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ON AN INEQUALITY OF DIANANDA
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We consider certain refinements of the arithmetic and geometric means. The re-
sults generalize an inequality of P. Diananda.
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1. Introduction. Let P, , (x) be the generalized weighted means

n 1/r
Puy(x) = (Zqix{) , (1.1)
i=1

where Py, o (x) denotes the limit of P, , (x) as¥ — 0* and whereg; > 0,1 <1i <mn,
are positive real numbers with 2?:1 q; =1 and x = (x1,x2,...,X5). In this note,
we let ¢ = ming; and always assume n >2 and 0 < x; < x2 < - - - < Xp,.

We define A, (X) = Pp1(X), Gn(X) = Ppo(x), and Hy(X) = Py —1(x) and we
will write Py, , for P,,(x), An for A,(x), and similarly for other means when
there is no risk of confusion.

For mutually distinct numbers 7, s, and t and any real number « and 3, we
define

o «
Pn,r _Pn,t

hr Tt (1.2)
PE, Pk,

Ar,s,t,cx,ﬁ = ‘

where we interpret P}, —PJ ; as InP, , —InP, ;. When o = B, we define A, s ¢«
to be Ay st x,«- AS a limit case

(ln(Pn,r/Pn,t)) ‘
(In (Ppy/Pns)) I

Bounds for A, s« have been studied by many mathematicians. For the
case x = f3, we refer the reader to [2, 5, 7] for the detailed discussions. When
« = 3, we can bound A, s« in terms of 7, s, and t only, due to the following
result of Hsu [6] (see also [1]).

Apseo=1mMAy 1o = ‘ (1.3)
o—0

THEOREM 1.1. Forr>s>t>0,

s(r—t)
t(r-s)’

1< Ay‘s,tyl < (1.4)


http://dx.doi.org/10.1155/S0161171203210279
http://dx.doi.org/10.1155/S0161171203210279
http://dx.doi.org/10.1155/ijmms
http://www.hindawi.com

2062 PENG GAO
It is also interesting to consider the following bounds:

fr,s,t,tx(‘i) = Ay sta = gr,s,t,o((Q); (1.5)

where f;sr.«(q) is a decreasing function of g and g, s,«(q) is an increasing
function of g.

The cases ¥ =1,s =0,t =-1, x=0,q; = 1/n, 1 <i < mn, in (1.5) with
fro-10(q) =n and g10-10(q) = n/(n—1), are the famous Sierpinski’s in-
equality [9].

Another cases, ¥ =1, s=1/2,t =0, and « =1 with f11/201(q) = 1/q and
g1.1/20.1(q) =1/(1 —q) were proved by Diananda [3, 4] (see also [1, 8]), origi-
nally stated as

1 1
g = A= On =g 5 (1.6)
a 1-

where £, =31 <icj<n Qin(Xil/Z —x]l./z)z_

The main purpose of this note is to generalize Diananda’s result, which is
given by Theorem 3.1.

2. Lemmas

LEMMA 2.1. ForO<g<1/2,

r—1_
v

’T,,;I‘ZH—(l—q)*‘ll (0<r=2) (2.2)

(1-q" ) <0 (r=2), 2.1)

with equality holding if and only if v =2 and q = 1/2.

PROOF. We prove (2.1) here and the proof for (2.2) is similar. It suffices to
prove (2.1) for g = 1/2, which is equivalent to 2" > 2v. Notice that the two
curves y = 2" and v = 2v only intersect at » = 1 and » = 2 in which cases they
are equal and the conclusion then follows. O

LEMMA 2.2. For0< q <1, the function

_ q
fla) = — g (2.3)

is decreasing for 0 < v + 1 < 2 and increasing for v > 2.

PROOF. We prove the case 1 <7 =+ 2 here and the case 0 < 7 < 1 is similar.
We have
I-(1-g@)" ' —q(r-1(A-q)"*
(1-1-qr1)°
and by the mean value theorem, 1 — (1 -q)" ' = q(r —1)n" "2, where 1 —gq <
n < 1, which implies f'(q) <0 for 1 <» <2 and f'(q) = 0 for r > 2. O

f(a) =

(2.4)
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LEMMA 2.3. ForO<r+1<2and0<q<1/2,

| <l

1-1/r 1-(1—-g)r1 (2.5

Ifv > 2, (2.5) is valid with “> " instead of “<”.

PROOF. We prove the case 1 <7 < 2 here and the other cases are similar. By
Lemma 2.2, it suffices to show (2.5) for g = 1/2. In this case, (2.5) is equivalent
to (2.2). O

3. The main theorems

THEOREM 3.1. Foranyt +0,

1
]__qr—l
_
1-(1-g)r!

At t/ropr = (r=2), (3.1)

At tiror < O<r=+1<?2) (3.2)

with equality holding if and only if n = 2, x; = 0, and q» = q for (3.1) and
n=2,x =0, and q, = q for (3.2), except in the trivial cases v = n = 2 and
a=q:=1/2.

