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Stochastic processes on totally disconnected topological groups are investigated.
In particular, they are considered for diffeomorphism groups and loop groups of
manifolds on non-Archimedean Banach spaces. Theorems about a quasi-invariance
and a pseudodifferentiability of transition measures are proved. Transition mea-
sures are used for the construction of strongly continuous representations includ-
ing the irreducible ones of these groups. In addition, stochastic processes on gen-
eral Banach-Lie groups, loop monoids, loop spaces, and path spaces of manifolds
on Banach spaces over non-Archimedean local fields are also investigated.
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1. Introduction. This paper is a continuation of [20, 21], where stochastic
processes on Banach spaces over local fields and stochastic antiderivational
equations on them were investigated. This paper is devoted to stochastic pro-
cesses on a totally disconnected topological group which is complete, separa-
ble, and ultrametrizable. In particular, stochastic processes on diffeomorphism
groups and loop groups of manifolds on Banach spaces over a local field are
considered. These groups were defined and investigated in [13, 15, 16, 18].
These groups are nonlocally compact and for them the Campbell-Hausdorff
formula is not valid (in an open local subgroup). In this paper, topological
groups locally satisfying the Campbell-Hausdorff formula are also considered.

Finite-dimensional Lie groups locally satisfy the Campbell-Hausdorff for-
mula. This is guaranteed, if to impose two conditions on a locally compact
topological Hausdorff group G: itis a C*-manifold and the following mapping
(f,g) — fog ! from G x G into G is of class C™. But for infinite-dimensional G,
the Campbell-Hausdorff formula does not follow from these conditions. Fre-
quently, topological Hausdorff groups satisfying these two conditions also are
called Lie groups, though they cannot have all properties of finite-dimensional
Lie groups, so that, the Lie algebras for them do not play the same role as in
the finite-dimensional case and therefore Lie algebras are not so helpful. If G
is a Lie group and its tangent space T,G is a Banach space, then it is called a
Banach-Lie group, sometimes it is undermined, that they satisfy the Campbell-
Hausdorff formula locally for a Banach-Lie algebra T,G. In some papers, the Lie
group terminology undermines, that it is finite-dimensional. It is worthwhile to
call Lie groups satisfying the Campbell-Hausdorff formula locally (in an open
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local subgroup) by Lie groups in the narrow sense; in the contrary case, to call
them by Lie groups in the broad sense.

In this paper, also theorems about a quasi-invariance and a pseudodifferen-
tiability of transition measures on the totally disconnected topological group
G relative to the dense subgroup G’ are proved. In each concrete case of G, it
is necessary to construct a stochastic process and G’. Below, path spaces, loop
spaces, loop monoids, loop groups, and diffeomorphism groups are considered
not only for finite-dimensional, but also for infinite-dimensional manifolds.

In particular, loop and diffeomorphism groups are important for the de-
velopment of the representation theory of nonlocally compact groups. Their
representation theory has many differences with the traditional representation
theory of locally compact groups and finite-dimensional Lie groups, because
nonlocally compact groups have not C*-algebras associated with the Haar mea-
sures and they have not underlying Lie algebras and relations between repre-
sentations of groups and underlying algebras (see also [17]).

In view of the A. Weil theorem, if a topological Hausdorff group G has a quasi-
invariant measure relative to the entire G, then G is locally compact. Since
loop groups (LM N)g are not locally compact, they cannot have quasi-invariant
measures relative to the entire group, but only relative to proper subgroups
G’ which can be chosen dense in (LMN )&, where an index & indicates a class
of smoothness. The same is true for diffeomorphism groups.

It is necessary to note that there are quite another groups with the same
name loop groups, but they are infinite-dimensional Banach-Lie groups of map-
pings f : M — H into a finite-dimensional Lie group H with the pointwise group
multiplication of mappings with values in H. The loop groups considered here
are geometric loop groups.

On the other hand, representation theory of nonlocally compact groups is
little developed apart from the case of locally compact groups. For locally com-
pact groups, theory of induced representations is well developed due to works
of Frobenius, Mackey, and so forth. But for nonlocally compact groups, it is
very little known. In particular, geometric loop and diffeomorphism groups
have important applications in modern physical theories (see [16, 18]).

Then, measures are used for the study of associated unitary representations
of dense subgroups G'.

In this paper, notations and definitions from [18, 20, 21] are used.

2. Stochastic antiderivational equations and measures
on totally disconnected topological groups

NOTE 2.1. Let X be a Banach space over a local field K. Suppose M is an
analytic manifold modelled on X with an atlas At(M) consisting of disjoint
clopen charts (Uj,¢;), j € Am, Am C N. Thatis, U; and ¢;(U;) are clopenin M
and X, respectively, ¢pj: U; — ¢;(U;) are homeomorphisms, and ¢ ;(U;) are
bounded in X.
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NOTE 2.2. Let Qék} (M,N) be the loop submonoid as in [18, Section I.3.5]

such that ¢ > 0 and ¢’ > 0. Then, it generates the loop group G’ := Lék} (M,N)
as in [18, Section II.2.1] such that G’ is the dense subgroup in G = Lg(M,N).

REMARK 2.3. Let M be amanifold on the Banach space X with an atlas At(M)
consisting of disjunctive charts (Uj,¢j), j € A, A C N, where U; and ¢, (U;)
are clopen in M and X, respectively, ¢; : U; — ¢;(U;) is a homeomorphism,
also ¢;(U;) = B(X,xj,7;) is a ball in X with a radius 0 < 7 < « for each j (see
also [18, Sections 1.2.1-8]).

For A = wy, we define a Banach space

Colt,M — X) = { flu, € C.(L.U; — X),

L fllcy e m—x) 1= Sulli)(HfIUj||C*(t,Uj_>X)/min(1’Tj)) < o,
je

(Hf'Uj||C*(t,Uj—»X)/min(1irj)) — 0 while j — oo},
(2.1)

where 0 <t < o0, s = 0 for spaces Cy(t,U — X), * = & or simply is omitted for
C(t,U — X). For the finite atlas At(M), the spaces Cy (t,U — X) and C, (t,U —
X) are linearly topologically isomorphic. By C2(t,M — M), for 0 <t < oo is
denoted the following space of functions f : M — M such that (f; — 0;) €
Ci«(t,M — X) for each i € A and f; = ;o f, 0; = ;o 0. We introduce the
following group:

G(t,M) := Ci¥(t,M — M) Hom(M), (2.2)

which is called the diffeomorphism group (and the homeomorphism group for
0 <t < 1), where Hom(M) is the group of continuous homeomorphisms.
Each function f € Cy(t,M — X) has the following decomposition:

fOly, = > fimx)lyeiz(n), (2.3)
(ieN,neNg)
and
{eié(n)(Qm(x)lUj) 1i,n,0rd(m) =n, j} (2.4)

is the orthogonal basis, moreover,

Sn () |y, = Zfi(n;x)lujeiECo(t,Uj—»X), (2.5)
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where

Xz = {fu(x) 1 fuly; € Co(t,U; — X)} (2.6)

is the Banach space with the norm induced from Cy(t,M — X) such that

LX) |y, = > a(m, f'y)Qm (), (2.7)

(Ordm=n,m=(m(1),...mn)), m(j)eNy)

where Qm(x)lUj =0 for x € M\ U;.

For the manifold M, we fix a subsequence {M,, : n € Ny} of submanifolds in
M such that M,, = My, — --- =M for each n, dimg M,, = B(n) € N for each
n € No, Un My, is dense in M, where B(n) < B(n+1) for each n and there exists
no € N with f(n) = n for each n > ng, Ng := NuU {0}.

