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We investigate weighted L” mean convergence of Griinwald interpolation opera-
tors based on the zeros of orthogonal polynomials with respect to a general weight
and generalized Jacobi weights. We give necessary and sufficient conditions for
such convergence for all continuous functions.
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1. Introduction. In this paper, we study weighted L¥ (0 < p < o) mean con-
vergence of Griinwald interpolation operators which was introduced in [3]. We
first consider the weighted convergence for the Griinwald interpolation opera-
tor when a general weight is used. We also consider in particular the weighted
L? convergence for the Griinwald interpolation operator when a generalized Ja-
cobi weight is used. Necessary and sufficient conditions for such convergence
for a continuous function are presented. In Section 1, we briefly introduce the
Hermite-Fejér interpolation and Griinwald interpolation. In Section 2, we re-
view some known results that are closely related to the main results of this
paper and will be used in our proof later. We also establish several preliminary
results. In Section 3, we state and prove the main results of this paper.

We first introduce the Hermite-Fejér interpolation polynomials and the
Griinwald interpolation operator. Let w be a weight function of interval [—1,1]
and {P,(w,x)} the orthonormal polynomials on [—1,1] with respect to w. As-
sume that we are given a system X of nodes

X:(xo=xon=)12X1n>Xon >+ >Xnn = —1(=Xns1n = Xns1), W)
n=12,.... '

The Hermite-Fejér interpolation polynomials of f € C[—1,1] at X are defined
by

Hp (X, f,x) = > f(xi) v () [F(x), (1.2)

k=1
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where

Vi(x) = l—w(x—xkn), k=1,2,...,m,
wn(xkn)

wn(x,) , k=1,2,....m,n=1,2,..., (1.3)
X = Xien) Wn (Xkn)

Lin(x) = (

Wy (x) = (x—x1)(x—x2n) - - (X —Xnn), n=12,....

We use Iy, (w,x) and Hy, (w, f,x) to denote I, (X,x) and H,, (X, f,x), respec-
tively, when the set X is chosen to be the zeros of the orthogonal polynomial
P, (w,x). For simplicity, we substitute xj for xy,. The Christoffel function is
defined by

k=0 k=1

n-1 -1 n g2 -1
An(w,x):z{ZP,f(w,x)] :{Zk"i\w”‘)} , m=1,2,.... (1.4
kn

The numbers Ay, (w), defined by

1
Ak = A (W, Xkn) :J I, (w,x)w(x)dx, k=1,2,....n,n=1,2,..., (1.5)
-1

are called the Cotes numbers. It is well known (see [2, page 113], [9]) that

Hy(w, f,x) = i S (xkn) [1+ M(X—an)]lin(x)

k=1 Akn

= 3 Flon) |1 P () [, 00, 10
k=1 nATHAkn

Py (w,xkn) Ay (W, Xkn)

Py (w,xkn) Akn

If P is a polynomial of degree at most 2n —1, then

P(x) = Hn(X,P,x) + > P (xrn) (X = Xin ) 12,,(x). (1.7)
k=1

The Griinwald interpolation polynomial of f € C[—1,1] at X is defined by

Gn(f,x):=Gn(X, f,x) = > f(xin)2,(x), k=1,2,...,n, -1<x=<1.
k=1
(1.8)

Ifu=>0and0<p < o, then f € L}, provided that [1f ll,p < o0, Where

1 1/p
1 llwp = Ul | f(t) !”u(t)dt] . (1.9)
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Naturally, when 0 < p <1, || - |y, is not a norm. The function u(x) is called a
Jacobi weight function if u(x) can be written as u‘@? (x) = (1-x)%(1 +b)?,
-l<x<1l,a,b>-1,and u(x) =0if [x| > 1. (The function u(x) is the simple
form of u@? (x).) The function u(x) is a generalized Jacobi weight function
(u € GJ) if u € L' and u can be written in the form u(x) = g(x)(1-x)41 +
x)?, where g > 0 and g*! € L>.

The uniform convergence of the corresponding Griinwald interpolation was
investigated by several authors [3, 6], and L? convergence for such interpo-
lation was studied in [5] with p = 1 only. Here, for convenience, we state the
theorem which was proved in [5].

