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We obtain a converse theorem for the linear combinations of modified beta op-
erators whose weight function is the Baskakov operators. To prove our inverse
theorem, we use the technique of linear approximating method, namely, Steklov
mean.
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1. Introduction. For f ∈ Lp[0,∞), p ≥ 1, modified beta operators with the

weight function of Baskakov operators are defined as

Bn(f ,x)= (n−1)
n

∞∑
v=0

bn,v(x)
∫∞

0
pn,v(t)f (t)dt, x ∈ [0,∞), (1.1)

where

bn,v(x)= 1
B(v+1,n)

xv(1+x)−n−v−1,

pn,v(x)=
(
n+v−1

v

)
xv(1+x)−n−v,

(1.2)

and B(v+1,n) being the beta function (see, e.g., [3]).

It is easily verified that the operators Bn are linear positive operators. Also,

Bn(1,x) = 1. It turns out that the order of approximation for the operators

(1.1) is at best O(n−1) howsoever smooth the function may be. With the aim of

improving the order of approximation, we have to slack the positive condition

of these operators for which we may take appropriate linear combinations of

the operators (1.1). Now we consider the linear combinations Bn(f ,k,x) of the

operators Bdjn(f ,x) as

Bn(f ,k,x)=
k∑
j=0

C(j,k)Bdjn(f ,x), (1.3)

where

C(j,k)=
k∏
i=0
i≠j

dj
dj−di , k≠ 0, C(0,0)= 1 (1.4)

and d0,d1,d2, . . . ,dk are (k+1) arbitrary but fixed distinct positive integers.
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Throughout this note, let 0 < a1 < a2 < a3 < b3 < b2 < b1 <∞, 0 < a < b <
∞, and Ii = [ai,bi], i= 1,2,3.

For f ∈ Lp[0,∞), 1 ≤ p < ∞, the Steklov mean fη,m of mth order corre-

sponding to f is defined as

fη,m(t)

= η−m
∫ η/2
−η/2

∫ η/2
−η/2

···
∫ η/2
−η/2

[
f(t)+(−1)m−1∆m∑m

i=1 ti
f (t)dt1,dt2, . . . ,dtm

]
,

(1.5)

where t ∈ I and ∆mh f(t) is the mth order forward difference of the function f
with step length h. It follows from [5, 7] that

(i) fη,m has derivatives up to order m, f (m−1)
η,m ∈AC(I1), and f (m−1)

η,m exists

a.e. and belongs to Lp(I1);
(ii) ‖f (r)η,m‖Lp(I2) ≤K1η−rωr (f ,η,p,I1), r = 1,2, . . . ,m;

(iii) ‖f −fη,m‖Lp(I2) ≤K2ωm(f ,η,p,I1);
(iv) ‖fη,m‖Lp(I2) ≤K3‖f‖Lp(I1);
(v) ‖f (m)η,m ‖Lp(I2) ≤K4η−m‖f‖Lp(I1).

In this note, we obtain an inverse theorem in Lp-approximation for the linear

combinations of the operators (1.1).

2. Auxiliary results. In this section, we give certain results which are nec-

essary to prove the inverse result.

Lemma 2.1 [3]. Let the mth order moment be defined as

Tn,m(x)= (n−1)
n

∞∑
v=0

bn,v(x)
∫∞

0
pn,v(t)(t−x)mdt, (2.1)

then Tn,0(x)= 1 and Tn,1(x)= (1+3x)/(n−2) and there holds the recurrence

relation

(n−m−2)Tn,m+1(x)= x(1+x)
[
T(1)n,m(x)+2mTn,m−1(x)

]
+[(1+2x)(m+1)+x]Tn,m(x), n >m+2.