We take the following subgroup:

G = {feGt,M):(fiin;x)—id (n;x)) =: g'(n;x) € Co(tn,M,, — K),

. oo (2.8)
la(m;g' (n;x)|u;) [T (tn,m) < c(f)p¥ "™70],

where c(f) > 0 is a constant, v’ (m, j,i) = —c'i—c'n—c"j, n =0rd(m), ¢’ =
const>0and ¢’ =const>0,c” >0for A=wp, ty=t+s(n) for0 <t < oo,
s(n) > n for each n, and liminf, .. s(n)/n =: € > 1. Then, there exists the
following ultrametric in G':

d(f,id) = sup'{|a(m;gi(n;x)|Uj) |Jj(tn,m)p v (M)}, (2.9)
m,n,j
NOTE 2.4. At first it is necessary to prove theorems about the quasi-
invariance and the pseudodifferentiability of transition measures of stochastic
processes on Banach spaces over local fields. We consider two types of mea-
sures on co(wo,K). The first is the g-Gaussian measure

1= Hyy.q:= Quj(dx’), (2.10)
j=1
where
U (dx7) = C\gi|fq,yj,qf|§i\fq,yj,qv (dx7) (2.11)

(see [20, Section 2]). The characteristic functional of the g-Gaussian measure is
positive definite, hence p is nonnegative (see also [11, Section 2.6]). The second
is specified below and it is the particular case of measures considered in [21,
Theorem 4.2].

Let w be the real-valued nonnegative Haar measure on K with w (B(K,0,1)) =
1. We consider the following measure u on co(wg,K):

(i) p(dx) = @7, nj(dx’), where x € co(wo,K), x = (x7: j € wy), x7/ €K,

X = Zj x’ej, ej is the standard orthonormal base in cq(wg,K).
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Now, on the Banach space ¢y := co(wg,K) there is an operator J € L;(co)
such that Je; = v;e; with v; # 0 for each i. We consider a measure v;(dx) :=
fi(x)w(dx) on K, where f; : K — [0,1] is a function belonging to the space
L'(K,w,R) such that f;(x) = f(x/v;) + h;(x/v;), where f is alocally constant
positive function, f(x) = Z;—‘;l C; Cth (x), Bj :== B(K,xj,7;) is a ball in K, Chy
is the characteristic function of a subset V in K, that is, Chy (x) = 1 for each
x €V, Chy(x) =0 for each x eK\V, x;:=0, 71 :=1,1inf;7; =1, {B; : j} is the
disjoint covering of K, 1 > Cj > 0, lim|x|—« f(x) = 0, h; € L' (K, w,R) such that
€SSy — SUPy ek [Mi(X)/f(x)] =0; <1, >;0; < oo, and v;(K) = 1. Then, v;(S) > 0
for each open subset S in K. There exists a o-additive product measure;

(i) py(dx) := [Ii2; 1i(dx?) on the o-algebra of Borel subsets of ¢y since
the Borel o-algebras defined for the weak topology of ¢y and for the norm
topology of ¢q coincide, where p; (dx?) := v(dxt/v;).

Let A: cg — co be a linear topological isomorphism, that is, A, A~! € L(cy),
then for a measure p on ¢g there exists its image ps(S) := u(A-1S) for each
Borel subset S in co. In view of [21, Proposition 2.10] L, (co) is the ideal in L(co).
This produces new g-Gaussian measures (Lj,yq)a =: Haja*y,q and measures
of the second type (uj)a =: Hay. In view of [21, Remark 2.5], each injective
linear operator S € L,(co) with S(co) dense in ¢y can be presented in the form
S = AJ. Hence, for each such S there exist the o-additive measures pg sy 4
and us. These measures are induced by the corresponding cylinder measures
Hr,y.q OF pr on K¥0, where [ is the unit operator, since ¢y in the weak topology
is isomorphic with K¥o. Here, the algebra U of cylindrical subsets is generated
by subsets 1'r‘;1 (A), where A is a Borel subset in K", card(V) =n < Rg, V CN,
1y : K¥ — [, K; is the natural projection.

On the space CJ(T,H) = C3(T,K)®H, let S =5 ®S; and y = y! ® y2, where
S7 is a linear operator on C8(T,K) and S is a linear operator on H,y! €
C8(T,K), y? € H such that the measure Us,y,q is the product of measures
Hs, yl,q ON C8(T,K) and ug, 2 , on H, analogously us is the product of mea-
sures g, on Cg(T,K) and pg, on H. With the help of such measures on the
space C8(T,H), the stochastic process w (t,w) is defined as in [21, Definition
4.1 and Theorem 4.2] and [20, Sections 3.1 and 3.2].

2.1. Let Y be a Banach space over the local field K and V a neighbourhood
of zero in Y. Consider either the measure pg,, 4 or ps outlined in Note 2.4.
Suppose that in stochastic antiderivational equations [20, (3.8) and Theorem
3.4(31)], mappings a and E are dependent on the parameter y € V, that is,
a=a(t,w,&y) and E = E(t,w,&,y); moreover, ax; = ax,(t,§,») for each k
and [ in the latter equation, [20, condition (LLC)] is satisfied for each 0 < ¥ < o0
with the constant K, independent from y € V for each y € V. Evidently,
[20, (3.8)] is the particular case of [20, Theorem 3.4(i)], when in the latter equa-
tion the corresponding ap,; and a;,, are chosen with all the others ax; = 0
(when k+1 # 1). Also let
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(i) a, E, and ay, be of class C! by y € V such that

acCY(V,L4(Q,F,A;CO(Bg, LY(Q, F,A;C°(Br, H))))),
EeCYV,L"(Q,%,A;C%(Br, L(LY(Q, F,A;CO(Br, H)))))), (2.12)
am-11 € C*(V,C°(Bg, x B(L9(Q,%,A;C°(Bg,H)),0,R2), Ly (H*™; H))),

(continuous and bounded on its domain) for each n, [, 0 < Ry < o and

ililo oillanHan ”HC'(V CO(Bg, xB(L4(Q,FMC0 (B, H)),0,R2) L (HENH))) = =0 (2.13)
for each 0 < Ry <R when 0 < R < o, or each 0 < R; < R when R = o,
for each 0 < Ry < o0;

(ii) ker(E(t,w,&,y)) =0 for each t, &, and y, also for A-almost every w;

(iii) a, (t,w,&,») and da(t,w,&,»)/0y € Xoa(H) :={z:S 'z € Hy} and
0E(t,w,&,y)/0y € L,(H) for A-almost all w and each t, &, and vy,
where Hy := {z:z € H; Y7, |z;|4 < o} for each 0 < d < o, Hy := H,
with d = b = ¢ for ps,y,y; d = 0 and b = 0 for the measure of the sec-
ond type s, z; are the coordinates of the vector z in the standard base
in H; in addition for [20, Theorem 3.4(3)];

(iv) dapx(t,w,&,v)/0y € Ly p(H®*+D:H) for each | and each k with ei-
ther b = ¢ or b = 0 correspondingly, where parameters 7, s, and g
are the same as in [20, Theorems 3.3 and 3.4], respectively. The fol-
lowing theorem states the quasi-invariance of the transition measure
't ({w 2 E(to,w, ) = 0, E(t,w,¥) € A}) =: Py (A), where Fy () :=
&(t,w,y)-&(u,w,y).

THEOREM 2.5. Let either conditions (i), (ii), and (iii) or (i), (ii), (iii), and (iv) be
satisfied, then the transition measure P, (A) of the stochastic process &(t, w,y)
being the solution of [20, (3.8) or Theorem 3.4(i)] and depending on the param-
eter y €V is quasi-invariant relative to each mapping U (y»,v;E(t,w,y)) =
E(t,w,y») foreach y and y, € V.

