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Let {T(t)}t≥0 be a C-semigroup on a Banach space X with generator A. We will
investigate the asymptotic almost periodicity of {T(t)} via the Hille-Yosida space
of its generator.
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1. Introduction. Motivated by the abstract Cauchy problem

d
dt
u(t)=Au(t) (t ≥ 0), u(0)= x, (1.1)

a generalization of strongly continuous semigroups, C-semigroups, has re-

cently received much attention (see [6, 7, 17]). The operator A generating a

C-semigroup leads to (1.1) having a unique solution, whenever x = Cy for

some y in the domain of A. It is well known that the class of operators that

generate C-semigroups is much larger than the class of operators that generate

strongly continuous semigroups.

On the other hand, the asymptotic almost periodicity of C0-semigroup has

been studied systematically in [2, 4, 8, 11, 12, 14, 15, 16]. It was shown that

whenA generates an asymptotically almost periodicC0-semigroup on a Banach

space X, then X can be decomposed into the direct sum of two subspaces Xa
and Xs , and the mild solutions with initial values taken from Xa are almost

periodic and thus can be extended to the whole line while the mild solutions

from Xs are vanishing at infinity.

In this paper, we will discuss the asymptotic almost periodicity of C-semi-

groups. We show that if A generates an asymptotically almost periodic C-

semigroup, then the range of C has an analogous decomposition. The tech-

nique we use here is the Hille-Yosida space for A, which is a maximal imbed-

ded subspace of X such that the part of A on this subspace generates a C0-

semigroup. The crucial facts are that a mild solution of the abstract Cauchy

problem is asymptotically almost periodic in the Hille-Yosida space if and only

if it is asymptotically almost periodic in X, and the mild solution is vanishing

at infinity in the Hille-Yosida space if and only if it is vanishing in X.

Under suitable spectral conditions, we obtain a theorem for asymptotic al-

most periodicity of C-semigroups that is more easily testified (Theorem 3.7).
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At last, we give a theorem for asymptotically almost periodic integrated semi-

groups (Theorem 3.9).

Although there are papers devoted to asymptotic properties of individual

solution [1, 2, 3, 4], our main concern is some kind of global property.

Throughout the paper, all operators are linear. We writeD(A) for the domain

of an operator A, R(A) for the range, and ρ(A) for the resolvent set; X will

always be a Banach space, and the space of all bounded linear operators on X
will be denoted by B(X) while C will always be a bounded, injective operator

on X. Finally, R+ will be the half-line [0,+∞), and C+ will be the half-plane

{z | z = τ+iw, τ,w ∈R and τ > 0}.

2. Preliminaries. We start with the definitions and properties of C-semi-

groups.

Definition 2.1. A family {T(t)}t≥0 ⊂ B(X) is a C-semigroup if

(a) T(0)= C ,

(b) the map t� T(t)x, from [0,+∞) into X, is continuous for all x ∈X,

(c) CT(t+s)= T(t)T(s).
The generator of {T(t)}t≥0, A is defined by

Ax = C−1
[

lim
t↓0

1
t
(
T(t)x−Cx)] (2.1)

with

D(A)=
{
x ∈X | lim

t↓0
1
t
(
T(t)x−Cx) exists and is in R(C)

}
. (2.2)

The complex number λ is in ρC(A), the C-resolvent set ofA, if (λ−A) is injective

and R(C)⊆ R(λ−A). And we denote by σC(A) the set of all points in complex

plane which are not in the C-resolvent of A.

For the basic properties of C-semigroups and their generators, we refer to

[7]. Next, we introduce the Hille-Yosida space for an operator.

Definition 2.2. Suppose thatA has no eigenvalues in (0,∞) and is a closed

linear operator. The Hille-Yosida space for A, Z0 is defined by Z0 = {x ∈ X |
The Cauchy problem (1.1) has a bounded uniformly continuous mild solution

u(·,x)} with

‖x‖Z0 = sup
{∥∥u(t,x)∥∥ : t ≥ 0

}
for x ∈ Z0. (2.3)

Lemma 2.3 (see [7]). Suppose that A generates a strongly uniformly contin-

uous bounded C-semigroup {T(t)}t≥0 on X. Then, the Hille-Yosida space for
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A, Z0 is a Banach space and

Z0 =
{
x | t �→ C−1T(t)x is uniformly continuous and bounded

}
(2.4)

with

‖x‖Z0 = sup
{∥∥C−1T(t)x

∥∥ : t ≥ 0
}
. (2.5)

Moreover, Z0 ↩X, that is, Z0 can be continuously imbedded inX,A|Z0 generates

a contraction C0-semigroup S(t)= C−1T(t) on Z0, and T(t)x = S(t)Cx for all

x ∈X.

Let J = R+ or R. The spaces of all bounded continuous functions from J
into X will be denoted by Cb(J,X), C0(R+,X) will designate the set of those

ϕ ∈ Cb(R+,X) that vanish at infinity on R+, and we will hereafter assume that

each of these spaces is equipped with the supremum norm. Moreover, for f ∈
Cb(J,X), w ∈ J, we put fw(t) = f(t+w) (t ∈ J) and let H(f) = {fw :w ∈ J}
denote the set of all translates of f .