If feC[-1,1], {xi} are zeros of Jacobi function J&'(x) (-1 < a,b < 1),
then

1
%il?oj,l |G (f,x) = f(x)|dx =0. (1.10)

2. Auxiliary propositions. In this section, we obtain some preliminary re-
sults. First, we need the following notations. Here and later the symbols const
and C denote some positive constants, not necessarily having the same values
in different formulas. If A and B are two expressions depending on some vari-
ables and indices, then A ~ B < |AB~!| < const and |A~1B| < const. Let w be
a generalized Jacobi weight function (w € GJ). In the following, we summarize
some results from [8] that will be useful for our development in this paper.
Assume that

Xikn = Xkn (W) = €08 Oy, Xon =080, =1,
2.1
Xnt1n =C08O0py1n=—1, 0<Oky <, (2.1)
x-xj| = min |x-xi|, 0<j=<n+l. (2.2)
O<k=<n+1
Then we have
1
9k+1,n_9kn ~ Ey k= 0,1,...,1’1,
k—jlmin{k+j,2n+2—-k—j (2.3)
- + +2-k- .
|x—an|~| JImin{ 1:172,11 J}, l<k<mn, k=+j.
We also have the estimates for the orthonormal polynomial P, (w,x):
P (w,xin) ~nw (xn) 2 (1-x2,) 7,
eyl 2
[w(x)(l x?) ] , Ixl<1-n72, (2.4)

| Pp(w,x) | < constynl/2y(1-n-2)""? 1-n?<x<1,

-1/2

n'2w(-1+n-?) -l<x<-1+n7?
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uniformly for n > 2,

~1/2
n\x—xjn|[w(x)(1—x2)3/2] o —l+xm <2x <1+X1n,
[Pn(w,x) | ~ 12w (1-n-2)""?% 1+x1, <2x <2,
nl/zw(71+n*2)’”2, —2<2x <1+xnn,
(2.5)
uniformly for n > 2.
For the Cotes numbers, there hold
1
Nen (W) ~ - (xkn) (1= x3,) ', (2.6)
uniformly for 1 <k <n,neN,
, 1 5 \—1/2
| A, (w,xkn) | < const Ew(xkn)(l —Xin) (2.7)
The following inequality is also needed:
(lal+b))? <27 (lal?” +|b|?). (2.8)

LEMMA 2.1. Let f(x) € Cla,b] and let L,, be a linear positive operator. Then
the following statements are equivalent:

D) ILnf = fllwp — O, for every f € Cla,b];

() ILnf = fllup — 0, f(x) =1,x,x2;

(3) 1Lyl =1llup — 0 and [|(Lnepy) ()l — O, where ¢ (x) = (t—x)2.

PROOF. By using the proposition in [4, page 153] and the theorem on mono-
tone operators in [1, page 67], we know that this lemma holds. |

LEMMA 2.2 [8, Theorem 1, page 46]. Let w be a general weight function.
Then

}LLII}OH"(W'P) =P (2.9)

in L), for every polynomial P.

LEMMA 2.3 [7, Theorem 6.3.14, page 113]. For every 0 < p < o and every
Jacobi weight function u, there exists a constant o = o (p,u) > 0 such that, for
every polynomial P of degree less than 2n,

1 1-on=2
J1|P(x)|’”u(x)dx52j A |P(x)|Pu(x)dx. (2.10)
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LEMMA 2.4 [8, Theorem 4, page 53]. Letw € GJ, letu,v be two Jacobi weight
functions, and let p > 0. Then

}liII}oHn(w,R) =R, (2.11)

in LY, for every polynomial R satisfying the condition |R(x)| < constv(x), -1 <
x <1 ifand only if w=! € L}, in particular, p is independent of v.