PROOF. The Kakutani theorem (see [4, Section 1I.4.1]) states that, whether
[1r-; &x converges to a positive number or diverges to zero, the measure y
is absolutely continuous or orthogonal with respect to v, correspondingly,
where xy := ka (pr(xi))2 v (dxy), pk is absolutely continuous relative to vy,
U= Q®rUk, V = ®rVk, Ux and vy are probability measures on measurable spaces
Xy for each k € N, pr(x) := ux(dx)/vi(dx). In the first case, [ px(xx) con-
verges in the mean to p(dx)/v(dx). In the considered case here, let X; = K
for each k € N. Let px(dx) = Cf(x — y)v(dx) and vy (dx) = Cf(x)v(dx),
where v is the nonnegative Haar measure on K, f is a positive function such
that f € L' (K,v,R), and C = const > 0 such that v(K) = 1. Then, pi(x) =
fx=y)/f(x)and o = fx (f(x—»)f(x))2v(dx). For the y-Gaussian mea-
sure f(x) = [gexp(—BIx|¥)xy (x)x1(—zx)v (dx) (see [24] and [25, Section 7]).
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If |yx| <1, then x; (¥x) = 1. Therefore, there is a constant C; > 0 independent
from B and y such that | f(z—y)—f(2)| < |f(2)[(1+Ciexp(—Br~¥)) for each
v with |y| < v, where fr~% > 1, since due to Cauchy-Schwarz-Bunyakovskii
inequality

U| [>1/ eXp(_lew)xy(X)Xl(—(Z—y)x)v(dx)‘
< ‘ J“x|>llrexp(*.3|XI‘/’)Xy(X)X1(fzx)v(dx) ’g(y,z) (2.14)

<|f(@]9(y,2),

where

g(y,z>::H exp(—B|x|W)xy<x>xl(—zx)xl<2yx>v<dx>\. (2.15)

[x|>1/r
Let |yj/vj| =:7; <1 for each j > jo, then |xj—1] < Cexp(—Bjr;"’) for each
J > jo, where C = const > 0. In view of [21, Proposition 2.10] and the Kaku-
tani theorem, u;y’w is equivalent to s,y for each z € Xovw(Cg(T,H)), where
u?(A) := u(A - z) for each Borel subset A in Cg(T,H), that is, us,y  is quasi-
invariant relative to shifts z € Xo,l,,(Cg(T,H)).

For the measure u; and |y| < 1/|v], there is the equality f((x —y)/v) =
f(x/v) for each x € K and 0 # v € K. In view of the definition of fi, there is
the equality

Pi(x) = fr(x = yi)/ fr(x)
= [f((x =) /vi) [ f (x/vi)]

X [1+hi((x = i) [vie) [f (= i) Jvi) [+ b (x J o) 1 f (x [ vg) ]
(2.16)

If |yvi/vkl <1, then f((x —yx)/vk)/f(x/vy) = 1 for each x € K. From the
conditions imposed on hy and f, the Kakutani theorem, and [21, Proposition
2.10] it follows that us is quasi-invariant relative to shifts z € X, (Cg (T,H)).

The quasi-invariance factor p(z,x) := u?(dx)/u(dx) is Borel-measurable as
follows from the construction of u, the Kakutani theorem, and the Lebesgue
theorem about majorized convergence (see [6, Section 2.4.9]), since this is true
for each of its one-dimensional projection. Banach theorem states that if G is
a topological group and A C G is a Borel measurable set of second category,
then Ao A~! is a neighbourhood of the unit (see [3, Section 5.5]). The quasi-
invariance factor satisfies the cocycle condition:

p(z+h,x)=p(z,x—h)p(h,x) (2.17)

for each z and h € Xo4(CJ(T,H)) and each x € CJ(T,H). Therefore, in view
of the Lusin theorem (see [6, Section 2.3.5]), p(z,x) := u?(dx)/u(dx) is such
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that u(Wr) = 1 for each finite-dimensional subspace L in Xo,d(cg (T,H)), where
either u = pg,y,y or p = us, Wi := {x : p(z,x) is defined and continuous by
zelL}.

In view of the preceding consideration, limnﬂmp(ﬁnz,x) = p(z,x) for u-
almostall x Cg (T,H), moreover, this convergence is uniform by z in each ball
B(L,0,c) for each finite-dimensional subspace L in X ¢ (C8(T,H)), where P, is
a projection on a subspace spg (ey,...,e,) = K", where {e; : j} is the orthonor-
mal base in Xo(CJ(T,H)). Evidently, Xo(CJ(T,H)) is dense in C{(T,H).

Stochastic antiderivational [20, (3.8)] is the particular case of [20, Theorem
3.4(@)]. Therefore, it is sufficient to consider the latter equation. Below, it is
shown that the one-parameter family of solutions E(t,w,y) is of class C! by
yeV.Let Xo(t,y) =x(),...,

Xn(t,y) =x(y)

>

m+b=1

M=

(Pubemt ot [@m—105,0 (U, Xn-1 (U, 0,¥),¥)  (2.18)

T
o

° (I®b ®a®(m—l) ®E®l)]) |u:t-

Consequently,

Xna1(t,¥) = Xn(t,»)

Y] m
= Z Z(pub“”*l,w(u,w)l[am—l+b,l(uyxn(u,y),y)
m+b=11=0 (2.19)

— Am-1+b,1 (U, Xn1(U,5),¥) ]

° (I®b ®a®(m—l) ®E®l)) |u:t:

where t; = 0 (t) for each j = 0,1,2,..., for the shortening of the notation, Xy,
X, and ayx are written without the argument w; a and E are written without
their variables. Then

M sup||[Pypsm-t g oyt [@m—14b,0 (W, Xn (1, ), 5)
¥

= am-1+p,1 (U, Xn1 (U, ), )] | (Br, ¥B(L4,0,Ry)xV)
° (I®b ®a@:(m—l) ®E®l) |u:t||g
= K(M| |pub+m*l,w(u,w)l ||g) ||am—l+b,l \ (Bry XB(L4,0,R2)xV) Hg
x (M sup 1, () = X1 u, | ) (Msup lall™ ) (Msup EIY),
u,y uwy wy
(2.20)
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where X, € C8(BR,H) for each w,y € V and for each n, K is the same constant
as in [20, Theorem 3.4], 1 < g < . On the other hand,

Xl(t;y) = x(t;y)

o] m
+ Z (pub+m*l,w(u,w)l [a/WL7l+b,l (U,x(u,J’),y) (22 ].)
m+b=11=0

° (I®b ® a@(m—l) ®E®l)]) |u:t,
consequently,

[1X1 (8,) = Xo (£, )|
< sup (1Pupm—t wuort [Am—tp,0 (W, x (w0, ), ) (2.22)
m,i,
° (I®b ®a®(m—l) ®E®l)]) Iu:tHg-

Due to condition (ii) for each € > 0 and 0 < R, < « there exists B, C Bg such
that

K sup (|[Pybim—t4 (.00 1 Be [@m—tb,0 (W, %, V) | (BexB(14,0,R2)xV)
kb (2.23)
o (I @a® ™D gE®N)]|)? =:c < 1.

On the other hand, the partial difference quotient has the continuous extension
&' (Xy11 — Xn)(;h;0), that is expressible through &' of a;x, a, and E, and
also through a;x, a, and E themselves, where y € V, h € Y, T € K such that
y +Ch €V, since analogous to (X, ;1 — X,) estimates are true for ®! (X, —
Xy). Therefore, there exists the unique solution on each B, and it is of class
C! by y €V, since sup,, , max(|| X (u,y) — Xo(u,y) lra.m, 19 (X1 (u,y) -
Xo(u, ¥ lra.m) < o, and lim; .. c!C = 0 for each C > 0, hence there exists
limy .o Xn (2, ) = X(t,¥) = E(t,w,¥) [, where

C:=M sup max(|[Xy(u,y)—Xou, )| aqm
UEBe, yeEV

||(i)1 (Xl(u,.’)/) _XO(u,y))HZW(Q,H)) =< (C+ l)K < 00,
(2.24)

here B¢ is an arbitrary ball of radius € in Bg, t € Bc. Therefore, E(t,w,y) €
CHV,L9(Q,F,A;CO(Bgr,H))).

