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ON HILL’S EQUATION WITH A DISCONTINUOUS
COEFFICIENT
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We research the asymptotic formula for the lengths of the instability intervals of
the Hill’s equation with coefficients g(x) and ¥ (x), where g(x) is piecewise con-
tinuous and ¥ (x) has a piecewise continuous second derivative in open intervals
(0,b) and (b,a) (0 < b < a).
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1. Introduction. We consider the second-order equation
Y70 +{Ar(x) —a(x)}y(x) =0, —o0 <x <o, (1.1)

where g(x) and 7 (x) are real valued and all have period a. Also g(x) is piece-
wise continuous, "' (x) is piecewise continuous in (0,b) and (b,a) where
O<b<aandr(x) =1y (>0).

Those values of complex parameter A, for which periodic or antiperiodic
problem associated with (1.1) and the x-interval (0,a) has a nontrivial solu-
tion y(x,A), are called eigenvalues. An equation giving the eigenvalues of the
periodic or the antiperiodic problem can be found. For the purpose, after we
use the Liouville transformation

t:JXrl/z(u)du, z(t) =r4(x) y(x), (1.2)
0

the periodic boundary value problem becomes the boundary value problem

Z+{A-Q))z(t) =0, 0<t<A,

z(A) = 0z(0), 0z(A)+pz(A) =2(0)+T1z(0) (13)

and the antiperiodic boundary value problem becomes the boundary value
problem

Z+{A-Q()}z(t)=0, 0<t<A,

z(A) = —02z(0), 0z(A)+pz(A) = -2(0) —T1z(0), (1.4)
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where
{rl(x), if0<x<b,
r(x) =
r(x), ifb<x<a,
AX) 3y (4 ()}, if0 <t <B,
r1(x)
Q(t) 2(x) ) (1.5)
v ) -1, ) [ (0}, ifB<t <A,
a b 1/4
_ | 2 _[ 2 _(r(a)
A JO r’“(u)du, B Jo r'<(u)du, o {7’(0)} ,
p=r 1OV r 10l T=r VRO A (0 ).

Let 6(t,A) and @ (t,A) denote the solutions of problem (1.3), satisfying the
initial conditions

2
00N =1, =6t ‘ =0

®(0,A) =0, 2CP(t,?\)

3 =1.

t=0

Then, we can define the Hill discriminant (see [1]) of (1.1) by the function
F) =040+ 0 29tN)|  +(po - TI@ (AN, 1.7)
t=A

Thus, the eigenvalues of the periodic boundary value problem coincide with
the roots A of

F(A) =20 (1.8)

and also the eigenvalues of the antiperiodic boundary value problem coincide
with the roots of

F(A)=-20. (1.9

Each of the periodic and antiperiodic boundary value problems has a count-
able infinity real eigenvalues with the points accumulate at +co. Denote by

Ho <My SHY <o <Uopy < Upp-ee (1.10)

the eigenvalues of the periodic boundary value problem, and by

My < H{ < <Hoppy S Hdpey (1.11)
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the eigenvalues of the antiperiodic boundary value problem (the equality holds
in the case of double eigenvalue). These values occur in the order

Ho <Hp S U <y S Py <o+ < Uy SHp <o (1.12)

If A lies in any of the open intervals (—oo, tp) and (u,,, ;) (n =1,2,...), thenall
nontrivial solutions of (1.1) are unbounded in (— o, ). These kind of intervals
are called the instability intervals of (1.1). Apart from (—oo, ), some or all
of the instability intervals vanish for the case of double eigenvalues. If A lies
in any of the complementary open intervals (y,,_;,i;,) (n =1,2,...), then all
solutions of (1.1) are bounded in (—o, ), and these intervals are called the
stability intervals of (1.1). We are interested in the lengths I, of the instability
intervals

IZn :u;n_uz_n! I21’L+1 :u;n+l_u2_n+1- (1-13)

Eastham [2] has studied (1.1) where the second derivative of ¥ (x) is piecewise
continuous on interval (0,a). But we studied (1.1) where the second derivative
of r(x) is piecewise continuous on intervals (0,b) and (b,a) (0 < b < a). On
the other hands, our method is different from his method and is based on
using Rouche’s theorem about roots of analytic functions.