LEMMA 2.5. Letw € GJ and 0 < o < 1. Then there hold

< A (w,xi) |
Z | =i [ g (x0)
/\
i Aw) 2.12)
<cons‘[[—1 + ! +ln_n]—1
- nle+2 n2B+2 n w(x)(l—xZ)
uniformly forn =2 and |x| <1-on~? and
n ’
o M(w)
- (2.13)
<const[;+L+ln—n];
=< n2oe+l n2B+1 n w(x)(l_xz)l/Z
uniformly forn =2 and |x| <1-on=2
PROOF. Let0<x <1-on2 Then j<n/2.
First, by (2.6) and (2.7), we get
/ _oy-12
)| _ - A/mwxa) (1-x) —e 1 . (2.14)
Ak (1/m)w(xi) (1-x3) 1-xp
which implies that
A (s ) 2
M{x—xﬂlj(x)s 1 Pal) (2.15)
Aj =7 Pp(x;)* | x = x; |
Next, using (2.4) and (2.5) yields
1/2
|A7 (x5) | > w(x;)(1-x7)
— | x—-x;|l5 _C—. 2.16
A, |x =[5 (x) < W) (1=x7) (2.16)

Because x is the nearest point to x (according to the definition of x ), we have
1-x2~1 ijz-, w(x) ~w(x;). Hence,

e 1 x2) 12
| nA(xJH |X—Xj|l§(X) SC% <C. (2.17)
J
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By using (2.14) and (2.4), we get

Si=> Mn;\iﬂu,xk“i(x)scz%|x—xk|l£(x)
k#j k k‘tjl_ k
)1/2

- w(xp) (1-x¢

kwy M2 | x = xp Jw (x) (1 —xz)l/z'

Further, we use (2.1) and (2.3) to obtain

X

k=*j

<C>

k+j

(1 _xk)o(+l/2(1+xk),8+l/2

S= )¢x+1/2(

)B+1/2

n?|x—xi|(1-x; 1+x;

(k/n)2% 1 (n+1—k)/n)?#*!
|k —jlmin{k+j,2n+2—-k—j}(j/n)2e+l

2

k=*j

1
n2ﬁ+1j2(x+l

k2a+1(n+17k)2ﬁ+1
|k —jlmin{k+j,2n+2—-k—j}’

For j <n/2, we have k+ j < 3n/2, and hence
2n+2-k—-j=2n+2-n-
which implies that

min{k+j, 2n+2—-k—j} > %(k+j).

Thus,
2B+1.20+1
§=C ZB+11‘20<+1 h 2 k'2
neer k<3n/4 k2= j? |
k=*j
1 n2¢x+1(n+1_k)2B+l
+ 'n2ﬁ+1j20(+1 e | k2 —j2 |
1 k20(+1 nZ(x
<C| - ST T .
[J2a+l ks%m |k2 _J2| J2¢x+1]
k=j
Put
j 3
klz«zk:ks%}, kgz{k%<ks%,k¢1},
3j 3n k2a+l
k3—{k 5 <ks7}, Si= > e L=h23

(2.18)

(2.19)

(2.20)

(2.21)

] (2.22)

(2.23)
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We estimate S; individually as follows:

Z k2rx+1 -c Z k2¢x+1 c o
- . S J b
kek [k2=j2] ver, J°
Z k2¢x+1 z 12a+1 Z )
<C — <Cj%Inj
PTG =2 T g k=gl T g Tk

Since k € k3 implies k — j > k/3, one has

k2rx+1 k2a+1

—1 2
"2 T 2O 2 ek = 2

keks keks

Ccj 1, X< —

=1Cj'lnn, «=-

= N = N =

Cj‘lnz"‘“, o> —=,

nNo

that is,

cj, X< —
S3 <
Cj~'m?**lInn, o=-=.

Thus we have, for x < —1/2,

oan 1 n 2042 1
$=CJ :Cn20‘+2 <;> SCn2°‘+2w(x)(1—x2)

and, for x > —-1/2,

Inn (n)z"”z c Inn
T T nw((x)(1-x2)°

It follows that, for0 < x <1 —-on2,

1 +lnin] 1
n2et2 o Jw(x)(1-x2)°

SsC[

The proof for —1+o0n 2 < x <0 is similar. Finally, we get

1 Inn 1

5= C[nzﬂ” " 7] w(x)(1-x2)"

2089

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Hence,

Z ||x x| 2 (x)

(2.31)
1 Inn 1

= const[ 2oz gz * 7] w(x)(1-x2)
This proves (2.12).