From [20, Proposition 3.11] it follows that the multiplicative operator func-
tional T (t,v;w;y) is of class C! by the parameter v € V such that E(t,w,y) =
T(t,v;w;y)E(v,w,y) foreachtand v € T.

Due to the existence and uniqueness of the solution &(t,w,y) for each
y €V, there exists the operator U(y»,y;&(t,w,y)) := E(t,w,y?), that may
be nonlinear by &. The variation of the family of solutions {&(t,w,y) : ¥} cor-
responds to the differential D, &(t,w, ). Since &(t,w,y) is of class C! by v,
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then U(y»,y;E(t,w,y)) is of class C! by y and y,. The operator U(y,,y;*)
has the inverse, since U(y,y2;U(y2,v;E(t,w,y))) = E(t,w,y) for each y»
and y €V, t € T, and w € Q. Therefore, U~ (1, y;%) is also of class C! by
7 and y. In view of conditions (iii), (iv) and &(t,w,»2) - &(t,w,y) € Xo,a(H).
On the other hand, either ps,, , or us is quasi-invariant relative to shifts z
Xo,d(Cg(T,H)) and S = S; ® S, consequently, the transition measure P, is
quasi-invariant relative to shifts z € Xy 4 (H). In view of conditions (ii), (iii), and
(@iv), 0U (y2,yv;n)/on—1I € Ly, (H) for each y, and v € V, where n € {&E(t,w,y) :
¥}, either b = @ or b = 0, respectively. Since us(CJ(T,H)) = 1, then P, (H) =1,
hence U(y»,y;*) is defined P, -almost everywhere on H for each y» and yy € V.
Therefore, there exists n such that for each j > n the mappings V (j;x) :=
X + Pj(U*I(x) - x) and U(j;x) := x + Pj(U(x) — x) are invertible and
limj|detU’'x(j;x)|=|detUy (x)| andlim;|detV, (j;x)|=1/|detU, (x)|, where
U(x):=U(y2,¥;x), ¥2,and y € V.

In view of [10, Theorem 3.28] for each y, and y € V, the transition measures
P,, and P, are equivalent. O

THEOREM 2.6. Let conditions (i), (ii), (iii), and (iv) in Section 2.1 be satisfied
and let ¢ be a C'-diffeomorphism of a subset V clopen in K onto the unit ball
B(K,0,1). Then

(1) the transition measure P, corresponding to s,y a is pseudodifferentiable
by the parameter v = ¢p(z) of order b € C for each Re(b) = 0, where
zevV;

(2) P, corresponding to ps with hi such that > 6k < co, where 0y =
SUPycpk.01) | PDe (b, hi(x))], is pseudodifferentiable by the parameter
¥ = ¢(z) of order b for each b = 0, moreover, P, is pseudodifferen-
tiable for each b € C, when each fy is locally constant, that is, hy = 0 for
each k € N,

PROOF. Up to a constant multiplier, the operator PD.(b,h(x)) of [18, Sec-
tion L.3.1] coincides with the pseudodifferential operator

Db(h(X) ChB(K,o,l)(x)) (2.25)

from [25, Section 9], where Chy, is the characteristic function of the subset A in
K.If ¢y € L2(K,w,C) and b > 0, then due to the Cauchy-Schwarz-Bunyakovskii
inequality there exists

| (W) - WO Ix—y | Pw(dy), (2.26)
K\B(K,x,1)

where w is the Haar nonnegative measure on K. Then,
F[D"(h(x))] = Ix|"F[h(x)], (2.27)

where F(h)(x) := [xh(y)x1((x,¥))w(dx) is the Fourier transform (see also
[21, Section 3.4]). In view of [25, Theorem 7.4], the Fourier transform f — F[ f]
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is the bijective continuous isomorphism of L2(K,w,C) onto itself such that
f(x) = limy .« [y 0 FLAIO) X1 (= (7, x))w(dy) and (f,g) = (F[f],F[g])
foreach f,g € L>(K,w,C).If F[y](x) = Cexp(fﬁlxld)xy(x), then there exists
DPy(x) for each b = 0. In accordance with [25, Example 4.3.9], Jx xy () w(dx)
= 0 for each y # 0. In view of [25, Example 4.3.10],

J lendxl(yx)w(dx) _ [1_pnd][l_p—n(dﬂ)]*llyl—n(dﬂ) (2.28)
Qp

for each d € C with Re(d) >0 and n € {1,2,3,...}.

If f is a locally constant function as in Note 2.4, then PD. (b, f) exists for
each b € C. On the other hand, PD. (b, f + hg) = PD. (b, f) + PD. (b, hy).

Let g be a continuously differentiable function g : R — R such that

lgllctrp) :=sup [g(x) | +sup |g"(x)] < oo, (2.29)
X X

thatis, g € Cé([R,IR). If for f:K — R and x € K, there exists [ f(x)—f(y)]lx—
y|~1-P € L} (K, w,C) as the function by y € K, then

[ lgore-gerolix-y"twidy)

= L(f : [gofxX)-go fONLFEO-FON] T LF )= FO)]Ix -y Pw(dy),
’ (2.30)

where S(f,x) :={y:y €K, f(x) # f(»)}, consequently, there exists PD(b, g o
f)(x).
If instead of g there exists h € C'(K,K) such that

ek k) := max <sup [h(x)|,sup |®'h(x;1;y) |> < o0, (2.31)
X X,y
that is h € C} (K,K), then

[ (o= Fononix -y Pwdy)

ZJS(h )[foh(x)_f°h(y)]|h(X)—h(y)|_1_b (2.32)

x |h(x)—h(y)|"*?

Ix =y Pw(dy)
exists, hence there exists PD(b, f o h)(x). Analogous two statements are true
for the operator PD,. instead of PD.

In view of [25, equation 9.1.5], D*D#y =DFD*y = D**By for each « # —1,
B# -1, and x+ B # —1 for each ¢ € D’ such that there exist D%y, DPy,
and D**#y, where D’ is the topologically dual space to the space D of locally
constant functions ¢ : K — R. On the other hand, D is dense in D’ in the



3078 S. V. LUDKOVSKY

weak topology (see [25, Section 6]). Evidently, L> n D is dense in L?(K,w,R)
also. The characteristic functional of the Gaussian measure belongs to D’ and
is locally constant on K\ {0}. Due to [25, Sections 7.2 and 7.3], the Fourier
transform is the linear topological isomorphism of D on D and of D’ on D’.
Then, u{ , ;,(dx)/w(dx) € L'(K,w,R)nD’ for each g € C§(T,H)*.

In view of [11, Theorem 4.3] and using the Kakutani theorem as in Note
2.4, we get the statements of this theorem, since the quasi-invariance factor
P, (dx)/Py(dx) is pseudodifferentiable as the function by y of order b for
each fixed u € B(K,0,1). 0

THEOREM 2.7. Let G be either a loop group or a diffeomorphism group de-
fined as in[18, Section I1.2.1] and Remark 2.3 above, then there exists a stochas-
tic process E(t,w) on G which induces a quasi-invariant transition measure P
on G relative to G', and P is pseudodifferentiable of order b for each b € C such
thatRe(b) = 0 relative to G’, where a dense subgroup G’ is given in [18, Section
11.2.4] and Remark 2.3 above.