2. An asymptotic formula of the hill discriminant

PROPOSITION 2.1. Let 8(t,A) and @ (t,A) be the solutions of problem (1.3)
such that 6(0,A) =1, 6(0,A) =0, ®(0,A) =0, and ¢ (0,A) = 1. For A = s2, these
solutions verify the following integral equations:

cosst +

- t i _
| =0, gace nae, 0<t<B,

kcossBcoss(t—B)—%sinsBsins(t—B)
cossBsins(t —B)
2225 T B
s
B _ ; _
+J {kcoss(t B)sins(B—-¢&)
0 s
1 sins(t—B)coss(B—-¢)
+_
k s
sins(t —B)sins(B-&)
m 2

Q2(8)0(8,A)dE, B<t<A,
(2.1)

0(t,A) =

}Ql(E)G(f,A)dE

tsins(t—%)
o,

N
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- . t . _
st [ =g e, 0<t<B,
coss(t—B)sinsB N l sins(t —B) cossB
s k s
sinsBsins(t —B)
momo s\l = o)
52
B _ i _
+J {kcoss(t B)sins(B-¢)
0 S
1 sins(t—B)coss(B—&)
+_
k s
sins(t —B)sins(B—&)
m 2

k

@(t,A) =1

}Quz)cp@,wz

t i .
+J sins(t—¢&)

p p Q2(8) P (&,A)dE, B<t <A,

(2.2)

where Q1(t) = q(x)/r(x) — {00 (01, Qa(t) = q(x)/ra(x) -
0 OV k= A (b +0) [rVA (b -0), m = {r VA -0)} /r1 4 (b +
0)—{rY4*b+0)} /¥4 (b-0).

PROOF. It is clear that (t,A) and @ (t,A) verify the integral equations for
0<t<B.

Let B <t < A. Since 0(t,A) and @(t,A) are solutions of problem (1.3), we
have

0(t,A)+{A-Q(t)}0(t,A) =0,

i} (2.3)
@A) +{A-Q()}e(t,A) =0.

First, we multiply the equalities above by sins(t — &) /s and take integral of the
obtained equalities from B to t. Then, we get

O(t,A\) =coss(t—B)0(B+0,A) +
t i —
+J’ sins(t—¢&)

B N

sins(st—B) 9(B+0,)\)

Q2(8)0(E,A)dE,

@(t,A) =coss(t—B)p(B+0,A) + w(p(3+0,/\)
+Jt sins(t—E)Q

B N

2(8)@(&,A)dE.
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Using the equalities v (b—-0) = y(b+0) and y'(b-0) = ¥’ (b +0), we obtain
0(B+0,A) =kO(B-0,7), ®(B+0,A) =k@(B-0,A),
9(B+0,/\)=m9(B—0,/\)+%9'(B—O,/\), 2.5)

@(B+0,A) =me(B-0,A) +%q‘)(B—O,A).

When these equalities are written in (2.4), the proof is completed. |

PROPOSITION 2.2. Let O(t,A) and @ (t,A) be the solutions of problem (1.3)
such that 0(0,A) =1, 8(0,A) =0, @(0,A) =0, and p(0,A) = 1. Then

F(A) = k{coss(A—-B)cossB—o?sins(A—-B)sinsB}

1 olims|A (2.6)
+E{02COSS(AfB)COSSB7SinS(AfB)SinSB}+O ,

K

where |A| — o, that is, |s| — .