The proof of (2.13) is similar to that of (2.12) with a slight modification for
the estimate of S3 (0 < x <1—o0mn2). A direct computation leads to

Z k2¢x+1 Z k21x+1 Z k20<+1
S3 = 77 =<C ——=<C -
keks |k2_‘]2| keks |k+J|k keks k2
(2.32)
=Cz 2o - C, x <0,
Keks Cn**lnn, «=0.
Thus, we obtain, for & < 0,
1 20¢+1 1
S<Cjl = ¢ (E) <C e (233)
n J n2etlw (x) (1-x2)
and, for « > 0,
1 2c+1 1
Sscﬂ(ﬂ,) < o (2.34)
n \j nw(x)(1-x2)
Combining these two cases gives
Inn 1
S < t — 7 2.35
< cons |:n20(+l+ " ]w(x)(l—xz)llz (2.35)

The proof for the case —1+o0n~2 < x < 0 is also similar. Finally, we conclude

k=1 (2.36)

<Const[ + ! +lnﬁn]%
< n2es T 2Bl |y ) (1-x2) 72

This proves (2.13). O

3. Main results. In this section, we present two results about weighted L?
convergence for Griinwald interpolation with the special case in which we ob-
tain a sufficient and necessary condition.
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THEOREM 3.1. Let w be a weight function. Then

Iim [|Gn (f,x) = flly1 =0, forevery f € C[-1,1], (3.1)
if and only if
n
; 2 _
lim || > 1F(x)-1))  =0. (3.2)
k=1 w,1
PROOF. (1) Itis easy to see that
n
IGn(1,x) =1, — 0= || D i (x)-1|] —0, (n— o). (3.3)
= w,l
(2) For ¢ (t) = (x —t)?, we have
n
n(Px(x),x) = > (x—xx) l%(x). (3.4)
k=1
By Hermite interpolation, we know that
n
Hy (s (x),%) =2 (x = x3) L2 (x). (3.5)
k=1

Using Lemma 2.2, we find that (3.5) converges to 0. Thus (3.4) converges to 0.
According to Lemma 2.1, (3.1) holds if and only if

=0. (3.6)
w,1 O

Im (|G (x, ) = flly 1 = lim

> i) -
k=1

THEOREM 3.2. Let f € C[-1,1]. Let w € GJ with parameters «, 3, and u be
Jacobi weight function with parameters a,b, where a,b,c, 3 > —1. If

px—a—1<min{0,pf},

pB—b—-1<min{0,p«}, (3.7)

then

yllij{)loHGn(W,f,X)—f(X)Hu,p=0- (3.8)
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Conversely, if (3.8) holds, then

px—a-1<0,
pB-b-1<0. (3.9)
PROOF. Assume that (3.7) holds.
Let f be a polynomial of degree < 2n. By definitions, we have
f(xX)=Gn(w, f,x) = f(x)—Hn(w, f,x)
(3.10)

+> fxk) @(x—xk)lf(x).
k=1 k
Then

1
I:=|Gn(w, f,x) = f (|}, = L1 | f(x) = Gn(w, f,x) |Pu(x)dx

1 n , p
= J : Hy(w,f,x)+ z f(xx) A";\fk) (x —xr) 3 (x)| u(x)dx.
B k=1
(3.11)
It follows from (2.8) and (2.10) that
1
I< CJ 1 | f(x)—Hp(w, f,x) | u(x)dx
1 ’ 14
+CJ’71 ”;Ej:k) (x —xr) 3 (x)| ulx)dx,
<C|lf -Ha(Dllh, (3.12)
1-on=2 n A/ (X ) P
+C||f||§’oJlH(m k; Akk (x —x1)Z(x) | | u(x)dx

=1 +1>.