PROOF. These topological groups also have structures of C®-manifolds,
which are infinite-dimensional over the local field K, but they do not satisfy
the Campbell-Hausdorff formula in any open local subgroup [16, 18]. Their
manifold structures and actions of G’ on G will be sufficient for the construc-
tion of the desired measures. These separable Polish groups have embeddings
as clopen subsets into the corresponding tangent Banach spaces Y' and Y in
accordance with [14, 18] and Remark 2.3, where Y’ is the dense subspace of
Y. Asusually TG = Uyeq TxG and TG = (x,Y).

Let G be a complete separable relative to its metric p C*-manifold on a
Banach space Y over K such that it has an embedding into Y as the clopen
subset. Let T : TG — G be a tangent bundle on G. It is trivial, since TG = GXY
for the considered case here. Let 0 : Z; — G be a trivial bundle on G with the
fibre Z such that Zg = Z X G, then L, 2(0,T¢) will be an operator bundle with
a fibre L, 2(Z,Y) (see [21, Section 2.4]). Let [1:= T¢ ® L1,2(0,T¢) be a Whitney
sum of bundles T and L; »(60,7¢).

Since G is clopen in Y, the valuation group of K is discrete in (0, o), then it
has a clopen disjoint covering by balls B(Y,x;,7;), that is, the atlas At(G) of
G has a refinement At'(G) being a disjoint atlas.

On Y, consider the measure ps,, 4 or ps as in Note 2.4. Then in view of [21,
Theorem 4.2] and [20, Section 2.1], there exists the stochastic process w (t,w)
corresponding to Us, y 4 Or s (see also [21, Definition 4.1] and [20, Section 3.1]).
Suppose that f and hy, for each k € N defining the measure pug, satisfy the
conditions of Note 2.4 and of Theorem 2.6.

Now, let G be a loop or a diffeomorphism group of the corresponding man-
ifolds over the field K. Consider for G a field U with a principal part (a,,Ejy),
where a, € TG and E,, € L, »(H,T,G) and ker(E,) = {0}, 0 : H; — G is a trivial
bundle with a Banach fiber H and H¢ := GxH, L 2(8, T,) is an operator bundle
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with a fibre L, » (H, T, G) such that (a,,E,) satisfies conditions of [20, Theorem
3.3]. For [20, Theorem 3.4(i)], we take additionally (a;), for each [, k satisfy
the conditions of [20, Theorem 3.4]. To satisfy conditions of quasi-invariance
and pseudodifferentiability of transition measures theorems, we choose ay,
Ey, and (ax,)y of class C! and satisfy conditions (iii) and (iv) in Section 2.1 by
y:=neG =:V for each k and [.

We can take initially pj,y 4 or pr as a cylindrical measure on a Banach space
X’ such that T,G’ ¢ X’ C T;,G. If A, is the Lg-operator or the L;-operator with
ker(Ap) = {0}, then A, gives the o-additive measure py, A% 4 OF Ua, in the
completion Xj , of X’ with respect to the norm [/ x|l; := A, x| (see Note 2.4).

There exists the solution &(t,w,n) = &, (t,w) of stochastic antiderivational
equation [20, (3.8) or Theorem 3.4(i)]. When the embedding 0 of T,G’ into T,G
is 0 = 0,0, with 0, and 0, of class Ly for s,y 4 or of class L; for ug, then there
exists Ay such that pa, 4,24 Or pa, is the quasi-invariant and pseudodifferen-
tiable of order b measure on T,G relative to shifts on vectors from T,G’ (see
Theorems 2.5 and 2.6). Henceforth, we impose such demand on A, for each
negG'.

Consider left shifts Ly, : G — G such that Lyn := hon. We take a, € T,G', A, €
L14(T.G',T,G),or A, € L1 1(T,G', T,G), respectively, (ay)y € Lx+1 ((T,G)®*+D;
T.G) for each k and each I, where H, T,G’, and T,G in their own norm uni-
formities are isomorphic with cy(wg,K). Then, we put ax = (DLy)a. and
Ax = (DLy) o A, for each x € G, hence ay € TG and Ay € L1 «(Hy, (DLy) T,G),
where (DLy)T,G = T«xG and T,G' C T,G, Hy := (DLyx)T,G', Kk =d or k = 1. Op-
erators Ly are (strongly) C®-differentiable diffeomorphisms of G such that
DyLy : T,G — TupG is correctly defined, since DyL, = hy is the differen-
tial of h. In view of the choice of G’ in G, each partial difference quotient
®"Lp(X1,...,Xn;C1,...,Cn) is of class C° and D" Ly, is of class Ly.1. (TG ®" x
G',TG) for each vector fields Xi,...,X, on G',C;,...,Cn € K with T;p» (X;) +
h e G and h € G/, since for each 0 <[ € Z the embedding of T'G’ into T!G is
the product of two operators of the L;-class or the embedding is of the L;-class,
where T°G := G, X = (x,Xx) € TxG, x € G, Xy €Y', p1(X) = x, p2(X) = Xy.
Take a dense subgroup G’ from Note 2.2 or Remark 2.3 correspondingly and
consider left shifts Lj, for h € G’.

The considered groups G are separable, hence the minimal o-algebra gen-
erated by cylindrical subalgebras f~'(%,), n = 1,2,..., coincides with the o-
algebra % of Borel subsets of G, where f : G — K" are continuous functions,
%, is the Borel o-algebra of K™. Moreover, G is the topological Radon space
(see [4, Theorem I.1.2 and Proposition 1.1.7]). Let

P(to,y,t,W) :=P({w : E(to,w) = Y, &(t,w) € W}) (2.33)

be the transition probability of the stochastic process & for t € T, which is
defined on a o-algebra % of Borel subsets in G,W € %, since each measure
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Ha, A% z.q 18 defined on the o-algebra of Borel subsets of T, G (see above). On the
other hand, T(t,T,w)gx = gT(t,T,w)x is the stochastic evolution family of
operators for each T # t € T. There exists the transition measure P (tq, y,t,W)
such that it is a o-additive quasi-invariant and pseudodifferentiable of order
b relative to the action of G’ by the left shifts L, on u measure on G, for
example, to = 0 and ¢ = e with the fixed ty € T (see [18, Remark 1.3.3 and
Definition 1.3.4]). O

NOTE 2.8. InTheorem 2.7, G’ is on the Banach space Y’ and G on the Banach
space Y over K such that G’ and G are complete relative to their uniformities
WU and AUg. There are inclusions TG’ = G' XY c GXY' c GXY = TG. The
completion of TG’ relative to the uniformity AUgs X Uy’ produces the uniform
space G x Y'. Therefore, each Ug XUy -uniformly continuous vector field X =
(x,Xx) on G’ has the unique extension on G such that X, € Y’ for each x € G
(see [5, Section 8.3]), where AUg|g C Ugr. Thus, the AUg X WUy -C®-vector field
X on G’ has the Ug X AUy’ -C® extension on G and it provides the 1-parameter
group p : KX G — G of C*-diffeomorphisms of G generated by a Ug XUy’ -C*-
vector field X, on G’ (see [12, 13]), that s, (0p(v,x)/0V)|v=0 = X, (x) for each
x € G, where v € K, X,(x) € GxY'. In view of Theorem 2.7, the transition
measure P is quasi-invariant and pseudodifferentiable of order b relative to
the 1-parameter group p.

This approach is also applicable to the case of two Polish manifolds G’ and
G of class C* on Y’ and Y over K. The quasi-invariance and pseudodifferen-
tiability of the measure P on G relative to the 1-parameter group p (by the
definition) mean such properties of P relative to the U X WUy’ -C*-vector field
XonG'.

Evidently, considering different (a,E) and {ay, : k,l}, we see that there exist
% = card(R) nonequivalent stochastic (in particular, Wiener) processes on G
and € orthogonal quasi-invariant pseudodifferentiable of order b € C with
Re(b) > 0 measures on G relative to G'.