Definition 2.4. (a) A function f ∈ C(J,X) is said to be almost periodic if

for every ε > 0, there exists l > 0 such that every subinternal of J of length l
contains, at least, one τ satisfying ‖f(t+τ)−f(t)‖ ≤ ε for t ∈ J. The space of

all almost periodic functions will be denoted by AP(J,X).
(b) A function f ∈ Cb(R+,X) is said to be asymptotically almost periodic if

for every ε > 0, there exist l > 0 andM > 0 such that every subinterval of R+ of

length l contains, at least, one τ satisfying ‖f(t+τ)−f(t)‖ ≤ ε for all t ≥M.
The space of all asymptotically almost periodic functions will be denoted by

AAP(R+,X).

Lemma 2.5 (see [10, 15, 16]). For a function f ∈ C(R+,X), the following

statements are equivalent:

(a) f ∈AAP(R+,X);
(b) there exist uniquely determined functions g ∈AP(R,X) andϕ ∈ C0(R+,X)

such that f = g|R+ +ϕ;

(c) H(f) is relatively compact in Cb(R+,X).

Definition 2.6. Let {F(t)}t∈J ⊆ B(X) be a strongly continuous operator

family.

(a) F(t) (t ∈ J) is almost periodic if F(·)x is almost periodic for every x ∈X.

(b) F(t) (t ∈R+) is asymptotically almost periodic if F(·)x is asymptotically

almost periodic for every x ∈X.

3. Main results. In order to characterize the asymptotic almost periodicity

of C-semigroups, we need the following result.
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Lemma 3.1. Assume that {T(t)}t≥0 is a C-semigroup on X generated by A
and A has no eigenvalues in (0,∞). Suppose that T(·)x : R+ � X is asymptoti-

cally almost periodic for some x ∈X. Then,

(a) there exist y ∈ X and ϕ ∈ C0(R+,X) such that, for all t ≥ 0, T(t)y ∈
R(C), C−1T(·)y ∈AP(R+,X), and

T(t)x = C−1T(t)y+ϕ(t); (3.1)

(b) if {T(t)} is strongly uniformly continuous and bounded, then there exist

y,z ∈ Z0 such that S(·)y ∈AP(R+,Z0), S(·)z ∈ C0(R+,Z0), and

T(t)x = S(t)y+S(t)z ∀t ≥ 0, (3.2)

where Z0 is the Hille-Yosida space for A and {S(t)} is the C0-semigroup

generated by A|Z0 .

Proof. (a) By Lemma 2.5, there exist uniquely determined functions h ∈
AP(R,X) and ϕ ∈ C0(R+,X) such that T(·)x = h|R+ +ϕ, and, from the proof

of Lemma 2.5 (see [14]), we know that there exists 0< tn→∞ such that

h(t)= lim
n→∞T

(
t+tn

)
x ∀t ≥ 0. (3.3)

Let y = h(0), then we have limn→∞T(tn)x =y . Therefore, for each t ≥ 0,

Ch(t)= lim
n→∞CT

(
t+tn

)
x = T(t) lim

n→∞T
(
tn
)
x = T(t)y, (3.4)

which implies T(t)y ∈ R(C) for all t ≥ 0 and C−1T(·)y = h|R+ ∈ AP(R+,X),
so that

T(t)x = C−1T(t)y+ϕ(t) ∀t ≥ 0. (3.5)

(b) Let y andϕ(t) be the same as in (a). Since C−1T(·)y = h|R+ ∈AP(R+,X),
we have that C−1T(t)y is uniformly continuous and bounded in [0,+∞), and

so it follows that y ∈ Z0 by Lemma 2.3. Setting z = Cx−y , then obviously,

z ∈ Z0. Hence, S(t)y = C−1T(t)y and

S(t)z = C−1T(t)z = C−1T(t)Cx−C−1T(t)y = T(t)x−C−1T(t)y =ϕ(t)
(3.6)

so that

T(t)x = S(t)y+S(t)z ∀t ≥ 0. (3.7)

Next, we show that S(·)y ∈ AP(R+,Z0) and S(·)z ∈ C0(R+,Z0). By the defi-

nition of almost periodicity, we know, for every ε > 0, there exists l > 0 such

that every subinterval of R+ of length l contains, at least, one τ satisfying

sup
t≥0

∥∥S(t+τ)y−S(t)y∥∥< ε, (3.8)



ASYMPTOTIC ALMOST PERIODICITY OF C-SEMIGROUPS 69

hence,

sup
t≥0

∥∥S(t+τ)y−S(t)y∥∥Z0

= sup
t≥0, s≥0

∥∥C−1T(s)S(t+τ)y−C−1T(s)S(t)y
∥∥

= sup
t≥0, s≥0

∥∥C−1T(s)C−1T(t+τ)y−C−1T(s)C−1T(t)y
∥∥

= sup
t≥0, s≥0

∥∥C−1T(t+s+τ)y−C−1T(t+s)y∥∥
= sup
t≥0, s≥0

∥∥S(t+s+τ)y−S(t+s)y∥∥
= sup

t≥0

∥∥S(t+τ)y−S(t)y∥∥< ε,

(3.9)

which yields S(t)y ∈AP(R+,Z0). Also,

∥∥S(t)z∥∥Z0
= sup

s≥0

∥∥C−1T(s)S(t)z
∥∥= sup

s≥0

∥∥S(t+s)z∥∥= sup
s≥t

∥∥S(s)z∥∥ (3.10)

converges to 0 as t → +∞ since S(t)z ∈ C0(R+,X), and this yields S(t)z ∈
C0(R+,Z0).