PROOF. Using integral equations (2.1) and (2.2), we have

( |Ims|t
cosst+0( 5] ) 0<t<B,
e(t’A) = 1 eIImSIt
kcossBcoss(t—B)—EsinsBsins(t—B)+O< 5] ), B<t<A,
(2.7)
(i [Ims|t
smst+0 € s 0<t<B,
s |s]2
PLA) = coss(t—B)sinsB 1 sins(t —B)cossB elmslt
k + = , B<t<A,
L s k s |s|?
(2.8)
( e\Ims\t
COSSt+O< 5] ), 0<t<B,
@(t,A) =1 . plmslt
ksinsBsins(tB)+kcossBcoss(tB)+O< s ) B<t<A,

(2.9)

where |s| goes to positive infinity. When we put 6(A,A), @(A,A), and ¢ (A,A)
in (1.7), we get the result. O

3. The asymptotic formulas for the lengths of the instability intervals.
First, we research the eigenvalues of the periodic boundary value problem,
using Rouche’s theorem which is stated as follows.
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THEOREM 3.1 (Rouche’s theorem). If f(w) and g(w) are analytic functions
inside and on a simple closed contour T and |g(w)| < |f(w)| at each point
onT, then f(w) and f(w) + g(w) have the same number of zeros, counting
multiplicities, inside T'.

Let 0 = {r(a)/r(0)}'/4 = 1. Then, define

2
ot(s) = F(A)—2 = K1

eUmsM
X cossA—2+O< ) 3.1)

]

Let f(s) = ((k2+1)/k)cossA—2, g(s) = O(e!™s14/|s]) and

1 1 2k
Dons12 = {5 e C:|Res| = Z[(2n+ E)Tr+arccos m],

IImsl—l[<2n+l>Tr+arccos 2k ]
A 2 k2+11)"

In order to apply Rouche’s theorem to our case, we need the following lemma.

(3.2)

LEMMA 3.2. There is a positive number C such that
| f($)] = Cet™S s €Topina, (3.3)

where C does not depend on s and n.
PROOF. Let s =u+iv. Then

241 2

COSSA -2

<k2+1) opA

£ = \

—2VA

+e +2c0s2uA] (3.4)

k
1
"3
L (e¥* +e7v4) cosuA.

On the vertical edge of square contour Iz;.1,2, take

u= —<2n+l)z—larccos
B 2/A A k2+1°
(3.5)

u—(2n+l)—+larccos 2k
B 2JA A k2+1°

When the value of u is written in (3.4), we have

\f(S)\ (k ]:1> e2|v|A (36)
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and hence

2
|f(s)] = %(%)e‘w‘. (3.7)

On the other hand, we take that

1 2k
2 b
A kel (3.8)

= (2n+l>—+larccos
B 2/JA A k2+1

on the horizontal edge of square contour I%,.1,2. Since the function | f(s)|?
has minimum values at the points u = p1r/A where p is even, we have

|f(s)| = (k ]:1) e?lvIA, (3.9)

This completes the proof. O

From Lemma 3.2, we have a positive number C’ such that

g(s)
(3.10)
f(s) ISI
For all s € Ioy41/2,
1 2k
|s| = (2n+2)z+zarccosm (3.11)
and there exits a natural number 1, such that, for all n > ny,
, 1 1 2
C <(2n+2)A+Aarccosk i1 (3.12)
Therefore, for all s € Iop41/2, 1 = Ny,
m‘ <1. (3.13)
g(s)

Moreover, f(s) and g(s) are analytic on the square contour I,.1/2 and on the
region bounded by the square contour. The number of roots of function f(s)
is 4n + 2 inside the square contour I»;-1,2. By Rouche’s theorem, ®*(s) has
4n + 2 roots inside the square contour I>,.1/2. Denote these roots by

=Sy = Soms s =S5 s =S85 s =80 S0 152 153 s+ s Soys Sap- (3.14)
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Similarly, ®*(s) must have 4n — 2 roots inside the square contour I2j,_1/>.
Therefore, there are 4 roots between I,+1,2 and I2,—1,2. Two of these roots
belong to region

I\ 1 2k
Dn—{sec.<2n—§>z Z rccosk +1<Res
1\ 2k
— )=+ = —_ 1
<(2 Z)A A rccosk i1 (3.15)
[Ims| < (2 1>E l arccos 2k }
B 2)A A k2+1)°

Consider circles |s —2nm/A = (1/A)arccos(2k/(k? +1))| = p, where p is any
number such that 0 < p < 1m/2A. Then functions f(s) and g(s) are analytic on
these circles and region bounded by these circles.