(2.2)

Consequently for each x ∈ [0,∞),

µn,m(x)=O
(
n−[(m+1)/2]). (2.3)

Lemma 2.2. Let h∈ L1[0,∞) have a compact support, then, for n∈N,

∥∥∥∥n−1
n

∫∞
0
bn,v(x)pn,v(t)

(
v
n
−t

)m
h(t)dt

∥∥∥∥
L1[0,∞)

≤K5n−m/2‖h‖L1[0,∞), (2.4)

where the constant K5 is independent of n and h.
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Proof. Applying Fubini’s theorem and Holder’s inequality, we obtain

n−1
n

∫∞
0

∫∞
0

∞∑
v=0

bn,v(x)pn,v(t)
∣∣∣∣vn −x

∣∣∣∣
m∣∣h(t)∣∣dtdx

=
∫∞

0

∞∑
v=0

{∫∞
0

n−1
n

bn,v(x)
∣∣∣∣vn −x

∣∣∣∣
m
dx

}
pn,v(t)

∣∣h(t)∣∣dt

≤
∫∞

0

∞∑
v=0

{∫∞
0

n−1
n

bn,v(x)
(
v
n
−x

)2m
dx

}1/2

pn,v(t)
∣∣h(t)∣∣dt

=
∫∞

0

∞∑
v=0




2m∑
j=0

(
2m
j

)(
v
n

)2m−j
(−1)j

∫∞
0

n−1
n

bn,v(x)xjdx




1/2

×pn,v(t)
∣∣h(t)∣∣dt

=
∫∞

0

∞∑
v=0




2m∑
j=0

(
2m
j

)(
v
n

)2m−j
(−1)j

(n+v)!
n·v !(n−2)!

B(v+j+1,n−j)



1/2

×pn,v(t)
∣∣h(t)∣∣dt

=
∫∞

0

∞∑
v=0




2m∑
j=0

(
2m
j

)(
v
n

)2m−j
(−1)j

× (v/n+j/n)
(
v/n+(j−1)/n

)···(v/n+1/n)
(1−2/n)(1−3/n)···(1−j/n)




1/2

×pn,v(t)
∣∣h(t)∣∣dt.

(2.5)

Now, we use the identities

j∏
i=1

(
v
n
+ i
n

)
=
(
v
n

)j
+
(
v
n

)j−1 1
n
P1(j)+

(
v
n

)j−2 1
n2
P2(j)+··· ,

1∏j
i=2(1− i

n )
= 1+ 1

n
Q1(j)+ 1

n2
Q2(j)+··· ,

(2.6)

where Pk(j) and Qk(j) are polynomials in j of degree 2k.

Using the fact
∑2m
j=0

(
2m
j

)
(−1)jjk = 0, k < 2n, we have

∥∥∥∥∥n−1
n

∫∞
0

∞∑
v=0

bn,v(x)pn,v(t)
(
v
n
−x

)m
h(t)dt

∥∥∥∥∥
L1[0,∞)

≤K6

∫∞
0

∞∑
v=0

{(
v
n

)2m 1
nm

+ 1
n

(
v
n

)2m−1 1
nm−1

+···+ 1
n2m

}1/2

pn,v(t)
∣∣h(t)∣∣dt.

(2.7)

Now applying Holder’s inequality for summation and by the compactness of

h, we obtain the required result.
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Lemma 2.3. Let h∈ Lp[0,∞), p > 1, have a compact support, i,j ∈N∪{0}.
Then for m> 0, there holds

∥∥∥∥∥n−1
n

∫∞
0

∞∑
v=0

bn,v(x)pn,v(t)
(
v
n
−x

)i∫ t
x
(t−w)jh(w)dwdt

∥∥∥∥∥
Lp(I2)

≤K7
{
n−(i+j+1)/2‖h‖Lp(I1)+n−m‖h‖Lp[0,∞)

}
.

(2.8)