If M is compact, then in the case of the diffeomorphism group, its dense
subgroup G’ can be chosen such that G’ > Diff (t',M) for dimxk M = n € N and
t'=t+sforO<teR, s>nv,v = dime (K). Analogously, the manifold
M c B(K™,0,7r) and the group G := Diff (an,,M) of analytic diffeomorphisms
f M — M can be considered having analytic extensions on B(K,0,7) with the
corresponding norm topology, where » > 0 and v < co. Then, there exists the
stochastic process & on T,G such that it generates the transition measure P on
T, G, its restriction on the clopen subset G embedded into T,G produces the
quasi-invariant and pseudodifferentiable, each of order b € C with Re(b) = 0
measure P|; relative to the dense subgroup G’ := Diff (ang,M) for R > v > 0,
since the embedding T.G’ into T,G is of class L; (see also Theorem 2.9).

THEOREM 2.9. Let G be a separable Banach-Lie group over a local field K.
Then there exists a probability quasi-invariant and pseudodifferentiable, each
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of order b € C with Re(b) > 0, transition measure P on G relative to a dense
subgroup G’ such that P is associated with a non-Archimedean stochastic pro-
cess.

PrROOF. We consider the following two cases: (I) G locally satisfies the
Campbell-Hausdorff formula; (I) G does not satisfy it in any neighbourhood of
e in G. The first case permits to describe G’ more concretely. There exists the
embedding of G into T,G as the clopen subset, since G is the Polish group. The
second case can be considered quite analogously to Theorem 2.7, where the
dense subgroup G’ can be characterized by the condition that the embedding
of T,G' into T,G is 0 = 0,0, with 0; and 0> of class L4 or 0 of class L, where
d =y or d = 1 for stochastic processes associated either with g, or us,
respectively.

It remains to consider the first case. For G, there exist a Banach-Lie alge-
bra g and the exponential mapping exp : V — U, where V is a neighbour-
hood of 0 in g and U is a neighbourhood of e in G such that exp(V) = U,
where exp(X +Y) = exp(X)exp(Y) for commuting elements X and Y of g,
that is, [X,Y] = 0, exp(X)Yexp(—X) = exp(ad X)Y, exp(AX) = Z;":O)\J'Xf/j!,
V = B(g,0,r) is a ball of radius 0 < < 0 in g, A € K, AX € V, g = T,G.
The radii of convergence of the exponential and Hausdorff series correspond-
ing to log(exp(X) - exp(Y)) are positive such that for each 0 < R < p/(1-p)
to a ball B(g,0,R) there corresponds a clopen subgroup G; supplied with the
Hausdorff function (see [2, Sections II.6 and II.8]). Therefore, the exponential
mapping supplies G with the structure of the analytic manifold over K. The
analytic atlas of N is denoted by At(G) = {(U;j,¢;) : j € N}, thatis, ¢, : U; - V;
are diffeomorphisms of U; onto V;, where U; and V; are clopen in G and in
g, respectively, connecting mappings ¢ ;o (1);1 are analytic on ¢;(U;nUj) C g.
Therefore, the exponential mapping provides G with the covariant derivation
V and a bilinear tensor I' such that VxY =, VxY—;T(X,Y)/2, where the left-
invariant derivation on G is defined by ; Vx Y = 0 for an arbitrary left-invariant
vector field Y and all vector fields X on G, a vector field Y is called left-invariant
if TLyY (h) = Y(gh), Lyh := gh for each g,h € G, TL, is the tangent map-
ping of Ly, VxYy = DYy - Xy + T (Xy, Yy). For such V, the torsion tensor is
zero (see [9, Section 1.7], [18], and [25, Section 14.7]). It defines the rigid ana-
lytic geometry and the corresponding atlas on G. Nevertheless, At(G) has the
refinement At (G) such that charts of At'(G) compose the disjoint covering
of G.

Let a, be an analytic vector field and A, be an analytic operator field on G
such that Ay is an injective compact operator of class L; for each x € G, since
g is of separable type over a spherically complete field K and hence isomor-
phic with ¢ (wg,K) (see [24, Chapter 5]), where d = ¢ or d = 1. Let wy (t,w) be
a non-Archimedean stochastic (or, in particular, Wiener) process in Ty G such
that a,t + Aywy(t) € TxG, since the space Cg is isomorphic with cy. For a
ball Bg := B(K,0,R) in K for 0 <R < o, let B(K, t;,7) be a disjoint paving for



3082 S. V. LUDKOVSKY

sufficiently small 0 < 7 < co for which
ey _
Ex(t) = eng)qc’k {agz’k (t—tg) +A§)q(’k [wgzvk (t) — wgzyk (tk)]} (2.34)

is defined, where Ez’k =E(ty) for k=0,1,...,n, £L(0) = x, g denotes the par-
tition of By into B(K, t;,7). Then there exists the process & = lim, £4(t) which
is by our definition a solution of the following stochastic equation:

dAE(t,w) = eXPg (¢t ) 1AE(1,w) At + Ag (1) dW (£, W)} (2.35)

for t € Bg. A function f(¢,x) such that f(¢{,8) := Ing,w) &(t, w) satisfies the
condition of [21, Theorem 4.7] on the corresponding domain W, where (t,x) €
W C T x H. In view of [21, Theorem 4.7] after coordinate mapping of a chart
(U, ¢), this equation takes the following form on g:

P (E(L,©)) = b(E(to, )+ (Puad e + (P g, F)

Wew) u=t
< < (m 0"
_ -1 p u 2.36
St S (1) (P g (i) 0

b
u=t

° (a?“” (u)®(m—l) ®E®l>:| )

where E = Ag(u’w), a® = (0 /0x)ay, A? = (b5 /0x)Ax (35! /0x), since

nt = (290 po g (£.9%) forh=vyg,
e (o ()

ox

(2.37)

I'? is a bilinear operator of Christoffel in g, which has the transformation prop-
erty D(pogp™1)- F(Z’(X) =D*(pop) +1"$(X) o(D(wop ' )xD(wo!)) such
that VxY¢ = DYy - Xg +F$(X) (X, Yep), r;f’(x) denotes T for the chart (U, ¢), @
corresponds to another chart (V,y) such that UnV # @, f, g, and h are vec-
tor fields, since [d(y o p~1)/0t] = 0, that is, [21, Corollary 4.6] is applicable
instead of [21, Theorem 4.7] because f corresponds to (o ¢~1) (see [1], [9,
Section 1.5]). Since a, and A, are analytic, then a and E satisfy the conditions
of [20, Theorem 3.3].

The function T is analytic on the corresponding domain. On the other hand,
g is isomorphic with c¢yg(wo,K) as the Banach space. If Z is the center of g,
then ad : g/Z — gl(co(wy,K)) is the injective representation, where gl(cy)
denotes the general linear algebra on ¢y, ad(x)y := [x,y] for each x,y € g.
Since Z is commutative, it also has an injective representation in gl(cg), con-
sequently, g has an embedding into gl(co(wo,K)), since co @ cg is isomorphic
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with ¢o. Therefore, each x € g canbe written in the form x = >; ; x"/X; j, where
{Xij:1,j € N} is the orthonormal basis of g as the Banach space, xh/ e K,
lim;; j_ x = 0, consequently, g has an embedding into Ly (co(wo,K)). Then,
I' can be written in local coordinates x;; j) := xJ, where s : N2 — N is a bijec-
tion for which lim;, j_o 5(i,j) = 00, X; j =1 qs(i, ), since

(xmy* = ST xdhixhilz ek (2.38)
llr---rlnfl

when Xjx = (84,;0pk : a,b € N), o~ 1(x) = 3 qsa5,x™ with a3, € K and
limg i |+ord(m)—w a3, = 0, since exp(x) has a radius of convergence 0 < 7 =
p~! for the characteristic char(K) = 0 (see [23, Theorem 25.6]), where m =
(mq,....,myg), k=0rd(im),0<m; €Z,....0<my1€2,0<mrez, 0<kel.
Evidently, there exists 0 < ¥ < oo such that the series for ¢ o ¢~! converges
in B(co,0,7) for VN U # @. Hence, each an -1 := (am-Zr;f’(x)/am-Zx)/m! for
m > 2 and a1 = ao,1 = (0¢/0x) satisfies [20, Theorem 3.4(ii)]. Due to [20,
Theorem 3.4] there exists the unique solution of [20, Theorem 3.4(i)]. Consider
G’ corresponding to g’ such that the embedding 6 of g’ into g is of class L;
for g or 0 = 0,0, where 0, and 6, are of class L, for us,y y.