LEMMA 3.3. Consider circles |s —2nm/A + (1/A) arccos(2k/(k? +1))| = p
(0 < p <T1/2A). Then, for all s on these circles, there is a positive number K
such that

| f(s)| = Kp?eAlmsl, (3.16)
where K does not depend on s and n € N.

PROOF. Let s = u+iv and consider |s —2nm/A = (1/A)arccos(2k/(k? +
1))| = p. Then

2nm 1 2k ;
_cnt_ 2 = Jp2_a2
u F — arccos il Fqp2—v2. 3.17)

On the other hand,

2
f)| = k1 eVA e VA 4k COSUA
k2+1

2k
. (3.18)
><[1_4(k2—1)Z _ sin uA ]W
(k2+1)2 (evA+e*“A—(4k/(k2+1))cosuA)2 ’
Let
Flu,v) = sinuA (3.19)

evAt+evA— (4k/(k?+1))cosuA’
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This function has a maximum value and a minimum value at the points

2nmm 1 2k
(7+*arCCOS ,0),

A A k2+1
(3.20)
(211—” _ 1L arccos 2k 0)
A A k2+1°7)°
respectively. So, for all u and v on the circles, we have
k> +1
and hence
2 2
0<1[2-k2+1-F(u,v)} . (3.22)

Therefore, there is a positive number €, not depending on p and n such that

k21 ¢
O<eosl—[2-k2+1-F(u,v)} . (3.23)
Thus, for all s on the circles, we get
| f(s)] = L[e”‘+e"“‘ - kf-lil COSMA], (3.24)

where L = ((k®+1)/2k) /€. Let G(u,v) = eVA +e7VA — (4k/(k? + 1)) cosuA.
CASE 1. Let u = 2nm/A + (1/A)arccos (2k/(k?+1)) + /p?—v? and u =
2nt/A—(1/A)arccos (2k/ (k> +1)) —+/p? —vZ2. Then,

G(u,v) =evd+evA— k24+ l COSUA
2
Zem%_m_ﬁcos (ayp2—v2) (3.25)
+

> eV +e v -2cos (A\/,o2 —vz).

Let g(v) = eV + e V4 —2cos (A/p2 —v?2). So, we can work on interval [0,p]
because the function g is even for all v € [—p, p]. First, take the derivative of
g on the variable v and we get

g () = Ale? —e VA -24v] > 0. (3.26)
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So, g is increasing and then g(0) < g(v) for 0 < v < p. Moreover,

n = V2Ap < sin Ap
2
and hence

M)Z n2 AP
8(17 < 4sin > <gw).

Since | f(s)| = 842p2L /12, we have

eA\v\ eA\v\ 1
< —_—

[f(s)| = 8AZp2L/m2 = Kp?’

where K = 842p2L/1r2e™/2, Hence, | f(s)| = Kp2eAlvl,
CASE 2. Similarly, when we take

2nmt 1 2k
M:T+Zarccosk2+l—\/p2—v2,

2nmt 1 2k
_snt 2 [p2 _ 2
u 1 Aarccosk2+1+ p2—v2,

the inequality is verified.