Proof. Applying Jensen’s inequality repeatedly,

∣∣∣∣∣
∞∑
v=0

bn,v(x)
(
v
n
−x

)i∫∞
0

(n−1)
n

pn,v(t)
∫ t
x
(t−w)jh(w)dwdt

∣∣∣∣∣
p

≤
∞∑
v=0

bn,v(x)
∣∣∣∣vn −x

∣∣∣∣
ip ∫∞

0

(n−1)
n

pn,v(t)|t−x|s

×
∣∣∣∣
∫ u
t

∣∣h(w)∣∣pdw
∣∣∣∣dt, s = jp+p−1

=
∞∑
v=0

bn,v(x)
∣∣∣∣vn −x

∣∣∣∣
ip

×
∫∞

0

(n−1)
n

ϕ(t)pn,v(t)|t−x|s
∣∣∣∣
∫ u
t
|h(w)|pdw

∣∣∣∣dt
+

∞∑
v=0

bn,v(x)
∣∣∣∣vn −x

∣∣∣∣
ip

×
∫∞

0

(n−1)
n

(
1−ϕ(t))pn,v(t)|t−x|s

∣∣∣∣
∫ u
t

∣∣h(w)∣∣pdw
∣∣∣∣dt.

(2.9)

We break the interval [x,t] in the first term as

m⋃
l=0

([
x,x+(l+1)n−1/2]∪[x−(l+1)n−1/2,x

])
, (2.10)

where mn−1/2 ≤max{b1−a2,b2−a1} < (m+1)n−1/2, which is similar to [4,

Theorem 2] and [2, Theorem 3.2]. A typical element of the first term is now

Lp-bounded by

n2

l4

∫ b2

a2

[ ∞∑
v=0

bn,v(x)
∣∣∣∣vn −x

∣∣∣∣
ip ∫ x+(l+1)n−1/2

x+(l)n−1/2

(n−1)
n

pn,v(t)|t−x|s+4dt
]

×
(∫ x+(l+1)n−1/2

x+(l)n−1/2
ϕ(w)

∣∣h(w)∣∣pdw
)
dx.

(2.11)
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We apply Holder’s inequality for infinite sum, Lemma 2.1, and Fubini’s theorem

to obtain the required estimate. The presence of the factor (1−ϕ(t)) in the

second term of (2.9) implies that |t −x|/δ > 1, which gives arbitrary order

O(n−m). This completes the proof of the lemma.

Lemma 2.4. There exist polynomials qi,j,r (x) independent of n and v such

that

{
x(1+x)}r dr

dxr
(
bn,v(x)

)
=

∑
2i+j≤r
i,j≥0

(n+1)i
[
v−(n+1)x

]jqi,j,r (x)bn,v(x). (2.12)

The proof of the above lemma is similar to [3, Lemma 2.2].

Lemma 2.5. Let h∈ Lp[0,∞), p ≥ 1 and supph⊂ I2, then

∥∥B(2k+2)
n (h,·)∥∥Lp(I2) ≤K8nk+1‖h‖Lp(I2). (2.13)

Moreover, if h(2k+1) ∈AC(I2) and h(2k+2) ∈ Lp(I2), then

∥∥B(2k+2)
n (h,·)∥∥Lp(I2) ≤K9

∥∥h(2k+2)∥∥
Lp(I2), (2.14)

the constants K8 and K9 are independent of n and h.

Proof. Since functions qi,j,2k+2(x) and {x(1+x)}−(2k+2) are bounded on

I2, it follows from Lemmas 2.2 and 2.4 that, for h∈ L1[0,∞),

∥∥B(2k+2)
n (h,·)∥∥Lp(I2) ≤K10nk+1‖h‖Lp(I2). (2.15)

If h∈ L∞[0,∞), then by Lemmas 2.1 and 2.4, we get

∥∥B(2k+2)
n (h,·)∥∥L∞(I2) ≤K11nk+1‖h‖L∞(I2). (2.16)

Now applying Riesz-Thorin interpolation theorem [6], we get (2.13). To prove

(2.14), we have

h(t)=
2k+1∑
r=0

(t−x)r
r !

h(r)(x)+ 1
(2k+1)!

∫ t
x
(t−w)2k+1h(2k+2)(w)dw. (2.17)
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Using Lemmas 2.1 and 2.3, it is easily verified that

B(2k+2)
n (h,x)= (n−1)

n(2k+1)
{
x(1+x)}2k+2

∞∑
v=0

bn,v(x)

·



∑
2i+j≤2k+2
i,j≥0

(n+1)i
{
v−(n+1)x

}jqi,j,2k+2(x)

×
∫∞

0
pn,v(t)

∫ t
x
(t−w)2k+1h(2k+2)(w)dwdt


.
(2.18)

Now applying Lemma 2.3, we obtain the estimate (2.14).

