
- e B X (3.28)
Y=t W YD), Y0 =y, Y, =Y, wi=w

These new coordinates ()21*,...,k;_l,jzf,...,j/p*,é) and (X7,...,X_ 1, V1,
Y, ,w) of V x C* are related as follows:

1-2k £+ $—apcl2tkar S+ L~ anClrd-1tkayg-1
y D yr ety - ! ! )

A 1 (3.29)

We show that the automorphisms ¢+ and ¢~ are extended to the automor-
phisms of V* and V~, respectively. Let

X= X5 (z)) =Yy XS = X5, X5 = X5, 330,
Y =oX{, Y =Y, Y =Yy, 2 =70 -

By the assumptions m = 1 and (D;,A;) is a symmetric pair of toric prime
divisors on V, this defines an automorphism X{y o X YY), Z) -
(X, X3, Y10, ¥, Z7) of V* whose restriction to V x C* is ¢/*. Similarly,
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by the assumption kc; 4+ ¢1,1 = 0, by putting

Xy = X100 Xy = X0 0, 331)
Vi o= Xy (W) Yy LY =Y, W = W '

we obtain an automorphism (Xi,..., Xz 1, Y7 ,...,Y, , W) — (X7,.... X5,

Y7,...,Y;,Wy) of V- whose restriction to VxC*is y.

On the other hand, let ¢} be the element in G(q~%) corresponding to c;,
where q = (2k,—kai2,...,—kai,a-1). Then,

Ci1+ 2kC1,d
ci2—kaipciq

¢ = : . (3.32)
Cia-1—kara-1c1a
Cl,d

On V-, equalities (3.5) are
D, +a1,1A1 + - +ap,1Ap +C1,1C1 =0,
D> +a1,2A1 + - +ap,2Ap +C1,2C1 =0,

(3.33)
Dg1+arg1Ar1+---+apa-1Ap+c1,4-1C1 =0,
-1 =0

in Pic(V ™). Obviously, these equalities are equivalent to

D, +0L1‘1A1 + - +tlp’1Ap + (C1’1 + 2kC1,d)C1 = 0,
D> +6l]’2A1 + - +(le2Ap + (C]yz —ka],zclyd)CH = 0,
(3.34)

Dgi+arga1Ar+---+apa1Ap+(cra-1—kara-1c1,4)Ci =0,
-C; =0

in Pic(V ™). Therefore, the action of G- on U(Z~) coincides with the action of
G’ := Homyz (Pic(V"),C*) on U(X"), where

Y= (g \Z)us (3.35)

and V"’ is the toric d-fold corresponding to X'.
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Thus, for any t € C*, we have

Vt = (2k,—ka1,2,...,—kal,d,l)fv. (3.36)
O

4. Projective space bundles over the projective line. The classical results
for deformations among Hirzebruch surfaces are well known. As a generaliza-
tion of this results, for P?-bundles over P!, Nakamura [5] showed the following
proposition.

PROPOSITION 4.1 (Nakamura [5]). For integers a,b,c,a’,b’,c’, let
V =Pp1 (0(a)®0(b)®0(c)), V' =Pp (0(a’)@0(b")®0(c")). 4.1)

Then the following are equivalent:
i) a+b+c=a +b" +c' (mod3);
(ii) there exist P2-bundles Vy,...,Vm over P! such thatVy =V, V,, = V', and
Vi1 is deformed to V; forany 1 <i <m;
(iii) V and V' are homeomorphic.

We generalize the implication (i)=(ii) of Proposition 4.1 for P4-!-bundles
over P! using the one-parameter families constructed in Theorem 3.7. Harris
[4] studied this case. For fundamental properties of primitive collections and
primitive relations, see Batyrev [1, 2] and Sato [7]. We use the notation as in
Section 3.

Let V be a P4~ 1-bundle over P!, that is,

V=V(p1,...,pa-1) :=Pp1 (000(p1) ®---©0(pa-1)), (4.2)

where p1,...,p4-1 are nonnegative integers. Then, the primitive relations of
the corresponding fan X are

e +---+e4_1+a; =0, b+ =preg+---+pa_1eq1, 4.3)

where G(X) = {ey,...,e4_1,a1,b1,c1}. For a nonnegative integer k such that
a1 —k = 0, the conditions in Theorem 3.8 are satisfied. Therefore, there exists
a one-parameter complex analytic family {V;};cc such that

%4 ift =0,
Vt = (44)
(2k,k,....,k)"V ift+0.

We show that for V(p1,...,pa-1) and V(py,...,p 1), if p1+-- - +pa1 = p1 +
-+ +p,_;(modd), then there exist nonsingular toric d-folds Vy,...,V,, such
thateach V;isaP4-!-bundle over P}, Vo = V(p1,...,pa-1), Vi =V (PL,-.-, Pi_1),
and V;_; is deformed by a one-parameter family to V; for any 1 <i < m.
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Let k = 1. Suppose that there exists 1 <i < d —1 such that p; > 2. So, we
may assume that p; > po > -+ > p; > pi+1 = -+ - = pa—1 = 0 by changing the
order of the indices, where p; > 2. Then, by the family (4.4), V is deformed to
(2,1,...,1)"V. The primitive relations of (2,1,...,1) X are

e +---+eq_1+a; =0,

p1—2
p2—1
b +C pi—1 (p1—1)e1+pre2+---+pre;+a; ifl<d-1,
+C) = =
SRR FUISES (p1-2)er+(p2—-1)ex+---+(p—-1)e; ifl=d-1,
Pa-1-1
0

(4.5)

where G((2,1,...,1)"%) = {ey,...,e4_1,a;,b;,C;}. We can replace V by
(2,1,...,1)7V and carry out this operation again. This operation terminates
in finite steps, and V becomes V (p,...,p4-1) such that p; <1,...,p4-1 <1.In
each step, p1 ++ - - +p4-1 € Z/dZ does not change. Thus, we have the following
proposition.