From Lemma 3.3 and definition of g(s), we have

g | _G (eA1]1s])
f(s) Kp2eAlvl

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

We can choose p =+/2C>/((2n—-1/2)1w/A+ (1/A)arccos(2k/(k?+1))), where
C, = C1/K because there is a positive number m such that for all n > m,

p < 1/2A. Moreover, for all s on these circles, we have

[s] = (2n—1>—+larccos
- 2/A A k2+1°

Thus,

g(s) C

F(s) |~ p2[2n—1/2)/A+ (1/A)arccos (2k/ (k2 +1))]

2

(3.32)

L1 333
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By Rouche’s theorem, the function ®* (s) has one root inside the circle

2nmm 1 2k
_nm - - 34
‘s A Aarccosk2+1‘ p (3.34)
and one root inside the circle
2nmt 1 2k
‘S—T—Zarccosk2+l‘ =p. (3.35)
Denote these roots by s;, and s3,,, respectively. Let
S5, —M—n—larccos 2k +@
MmoA A k2+1  yn’
. (3.36)
sty = 2 L rccos 2K Ton
mTA A k2+1  n

Since |75, < V2nCo/((2n—1/2)1w/A+ (1/A)arccos (2k/(k?+1))), we have
Sup?;, < . Hence, for periodic boundary value problem, we have

. ,M_ﬂ_larccosim(L)
MmTA A k2+1 n/)’
(3.37)
S5, =2n—n+larccosi+0<i>
mTA A k2+1 yn)
Similarly, for antiperiodic boundary value problem, we have
o niDm 1 s 2k +O(L)
el A A k2+1 N
(3.38)
3, =7(2n+1)n+larccos 2k +O(L>
ntl A A k2+1 NV

Combining these two results, we get

S, = n——larccos 2k +O(i>
nTA A k2+1 yn)’
(3.39)
sk = ﬂ+larccos 2k +O(L)
A A k2+1 N
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THEOREM 3.4. Letv'(0) + v’ (a). If the second derivative of functionr (x) in
(1.1) is piecewise continuous on open intervals (0,b) and (b,a), then

antr

I, = Ve arccos

2k
+0(1). 4
K21l o(1) (3.40)
PROOF. We know that eigenvalues of periodic and antiperiodic boundary
value problems are real and go to infinity. So, it is sufficient to take positive
values of parameters A. By (2.7) and (2.8), we have

rcosst+0(%), if0<t<B,
o(t,A) =4 1 1
kcoss(th)cosstEsins(th)sinsBJrO(m), ifB<t<A,
'Sm”+o(i>, if0<t<B,
s |s|?
PN = coss(t—B)sinsB 1 sins(t—B)cossB 1
k + — +O(—,), if B<t<A.
L s k s [s]2

(3.41)

When the values 0(t,A) and @(t,A) are written in (2.1) and in derivative of
(2.2), we get

O(A,A) = kcoss(A—B)cossB— % sins(A—B)sinsB +mCOSSBSH;S(A7B)

B
+%kj [sinsA—sins(A—2B) +sins(A—2&) —sins(A—2B+2&)]
0
xQ1(8)dE
11 (8
+——J [sinsA+sins(A—2B) +sins(A—2&) +sins(A—2B+2&)]
4s k Jo
xQ1(8)dE
1 A
+4_5ij [sinsA+sins(A—2B) +sins(A—2&) +sins(A+2B—-2§&)]
X Q2(8)dg
114
+——J [sinsA—sins(A—2B) +sins(A—2&) —sins(A+2B-2&)]
4s k Jp