3. Inverse theorem. In this section, we prove the following inverse theorem.

Theorem 3.1. Let 0<α< 2k+2, f ∈ Lp[0,∞), p ≥ 1, and

∥∥Bn(f ,k,x)−f(x)∥∥Lp(I1) =O(n−α/2), n �→∞, (3.1)

then

ω2k+2
(
f ,τ,p,I2

)=O(τα), τ �→ 0. (3.2)

Proof. We choose a function g ∈ C2k+2
0 such that supph⊂ (x2,y2), h(t)=

1 on [x3,y3], and a1 < x1 < x2 < x3 < a2 < b2 < y3 < y2 < y1 < b1. Writing

fh= f̄ for all values of γ ≤ τ , we have

∆2k+2
γ f̄ (x)=∆2k+2

γ
(
f̄ (t)−Bn(f̄ ,k,x)

)+∆2k+2
γ Bn(f̄ ,k,x), (3.3)

where∆2k+2
γ denotes the (2k+2)th order forward difference. Applying Jensen’s

inequality repeatedly and Fubini’s theorem for the second term, we have

∥∥∆2k+2
γ f̄

∥∥
Lp[x2,y2] ≤

∥∥∆2k+2
γ

(
f̄ −Bn(f̄ ,k,·)

)∥∥
Lp[x2,y2]

+γ2k+2
∥∥B(2k+2)

n (f̄ ,k,·)∥∥Lp[x2,y2+(2k+2)γ]

≤ ∥∥∆2k+2
γ

(
f̄ −Bn(f̄ ,k,·)

)∥∥
Lp[x2,y2]

+γ2k+2
∥∥B(2k+2)

n
(
f̄ − f̄η,2k+2,k,·

)∥∥
Lp[x2,y2+(2k+2)γ]

+∥∥B(2k+2)
n

(
f̄η,2k+2,k,·

)∥∥
Lp[x2,y2+(2k+2)γ].

(3.4)

Applying Lemma 2.5 and using the properties of Steklov mean, we get

∥∥∆2k+2
γ f̄

∥∥
Lp[x2,y2] ≤

∥∥∆2k+2
γ

(
f̄ −Bn(f̄ ,k,·)

)∥∥
Lp[x2,y2]

+K12γ2k+2(nk+1+η−(2k+2))ω2k+2
(
f̄ ,η,p,

[
x2,y2

])
.

(3.5)
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Following [1], we can complete the proof of the theorem if we show that

∥∥∆2k+2
γ

(
f̄ −Bn(f̄ ,k,·)

)∥∥
Lp[x2,y2] =O

(
n−α/2

)
, n �→∞, (3.6)

therefore,

ω2k+2
(
f̄ ,τ,p,

[
x2,y2

])=O(τα), τ �→ 0. (3.7)

For t ∈ [x3,y3], f̄ (t)= f(t), thus

ω2k+2
(
f ,τ,p,I2

)=O(τα), τ �→ 0 as required. (3.8)

We will prove (3.6) by the principle of mathematical induction on α. First, we

consider the case α≤ 1, thus
∥∥Bn(fh,k,·)−fh∥∥Lp[x2,y2] ≤

∥∥Bn(h(x)(f(t)−f(x)),k,·)∥∥Lp[x2,y2]

+∥∥Bn(f(t)(h(t)−h(x)),k,·)∥∥Lp[x2,y2].
(3.9)

Now |h(t)−h(x)| = |t−x||h′(ξ)| for some ξ lying between t and x. Using

Lemma 2.1 and the compactness of f to estimate the second term, and the

assumption of the theorem for the first term, we get

∥∥Bn(fh,k,·)−fh∥∥Lp[x2,y2] =O
(
n−1/2)+O(n−α/2). (3.10)

This completes the proof of (3.6) for the case α≤ 1.