We next estimate I; and I5.
By Lemma 2.4, we know that w~! € L}, implies I, — 0 (1 — ). Obviously,
w~! e L} is equivalent to (3.9). According to Lemma 2.5 and (2.12), we get

1+on—2

P

l-on~ ’
IZ—CJ {2 A% Afk ||x xkllz(x} u(x)dx
(3.13)

-2

<C[ L, +ln—"] Jl o [71 ]p ()d
n2erz T g Ty vonz Lw () (1-x2) ulxjax.
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It can be shown that

2

l-on~ 1 14
I :=J [7] u(x)dx
o LwGoti=ay | 1 (3.14)
< C[1+n2p¢x—2a+2p—2+n2pﬁ—2h+2p—2]_
Then,
1 1 Inn)? (o 1 P
I < - + ~+— — a
2 C|:7’l‘20‘+2 n2p+2 n ] 4[—1+o'n*2 [w(x)(l_xz)] ulxjdx
SCI:n2p(o<+l)+n2p(ﬂ+l)+|:1n?n:|p+n2(a+l)+n2(b+l)
(3.15)

+ n2p¢x—2a+p—2 (h’l’l’l)p + anB—Zh—Zpo(—Z

- p2vec-2a-2-208 +n2’”ﬁ_2b+’”_2(lnn)p}'

Recall that x+1>0,B8+1>0,a+1 >0, and b+1 > 0. Therefore, when

NS

px—a-1 <min<{—f,p,3},
(3.16)
pB-b-1 <min{—g,p(x},

we have I — 0 (as n — o). Obviously, (3.16) implies (3.9).
On the other hand, for I, if we use (2.13) in Lemma 2.5, we can get

p 1-on—? P
I < C[ 1 N 1 N (Inn) ]J ;12 wix)dx.
n2petp - p2phtp nr “tvon2 [ w(x) (1 -x2)"

(3.17)

Again we need to estimate the integral

1-on2 1 b
. — d
* J—1+()'n2|:w(x)(1—)€2)1/2:| uidx (3.18)

< C[l+n2pB—2b—2+p+n2pa—2a—2+p].
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Thus

L sC[ 1 1 (lnn)*’]‘[l*mr2 1 )llz]pu(x)dx

n2po+p - p2pBtp np ~l+on=2 |:W(X)(1_X2

Inn\? . _ ,
< C|:n—p(2(x+1)+n—p(2ﬁ+1)+< ) +n—2a—2+n—2b—2+n2pﬁ—2b—2p¢x—2
n

4 N2Pa—2a=2-2pB | n2pB=2b=2 (I )P 4 p2Pa-2a-2(In )P |

(3.19)
Similarly when
1
O‘aB> _Es
px—a—1<min{0,pp}, (3.20)
pB—-b—-1<min{0,p«},
we have I, — 0 (as n — o). We have proved that when
px—a—1<min{0,pB}, pB—-b—-1<min{0,px}, if &,B> —%,
px—a-—1 <min{—§,p,8}, pB—b—l<min{—§,pa}, otherwise,
(3.21)

(3.8) holds.

It remains to prove that (3.21) is equivalent to (3.7). If (3.7) is true, we only
need to prove that when & < —1/2 or 8 < —1/2, (3.21) holds. Let & < —1/2.
Then,

p(xfafl<p(xsf§. 3.22)

This inequality with pox—a -1 < pB in (3.7) gives
px—a-1 <min{—g,p,8}. (3.23)

On the other hand, from pf—b—1 <min{0, p«x} in (3.7), we obtain that

pB-b-1 <min{0,po<}:p(x:min{—g,pa}. (3.24)

Conversely, if (3.21) is true, it is obvious that (3.7) is true because
px—a—1< min«‘( - g,pﬁ} <min{0,ppB},

(3.25)
pB-b-1< min{—%,pzx} <min{0, p«x}.

Now we can show the second part of the theorem.
Assume that (3.8) is true. To this end, we put fj := 1 and f; := x. Then, by
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[8, Theorem 3, page 51], we have

| fi—Hn(f1)] Z (x —x1) 2 (x)

= IxGn ~Gn(f1)] (3.26)
= |X Gn fO)_f0]+[f1_gn(fl)]|
= |Gn(f0)*f0|+|Gn(f1)*f1|-

By (2.8), we have

[Hn (f1) = fillh,

(3.27)
<27(/1Gn (fo) = folllp +1IGu (1) —£illl ) — 0, 0<p <o

By using [8, Theorem 3, page 51], we prove w~! e L}. This is equivalent to
saying that (3.9) is true.
This completes the proof. O

As an immediate consequence of Theorem 3.2, we state the following
corollary.

COROLLARY 3.3. Let &, > 0. Then (3.8) is equivalent to condition (3.9).
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