X Q2(8)dE

1
+O<W)’
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sinsBcoss(A—B)
s

B
+ %kﬁ) [sinsA+sins(A—2B) —sins(A—2&) —sins(A-2B+2&)]
xQ1(8)dg

B
+ %%J [sinsA—sins(A—2B) —sins(A—2&) +sins(A-2B+2§&)]
0

xQ1(8)dE

A
+ %kj [sinsA—sins(A—2B) —sins(A—2&) +sins(A+2B—2&)]
B

X Q2(8)dE
11 (A . . :
+EEJ [sinsA+sins(A—2B) —sins(A—2E&) —sins(A+2B—-2§)]
B
X Q2(8)dE
1
(3.42)
Moreover, we have
DA = kcoss(A—B)smsB N 1 sins(A—B)cossB O(L) (3.43)
k s 512
After putting the values 0(A,A), @(A,A), and @ (A,A) in equality
O(AN) +@ (AN +(p-T)P(AA) =2, (3.44)
we get
- 1 km
C0S Sy, A+ g 2l sins,;, A
1 I 1 e
+—Isin52+nAJ Ql(E)d§+—Isins§nAJ Q2(8)dE
255, 0 253y B
_ 1 k-1 JBsmsi (A-2B+28)Q:(§)dE
255, k?+1Jo o '
L poq A ) (3.45)
S RE Ty L sins, (A+2B - 25)Qa (E)dE
— —_ 2_
+usin5;nA Q k 1Sin32:n(A—2B)

255, 255, k241

2k ( 1 )
- +0 — | =0
k?+1 |55 |

Let w = arccos (2k/(k?*+1)) and &3, = O(1//n). Then

STLA=2NTTF W +63,. (3.46)
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Since 1/s3, = 0(1/n), 1/(s5,)2 = 0(1/n?), [E Q. (E)dE < o0, and [; Q2 (§)dE <
o, (3.45) becomes

F63, sinw :O<%), (3.47)

it is clear that sinw = 0. Hence, we have 63, = O(1/n) and therefore

8nr 2k
Ion = 3y = Hop = —45 arccos .——— + 0 (1),
A k?2+1
42n+1) (3.48)
_ n T
Dons1 = MU3ps1 —Hopsr = e arccos 15— +0(1).
This completes the proof. |

THEOREM 3.5. Under hypotheses of Theorem 3.4, we have
1 k?-1
k2+1

) siﬁw{JECOS [%(E—E) —w] -sin[znTn(B—E)]Ql (§)dg

0

I, =4nmTwA 2+ A

+JACOS [ij(B—E) +w] -sin[znTTr(B—‘é)]Qg(E)dg (3.49)

B

+( —T)COS[ZB—w—w]-Sin[ZTHTE]
p A A
+O<l>.
n
PROOF. Since s;,A =2nmFw + 03, and 63, = O(1/n), we have

€085, A = Ccosw + 53, sinw +O((6§'n)2), sins;, A = Fsinw +0(63,),
sins3, (A—2B+2§) = sin[%(—BJrE)(anriw) 1a)] +0(63,),
sinsy, (A+2B-2&) = sin[%(B—E)QnrrIw) iw] +0(63,),
o 2B ~ .
sins;, (A—-2B) = —51n[Z(2n1T+w) iw] +0(63,),
1 A 1
e om0 (z)

(3.50)
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Using these equalities in (3.45), we get

. A km A (P
O2n = nmt K2+l anm Jo Qu(E)aE
A k-1 1 (B2 N
T Tl .[0 31n[Z(B—§)(2n7T+w)_w]Ql(g)dE
A kK-1 1 (A2 =)
L [ 2 s-p enm @) 5 0] 0u@)ag
A (A _ A k?—1 sin[(2B/A)2nmFw)+w]
+47’L1T L; QZ(E)d§+4nn(p_T)'k2+1 ' sin w
A 1
+4nrr(p7-r)+o(ﬁ>'
(3.51)
Therefore,
Ip =8 a2y kol
2n = ONTTWO k2+1
B 2w . [4nm
. sinw{.[o cos [7(3_5) —w] -sm[T(B—E)]QME)dE

+JAcos [27(0(8—5) +w] -sin[MTn(B—E)]QQ(E)dE (3.52)

B

+(p—T)cos [ZB_w —w] -sin [4nn£]
p A A
+O<l).
n
Similarly,

1 k?-1
k2+1

{chos[zjw(B—E)—w] 'Sin[W(B—B]Ql(E)dE

Iops1 =40C2n+1)TWA 2+ A

sinw

+JAcos[27w(Bf§)+w] -sin[W(B*E)]Qz(E)dE

B

+(p—T)cos [—Ziw —w] -sin[(4n+2)ni]}
1
+O<E)

This completes the proof. ]

(3.53)
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