Now, assume that (3.6) holds for all values of α satisfying m−1 < α < m
and prove that the same holds true for m<α<m+1. Thus, we have

ω2k+2
(
f ,τ,p,[c,d]

)=O(τm−1+β), τ �→ 0, 0< β< 1 (3.11)

for any [c,d]⊂(a1,b1). Letφ(t) denote the characteristic function of [x1,y1].
The assumed smoothness of f implies that

∥∥Bn(fh,k,·)−fh∥∥Lp[x2,y2]

≤
r−2∑
i=0

1
i!
∥∥f (i)(x)Bn((t−x)i(h(t)−h(x),k,·))∥∥Lp[x2,y2]

+ 1
(r −2)!

∥∥∥∥Bn(φ(t)
(
h(t)−h(x)

×
(∫ t

x
(t−w)r−2(f (r−1)(w)−f (r−1)(x)

)
dw

)
,k,·

)∥∥∥∥
Lp[x2,y2]

+∥∥Bn(F(t,x)(1−φ(t))(h(t)−h(x)),k,·)∥∥Lp[x2,y2]

= J1+J2+J3,
(3.12)

where F(t,x)= f(x)−∑r−2
i=0 ((t−x)i/i!)f (i)(x), t ∈ [0,∞), and x ∈ [x2,y2].
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The direct theorem in [4] and Lemma 2.1 imply that J1,J3 = O(n−(k+1)),
n → ∞, using Jensen’s inequality, mean value theorem on h, and breaking

[x,t] as in Lemma 2.3, we have

∫ y2

x2

∣∣∣∣∣Bn
(
φ(t)

(
h(t)

−h(x)
(∫ t

x
(t−w)r−2(f (r−1)(w)−f (r−1)(x)

)
dw

)
,x
))∣∣∣∣∣

p

dx

≤K13

∫ y2

x2

∫ y1

x1

Wn(x,t)|t−x|rp−1

×
∫ t
x
φ(w)

∣∣f (r−1)(w)−f (r−1)(x)
∣∣pdwdtdx

≤K13

r∑
l=1

∫ y2

x2

{∫ x+(l+1)n−1/2

x+(l)n−1/2
Wn(x,t)

(
n2l−4)p|t−x|rp+4p−1

×
∫ x+(l+1)n−1/2

x
φ(w)

∣∣f (r−1)(w)

−f (r−1)(x)
∣∣pdwdt

+
∫ x−(l)n−1/2

x−(l+1)n−1/2
Wn(x−t)

(
n2l−4)p|t−x|rp+4p−1

×
∫ x
x−(l+1)n−1/2

φ(w)
∣∣f (r−1)(w)

−f (r−1)(x)|pdwdt
}
dx

+
∫ y2

x2

∫ y2+n−1/2

x2−n−1/2
Wn(x,t)|t−x|rp−1

×
∫ x+n−1/2

x−n−1/2
φ(w)

∣∣f (r−1)(w)−f (r−1)(t)
∣∣pdwdtdx

≤K13

{ r∑
l=1

(
n2l−4)pn−((r+4)p−1)/2

×
∫ (l+1)n−1/2

0

(
ω
(
f (r−1),w,p,[x1,y1]

))pdw
+n−(rp−1)/2

∫ n−1/2

0

(
ω
(
f (r−1),w,p,[x1,y1]

))pdw
}
.

(3.13)

On using Lemma 2.1, then interchanging integration in x and w, and lastly,

using the fact ω(f (r−1),w,p,[x1,y1])=O(ωβ), we find

J2 =O
(
n−(r+β)/2

)
, n �→∞. (3.14)
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Combining the estimates of J1,J2, and J3, we obtain (3.6). The proof of (3.6)

shows that

ω
(
f ,τ,p,I2

)=O(τα), α < 2k+2, α≠ 2,3, . . . ,2k+1. (3.15)

The above statement implies that it is true for integer values 2,3, . . . ,2k+ 1

also. To prove this, let α = τ , where r takes values from 2,3, . . . ,2k+1. Since

(3.15) is true for (r ,r +1), it follows that

ω2k+2
(
f ,τ,p,I2

)=O(τr+θ)=O(τr ), 0< θ < 1. (3.16)

This completes the proof of the theorem.
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