PROPOSITION 4.2. Forintegersai,...,aq,ay,...,ay, letV =Pp (O(a1)®- - &
O(aq)) andV' =Pp (0(a)) e---e0(ay)).Ifar+---+aga=a)+---+a,(modd),
then there exist P4~1-bundles Vy, ...,V over P! such thatVy =V, V,, = V', and
Vi_1 is deformed to V; for any 1 < i < m. In particular, V and V' are homeo-
morphic.

5. Weakened Fano varieties. The following definition is important for the
birational geometry.

DEFINITION 5.1. Let V be anonsingular projective variety. Then, V is called
a Fano (resp., weak Fano) variety if its anticanonical divisor —Ky is ample (resp.,
nef and big).

The following definition was proposed by Minagawa in connection with
“Reid’s fantasy” for weak Fano 3-folds.

DEFINITION 5.2. Let V be a nonsingular weak Fano variety over C and A, :=
{t e C| |t| <€} for a sufficiently small real number € > 0. Then, V is called a
weakened Fano variety if V is not a nonsingular Fano variety and there exists a
small deformation @ : ¥ — A, such that Vo := @ ~1(0) = V, while ¥, := ¢~ 1(t)
is a nonsingular Fano variety for any t € A¢\ {0}.
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In this section, we give a deformation family for a certain toric weakened
Fano 3-fold using the families constructed in Section 3. Toric weakened Fano
3-folds are completely classified by Sato [8]. Moreover, we obtain nine examples
of toric weakened Fano 4-folds. We use the notation as in Section 3.

EXAMPLE 5.3. Let V be the nonsingular toric weakened Fano 3-fold of type
XS in the sense of Sato [8], that is, the primitive relations of X are

e; +a; = ey, er+ap =0, b1 +Cy = 2ey, (5.1)

where G(2) = {e1,e,,a1,a>,b;,C}. The variety V is an F;-bundle over P!, where
F, is the Hirzebruch surface of degree 1. Therefore, by Theorems 3.7 and 3.8,
there exists a complex analytic family {V;}:ec such that

Vo=V, (5.2)
while
Vi=(2,-1)"V (t=+0). (5.3)
The primitive relations of (2,—1)"X are
e +a; = ey, e>+ap =0, b, +C| = ey, (5.4)

where G(X) = {e1,ez,a;1,a2,b1,C} }. The toric Fano 3-fold we want is (2,—1)"V
(see [8, Section 4]).

In the same way as in Example 5.3, we obtain certain examples of toric weak-
ened Fano 4-folds which does not decompose into direct products of lower-
dimensional varieties. In the following, G(2) = {n;,n»,...} and the fans corre-
sponding to toric weakened Fano 4-folds are described in terms of primitive
relations. We also give the types of general fibers. The symbols of types of
nonsingular toric Fano 4-folds are those of Batyrev [2] and Sato [7]:

(i) n; +n4 =Ny, n» +n3 +ns = 0, and ng +ny = 2n; (type D7);
(ii) n; +n4 =np, n» +ng = 0, n3 +ns5 = Ny, and ny + ng = 2n; (type Ly);
(ili) n; +n4 =np, np +ng = 0, N3 +ns = ng, and n7 +ng = 2n; (type Li3);
(iv) n; +n4 =np, np +Nns5 =n3, n3 +ng = 0, and n; +ng = 2n; (type Ly);
(V) ns+ng=0,n3+n; =0,n2+N3 =N3,N5+N7 =Ny, N> +Ng = N7, N; +Ny =
ny, and ng +ng = 2n; (type Q,);
(vi) ns+ng=0,n3+n; =0,np+N3 =N3,N5+Ny =Ny, N> +Ng = N7, N; +Ny =
n3, and ng +ngy = 2n; (type Q13);

(vii) ns+ng=0,n3+n7;=0,n2+N3 =N5,N5+N7; =N, N> +Ng =Ny, N +Ny =

ns, and ng + ng = 2n; (type Qg);

(viii) ns+ng =0,n3+n;=0,n2+N3 =Ns5,N5+N7 =N, N2 +Ng = N7, N +Ny =

0, and ng +ng = 2n; (type Q11);
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(IX) ns +ng = 0, np +Ns = N3, N3 +Ng =Ny, N3 +Ng =N5, N3 +N7; = 0, np +ng =
0,ng+ng =Nz, Ny +N7 = Ng, N5 +N7 = Ng, N +Ny = Ny, and ng + N9 = 2Ny
(type Uy).
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