PROOF. Since the proofs of (3.1) and (3.2) are very similar, we only prove
(3.1) here and we just point out that (2.2) is needed for the proof of (3.2). The
case v = 2 was treated in [3], so we will assume that » > 2 from now on. First,
consider the case t = 1 and define

Dy (x) = (1_qr_1)(An_Gn)_(An_Pn,l/r)y (3.3)
and then we have

1 oDy, _ G Ppap\VUT
= —(1—-g"! (1”)(1("‘) . 3.4
an 0xn ( a ) Xn Xn (34)

By a change of variables: x;/x, — xi, 1 <1 <n, we may assume 0 < x; <
Xp < --- <Xy =11in(3.4) and rewrite it as

In(X1,xno1) 1= (1=a" ) (1=G) = (1= (Paap) ™). 3.5

We want to show that g, = 0. Let a = (ay,...,an_1) € [0,1]""! be the point
in which the absolute minimum of g, is reached.

We may assume a; <d, <---<dayu-1.Ifa; =a;.; forsomel <i<n-2or
an-1 = 1, by combing a; with a;;; and g; with q;.1 or a,-1 with 1 and g1
with g,,, we can reduce the determination of the absolute minimum of g,, to
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that of g, -, with different weights. Thus, without loss of generality, we may
assume a; < a» < --- < an-1 < 1. If a is a boundary point of [0,1]""!, then
a, =0 and (3.5) is reduced to

Gn=1-q""1=(1=(Puasr)"""). (3.6)

It follows that g, = 0 is equivalent to Py, = q" while the last inequality is
easily verified with equality holding if and only if n = 2, a; = 0, and g» = q.
Thus g, = 0 for this case.

Now we may assume a; > 0 and a is an interior point of [0,1]*"1, then we
obtain

Van(ai,...,an-1) =0 (3.7)

such that ay,...,a,_1 solve the equation

_ G 1 71/1’<Pn1/r)171/r
(1 g~ 1) I _ = ULILS =
(1—-a"")~ +(1 r)(Pn,l/r) o 0. (3.8)

The above equation has at most one root (regarding G, and Py, as con-
stants), so we only need to show that g, > 0 for the case n = 2. Now by letting
0<x1; =x<x2=11n(3.5), we get

Lgé(x) =h(x)xt" 1, (3.9)
q
where
r-1 1r r-2 =1y ai-1/7
h(x) = T(le +a2) T (1—g " )xnlr, (3.10)
If 1/r > q1, then
W = U l)gr_z)qlxl”‘l(qlx”YMz)M
r ) (3.11)
e (- Do
T
which implies
r—1 r-1
h(x)sh(l):T—(l—q ) <0 (3.12)

for v > 2 and q < 1/2 by Lemma 2.1, and thus g»(x) > g>(1) = 0.
If g1 > 1/7r, we have

-2

lim h(x) = lim <u(q1x1”+q2)y —(1—q7‘1)xq“1/7> >0, (3.13)
x—-0* x—0t s

lim h(x) = lim (Y—_ ! (ax""+q2)" - (1 —qr’l)qu’”V)
x—1- x—1- r

_r-1
T or

(3.14)
-(1-g""1 <o.
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Notice here that any positive root of h(x) also satisfies the equation

P(x) = Q1X1/7+q2 — (Cqu—l/r)l/(T—Z) _

0, (3.15)
where C=r(1-q" 1)/ (r-1).

Itis easy to see that P’ (x) can have at most one positive root. Thus by Rolle’s
theorem, P (x) hence h(x) can have at most two rootsin (0,1). Equations (3.13)
and (3.14) further imply h(x), hence g;(x) has exactly one root xg in (0,1).
Since (3.14) shows that g5(1) < 0, g2(x) takes its maximum value at x,. Thus
g2(x) =2 min{g>(0),g2(1)} = 0.

Thus we have shown g,, > 0, hence 0D,,/dx, > 0 with equality holding if and
onlyif n=1orn=2,x; =0, and q» = q. By letting x,, tend to x,,—1, we have
D, = D,,_1 (with weights q1,...,dn_2,dn_1+qn). Since 1 —g"~! is a decreasing
function of g, it follows by induction that D,, > Dy,_1 > --- > D, = 0 when
x1=0and g2 =q in D, or else D, > D1 > --- > D; = 0. Since we assume
that n > 2 in this note, this completes the proof for ¢t = 1.

Now for an arbitrary t, a change of variables x; — xf in the above cases leads
to the desired conclusion. O

We remark here that the constants in (3.1) and (3.2) are best possible by
considering the cases n =2, x; =0, and g2 = q or q1 = q. Also when n = 2, we
conclude from the proof of Lemma 2.1 and limy, —x,A¢¢/r0 = ¥/ (¥ — 1) that
an upper bound in the form of (3.2) does not hold for A; ;/, 0,1 when r > 2.
Similarly, a lower bound in the form of (3.1) does not hold for 1 < < 2.