LetT eLi(g)orT =T, TowithT,and T» € L;(g),whered = 1 ord = . Con-
sider h; :=T(g), ho := spx([h1,g]Uh,) and by induction hy, . := spg ([hn,g]U
hy), then hy, .1 D h, and h,, is the subalgebrain g for each n € N.In view of [21,
Proposition 2.10], the space L;(g) is the ideal in L(g). Therefore, h := U, hy
is the ideal in g due to the anticommutativity and the Jacobi identity. Since
K is spherically complete, there exists h,.1 6 h,, =: t,;1 for each n € N and
t; := h; such that t, is the K-linear subspace of g (see [24]). The completion
in g of vectors z is denoted by %6 (g, {t, : n}) =: ¥ such that z = >, z,, with
zn € ty, for each n and lim,,_ z,, = 0. Evidently, y is the proper ideal in g
such that h C y, since g is infinite dimensional over K. Then, the embedding
0 of y into g is of class either L, or 8 = 0,0, such that 0, and 0, belong to
Lg.

Due to this, let a and A be such that [ay,y] C y and [Ay,ad(y)] C ad(y)
for each x € G, where ad(x)g := [x,g] for each x,g € g, thatis, ad(x) € L(g).
If g € ynV, then exp(ad(g)) —1I is either of the class L; or of the product of
two operators each of which is of the class L.

There exists a countable family (g;,W;) : j € N of elements g; € G\ W
for each j > 1 and clopen subsets e € W; ¢ W such that g, = e, W; = W,
and {g;W;: j} is a locally finite covering of G, since G is separable and ul-
trametrizable (see [5, Section 5.3]). If P is a quasi-invariant and pseudodif-
ferentiable of order b measure on a clopen subgroup W relative to a dense
subgroup W', then P(S) := (ZJ-P((gle) NW;)277) (X ;P(W;)277)~! for each
Borel subset S in G is quasi-invariant and pseudodifferentiable of order b mea-
sure on G relative to the dense subgroup G’ :=U;g;(W; nW’). The group G
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is totally disconnected and is left-invariantly ultrametrizable (see [8, Section
8 and Theorem 5.5] and [5, Section 6.2]), consequently, in each neighbour-
hood of e there exists a clopen subgroup in G. Then, conditions of Section 2.1
and Theorem 2.6 are satisfied. Therefore, analogously to Theorem 2.7, there
are S, y, and the stochastic process corresponding to us,y 4 or ps such that
the transition measure P is quasi-invariant and pseudodifferentiable relative
to G'. O

2.2. Theorem 2.7 gives the subgroup G’ concretely for the given group G,
but Theorem 2.9 describes concretely G’ only for the case of G satisfying the
Campbell-Hausdorff formula. For a Banach-Lie group not locally satisfying the
Campbell-Hausdorff formula, Theorem 2.9 gives only the existence of G'.

These transition measures P =: v on G induce strongly continuous uni-
tary regular representations of G’ given by the following formula: T}, f (g) :=
vh(dg)/v(dg)'?f(h1g) for f € L*(G,v,C) =: H, T}, € U(H), U(H) de-
notes the unitary group of the Hilbert space H. For the strong continuity of
T the continuity of the mapping G’ 2 h — p, (h,g) € L' (G,v,C) and that v is
the Borel measure are sufficient, where g € G, since G is the Polish space and
hence the Radon space (see [4, Theorem 1.1.2]). On the other hand, the conti-
nuity of p, (h,g) by h from the Polish group G’ into L'(G,v,C) follows from
pv(h,g) € L'(G,v,C) for each h € G’ and G’ being the topological subgroup
of G (see [3, 7]).

Then, analogously to Theorem 2.7 there can be constructed quasi-invariant
and pseudodifferentiable measures on the manifold M relative to the action
of the diffeomorphism group Gy, such that G’ C Gy. Then, Poisson measures
on configuration spaces associated with either G or M can be constructed [19].
There exists the stochastic process corresponding to us,y , with the certain
choice of a, E, and ay, such that the regular representation is irreducible, for
the stochastic process corresponding to us the family of { fi : k} and a, E, and
ag, can be taken such that the regular representation is irreducible.

More generally, it is possible to consider instead of the group G a Polish topo-
logical space X on which G’ acts jointly continuously, ¢ : (G' X X) > (h,x) —
hx =:¢p(h,x) € X, ¢p(e,x) = x for each x € X, p(v,¢p(h,x)) = p(vh,x) for
each v and h € G’ and each x € X. If ¢ is the Borel function, then it is jointly
continuous [3, 7].

THEOREM 2.10. Let X be an infinite Polish topological space with a o -additive

o -finite nonnegative nonzero ergodic Borel measure v with supp(v) = X and
quasi-invariant relative to an infinite dense in itself Polish topological group G’
acting on X by the Borel function ¢. If

@) spciyw | w(g):= (v (dg)/v(dg))''?, he G’} is dense in H,

(i) foreach fijandf.;inH,j=1,...,n,neN,andeache > 0 there exists

h € G’ such that | (Tn.f1,j, f2,7)| < €l(f1,j, f2,))], when |(fi,j,f>,;)] > O,

then the regular representation T : G' — U (H) is topologically irreducible.
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PROOF. From condition (i), it follows that the vector fj is cyclic, where f; €
H and fy(g) =1 for each g € X. In view of card(X) > 8¢ and the ergodicity of v
for each n € N, there are subsets U; € Bf (X) and g; € G’ such that v((g;U;)n
(Ui:l ..........
this implies that there is no finite-dimensional G’-invariant subspace H' in
H such that T,H' ¢ H' for each h € G’ and H' # {0}. Hence, if there is a
G’-invariant closed subspace H' # 0 in H, it is isomorphic with the subspace
L2(V,v,C), where V € Bf(X) with v(V) > 0.

Each Polish space is Cech-complete. By the Baire-category theorem in a Cech-
complete space X, the union A = |J;>; A; of a sequence of nowhere dense sub-
sets A; is a codense subset (see [5, Theorem 3.9.3]). On the other hand, in view
of [8, Theorem 5.8], a subgroup of a topological group is discrete if and only
if it contains an isolated point. Therefore, we can choose a Radon probability
measure A on G’ such that A has no atoms and supp(A) = G'. In view of the
strong continuity of the regular representation, there exists the Bochner inte-
gral [y Thf(g)v(dg) for each f € H, which implies its existence in the weak
Pettis sense. The final part of the proof, follows from [18, Section II.3.2] (see
also [16, 19]). O

THEOREM 2.11. On a loop or a diffeomorphism group G, there exists a sto-
chastic process, which generates a quasi-invariant measure u relative to a dense
subgroup G’ such that the associated regular unitary representation TH : G’ —
U(L?(G,u,QC)) is irreducible.