For t =1, rewrite (3.1) as

1

An=Gn =770y

(Ap—Puijr). (3.16)

When n = 2, we have

. (A2=P,112)/(1—q) (1/2)/(1-q)
1 : ; = —- 3.17
A Ay Po) | (-a 1) G- i-gr O

By considering g = 0,1/2, we find that the right-hand side of (3.16) is not
comparable for v = 2 and any ' > 2.

However, for the comparison of the left-hand side of (3.2), we have the
following theorem.

THEOREM 3.2. Foranyt+0and0<r +1<2,

qa

1= (1—qy1 | = Butrarze: (3.18)

If r = 2, (3.18) is valid with “<” instead of “=" with equality holding in all the
cases if and only if n =2, x, =0, and q1 = q.
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PROOF. Since the proofs are similar, we only prove the case 1 <7 < 2 here.
Notice by Lemma 2.2 that q/(1 - (1—g)" 1) is decreasing with respect to g, So
we can prove by induction as we did in the proof of Theorem 3.1. First consider
the case t = 1 and define

En(x) = Q(An_Pn,l/r) - (1 -(1 _Q)r_l)(An _Pn,l/Z), (3.19)
SO

L3 (1 (Puar YN ey [ (Praz)
qnaan(l (xn> (I-1-9" )1 (Xn) . (3.20)

By a change of variables: x;/x; — xi, 1 < i <n, we may assume 0 < x; <
Xp < -+ <Xy =11in(3.20) and rewrite it as

R (1, X0 1) = (1= (Prap) ™) = (1= =@ ) (1-P,F5). (32D

We want to show that h, = 0. Leta = (a,...,an-1) € [0,1]"! be the point
in which the absolute minimum of h, is reached. Similar to the proof of
Theorem 3.1, we may assume a; < d; < - - - < ay-1 < 1.If ais aboundary point
of [0,1]™°!, then a; = 0, and we can regard h, as a function of a,,...,d,_1,
then we obtain

th(ag,...,an,l) =0. (322)
Otherwise a; > 0, a is an interior point of [0,1]""! and
th(al,...,an,l) =0. (3.23)

In either cases, a»,...,a,-1 solve the equation

1 —-1/r Pn,l/r 1=t 1 r—1 -1/2 _
—q(1-=|(Puasr) —= +=(1-1-g9)" )x =0. (3.24)
14 X 2
The above equation has at most one root (regarding Py 1, as a constant), So
we only need to show h,, >0 forthecasen =3 withO=x; <xp=x<x3=1
in (3.21). In this case we regard h3 as a function of x and we get

(1-(1-q)"Hx"12. (3.25)

N | =

1, -1 2 e
—hy(x) = —q (@XM az) R
q v

Let x be a critical point, then hj(x) = 0. Similar to the proof of Theorem 3.1,
there can be at most two roots in [0,1] for h5(x) = 0.
Further notice that

r=2 1-(1-q)"!

> <0 (3.26)

. 1, _ r—1 B
)Clirgghg(x)— a— (1-aq1)
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by Lemma 2.3 and

lim ih},(x) = +o0, (3.27)
x=0% {2
It then follows that hj(x) has exactly one root x¢ in (0,1) and h5(1) <0
implies that h3(x) takes its maximum value at x(. Thus

hs(x) = min {h3(0),h3(1)} = 0, (3.28)

where the last inequality follows from Lemma 2.2. Thus D, > 0 with equality
holding if and only if n = 2, x; = 0, and q; = g, and a change of variables
Xi — Xf completes the proof. |

Notice here for 1 < < 2, by setting t = 1 and letting g — 0 in (3.18) while
noticing that q/(1 - (1 —q)""!) is a decreasing function of g, we get

1
A2 < o1 (3.29)

a special case of Theorem 1.1, which shows that, in this case, Theorem 3.2
refines Theorem 1.1.
We end the note by refining a result of the author [5].

THEOREM 3.3. Ifx; #+ Xn, n =2, then for 1 >s >0 and oy, = ZZLI qi(x;—
An)?,

P}L,}S_xll75 o _ (An_Pn,s)Z
2x S (Ap—x1) ™! k 2(An—x1) (3.30)
xl-s _pl-s (A _p )2 )
SA, P > —1" TS 5 g TS
S T o S (= Ag) T (xn—An)

PROOF. We will prove the right-hand side inequality and the proofs for the
left-hand side inequality are similar. Let

xl—s _Plfs A, —P 2
Fn(X) = (xn—An) (An = Ppys) = —=——5"0n1 —qM (3.31)
2Xn 2
We want to show by induction that F,, > 0. We have
OF Pus\'
ﬁ:<l_Qn_QQn<l—(;:) ))(An—Pn,s)
1-5 Pns)l‘s (xn )S
_ ins 1— (3.32)
2%, (xn Pps an | On,1
Pps\'* 1-s
2(1*51n)<;:) (An*Pn,s*mUnJ) =0,

where the last inequality holds by [5, Theorem 2.1]. Thus by a similar induction
process as the one in the proof of Theorem 3.1, we have F,, > 0. Since not all
the x;’s are equal, we get the desired result. O
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