PROOF. Pseudodifferentiable measures of order [ can be used, either for
each | € N or for each -1 € N, for the verification of Theorem 2.10(i). Transi-
tion measures corresponding to stochastic processes that are quasi-invariant
and pseudodifferentiable, each of order b € C with Re(b) < 0, can be analo-
gously constructed starting with the corresponding measures us. To satisfy
the conditions of this theorem, for example, in Theorem 2.7, it can be taken
a = 0, E nondegenerate independent from ¢, and each ay,; = 0 besides ag; = 1;
in Theorem 2.9 it can be taken a = 0, E nondegenerate independent from t,
and ay, is defined by the exponential mapping for G.

From the construction of G’ and u in Theorem 2.7, it follows that if a func-
tion f € L1(G,u,C) satisfies the following condition: f"(g) = f(g) (modu)
by g € G for each h € G, then f(x) = const(mod u), where f"(g) := f(hg),
gea.

In view of Theorem 2.7 and [18, 21] and references therein, the stochastic
process on the Banach manifold G induces the stochastic process on the Ba-
nach space T,G with the help of the manifold non-Archimedean exponential
locally affine mapping. Then, the left action Lj, of G’ on G induces the local left
action of G’ on a neighbourhood V of 0 in T,G with v(V) > 0, where v is in-
duced by u. A class of compact subsets approximates from below each measure
ul, uf(dg) = 1f(g)|lu(dg), where f € L2(G,u,C) =: H. Finally, we get from
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Theorem 2.7 that there exists u, which is ergodic, and that conditions (i) and
(ii) of Theorem 2.10 are satisfied. Evidently, G’ and G are infinite and dense in
themselves. Hence, from Theorem 2.10 the statement of this theorem follows.

O

NOTES 2.12. In view of [22, Proposition II.1] for the separable Hilbert space
H, the unitary group endowed with the strong operator topology U(H)s is
the Polish group. Let U(H), be the unitary group with the metric induced by
the operator norm. In view of the Pickrell’s theorem (see [22, Section IL.2]),
if m:U(H), — U(V), is a continuous representation of U(H),, on the sepa-
rable Hilbert space V, then 1T is also continuous as a homomorphism from
U(H), into U(V);. Therefore, if T: G’ — U(H); is a continuous representation,
then there are new representations mo T : G' — U(V),. On the other hand,
the unitary representation theory of U(H), is the same as that of U, (H) :=
UH)N(1+Lo(H)), since the group U (H) is dense in U (H);.

Two theorems about induced representations of the dense subgroups G’
were proved in [12], which are also applicable to the cases considered here.

3. Stochastic antiderivational equations and measures
on a loop monoid and a path space

THEOREM 3.1. On the monoid G = Qg (M,N) from [18, Part 1] and for each
by € C with Re(bg) = 0, there exists a stochastic process n(t,w) on G such that
the transition measure P is quasi-invariant and pseudodifferentiable each of or-
der b € C withRe(b) = Re(bg) relative to the dense submonoid G’ := Qék} (M,N)
from Note 2.2 (with ¢ > 0 and ¢’ > 0).

PROOF. In view of [18, Lemma 1.2.17], it is sufficient to consider the case
of M with the finite atlas At'(M). The rest of the proof is quite analogous
to that of Theorem 2.7 using the definitions of the quasi-invariance and the
pseudodifferentiability for semigroups from [18]. |

DEFINITION AND NOTE 3.2. In view of [18, Definition and Note 1.2.9], each
space N*% has the additive group structure when N = B(Y,0,R), 0 <R < .

Therefore, the factorization by the equivalence relation K¢ xid produces the
monoid of paths Cg(E,M — N)/(Kg xid) =: S¢(M,N) in which compositions
are defined not for all elements, where y;idy» if and only if y; = y» € N.
There exists a composition f1 f> = (g1g2,y) if and only if y; = y» = y, where
fi=(9i,>i), gi € Qe(M,N), and y; € N&, i € {1,2}. The latter semigroup has
elements e, such that f = e, o f = foe, for each f when their composition is
defined, where y € N&, f = (g,¥), 9 € Qs (M,N), ey, = (e,).If N? is amonoid,
then Sg(M,N) can be supplied with the structure of a direct product of two
monoids. Therefore, Ps(M,N) := Lg(M,N) x N¥ is called the path group.

THEOREM 3.3. On the path group G = P¢(M,N) from Definition and Note 3.2
when N = B(Y,0,R) and N¢ is supplied with the additive group structure, and
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each by € C withRe(bg) = 0, there exists a stochastic process n(t,w) for which a
transition measure P is quasi-invariant and pseudodifferentiable each of order
b € C withRe(b) = Re(by) relative to a dense subgroup G'.

PROOF. Since Pg(M,N) = Lg(M,N) X NE, it is sufficient to construct two
stochastic processes on Lg (M,N) and N ¢ and to consider transition measures
for them. In view of Theorems 2.7 and 2.9, the desired processes and transition
measures for them exist. O

DEFINITION 3.4. Let the topology of Qg (M,N) be defined relative to count-
able At(M). If F is the free Abelian group corresponding to Qg(M,N), then
there exists a set W generated by formal finite linear combinations over Z of
elements from C8(§, (M,so) — (N,y0)) and a continuous extension Kg of K¢
onto Wg(M,N) and a subset B of W generated by elements [f +g]1—[f1-[g]
such that Wg(M,N) /Kg is isomorphic with Lg (M,N), where

We(M,N) := W/B, (3.1)

fand g € Cg(f,(M,so) — (N,y0)), [f] is an element in W corresponding to
f, W is in a topology inherited from the space C3(&,(M,so) — (N,70))? in
the Tychonoff product topology. We call We(M,N) an O-group. Clearly, the
composition in CS(E, (M,s0) = (N,¥o)) induces the composition in Wg(M,N).
Then, We(M,N) is not the algebraic group, but associative compositions are
defined for its elements due to the homomorphism x* given by [18, formulas
1.2.6.2.(5,6)], hence Wg(M,N) is the monoid without the unit element.

Let up(A) := u(hoA) for each A € Bf (Weg(M,N)) and h € Wg(M,N), then as
in [18, Sections 1.3.3, 3.4] we get the definition of quasi-invariant and pseudo-
differentiable measures.

Now let G’ := ng} (M,N) be generated by Cg‘{k} (&,(M,so) — (N,0)) asin[18,
Section II.5.1], then it is the dense O-subgroup in Wg(M,N), where ¢ > 0 and
c' >0.

THEOREM 3.5. Let G := Wg(M,N) be the O-group as in Definition 3.4, At(M)
finite, and by € C withRe(bg) = 0. Then there exists a stochastic process n(t,w)
on G for which the transition measure P is quasi-invariant and pseudodiffer-
entiable each of order b € C with Re(b) > Re(by) on G relative to a dense
O-subgroup G'.

PROOF. The uniform space C8(§,M — N) has the embedding as the clopen
subset into Cg(E,M —Y) (see[14]). Here,wecantakea € TG’ and A € L, 4(0,T)
without relations with DLy, where s = g or s = 1, respectively. Then, repeating
the major parts of the proof of Theorem 2.7 without L;, and so more simply,
but using actions of vectors fields of TG’ by px on G, we get the statement of
this theorem, since (Dxpx)Y and [(Vx)"(Dxpx)]Y are products of two oper-
ators of class Ly124((TG')"*2,TG) and also of class L2, ((TG')"*?,TG) for
each C®-vector fields X and Y on G’ and for each n € N. In view of Note 2.8,
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there exists a stochastic process n(t,w) for which the transition measure P is
quasi-invariant and pseudodifferentiable relative to each 1-parameter diffeo-
morphism group of G" associated with a AU X WUy--C®-vector field on G'. O
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