Now, we can prove the following theorem which characterizes the asymp-

totic almost periodicity of C-semigroups.

Theorem 3.2. Let {T(t)} be a C-semigroup generated by A on X. Then,

{T(t)} is asymptotically almost periodic if and only if R(C)⊆ X0a+X0s , where

X0a = {x | x ∈ Z0, S(t)x ∈ AP(R+,Z0)} and X0s = {x | x ∈ Z0, S(t)x ∈
C0(R+,Z0)}, where Z0 is the Hille-Yosida space forA, {S(t)} is the C0-semigroup

generated by A|Z0 .

Proof. Necessity. First, it follows from [17, Lemma 1.6.(a)] and the uni-

form boundedness theorem that {T(t)} is bounded and strongly uniformly

continuous. By Lemma 3.1(b), for every x ∈ X, there exist y,z ∈ Z0 such

that S(·)y ∈ AP(R+,Z0), S(·)z ∈ C0(R+,Z0), and T(t)x = S(t)y + S(t)z for

all t ≥ 0. Choosing t = 0, we obtain Cx =y+z, that is, R(C)⊆X0a+X0s .

Sufficiency. Since R(C) ⊆ X0a+X0s , for any x ∈ X, there exist y ∈ X0a and

z ∈X0s such that Cx =y+z. Hence, by Lemma 2.3, we have T(t)x = S(t)Cx =
S(t)y + S(t)z while S(t)y ∈ AP(R+,Z0) and S(t)z ∈ C0(R+,Z0). Since Z0 is

continuously imbedded in X, it follows that T(t)x is asymptotically almost

periodic by Lemma 2.5, that is, {T(t)} is an asymptotically almost periodic

C-semigroup.

From the proof of Lemma 3.1(b), we know that for y,z ∈ Z0, S(t)y ∈
AP(R+,X) and S(t)z ∈ C0(R+,X) if and only if S(t)y ∈AP(R+,Z0) and S(t)z ∈
C0(R+,Z0), respectively. Hence, we have the following corollary.

Corollary 3.3. Let {T(t)}t≥0 be a C-semigroup generated byA onX. Then,

{T(t)} is asymptotically almost periodic if and only if for any x ∈ X, there
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exist y,z ∈ Z0 such that Cx = y+z, C−1T(t)y ∈ AP(R+,X), and C−1T(t)z ∈
C0(R+,X), where Z0 is the Hille-Yosida spaces for A.

In the case of R(C)=X, we have the following theorem.

Theorem 3.4. Assume that {T(t)}t≥0 is a C-semigroup on X and R(C)=X.

Then, {T(t)} is asymptotically almost periodic if and only if R(C) ⊆ Xa+Xs ,
where Xa = {x | x ∈ X, T(t)x ∈ AP(R+,X)} and Xs = {x | x ∈ X, T(t)x ∈
C0(R+,X)}.

Proof. Necessity. By Lemma 3.1(a), for every x ∈X, there exist y ∈X and

ϕ ∈ C0(R+,X) such that for all t ≥ 0, T(t)y ∈ R(C), C−1T(·)y ∈ AP(R+,X),
and

T(t)x = C−1T(t)y+ϕ(t). (3.11)

It follows that T(t)Cx = CT(t)x = T(t)y +Cϕ(t). Setting z = Cx−y , then

T(t)z = T(t)Cx− T(t)y = Cϕ(t) ∈ C0(R+,X); on the other hand, T(·)y ∈
AP(R+,X) since C is bounded. So, we have R(C)⊆Xa+Xs .

Sufficiency follows from the fact that R(C) is dense in X and AAP(R+,X) is

closed in the space of all bounded uniformaly continuous functions from R+

to X.

The following result clarifies the relations between the generator of an

asymptotically almost periodic C-semigroup and of an asymptotically almost

periodic C0-semigroup.

Theorem 3.5. Suppose thatA is closed and has no eigenvalues in (0,∞), and

assume thatC−1AC =A. Then,A generates an asymptotically almost periodicC-

semigroup if and only if R(C)⊆ Zaap ≡ (Z0)a+(Z0)s , where (Z0)a = {x | x ∈X,

the Cauchy problem (1.1) has an almost periodic mild solution u(·,x)} and

(Z0)s = {x | x ∈ X, the Cauchy problem (1.1) has a mild solution u(·,x) ∈
C0(R+,X)}. And Zaap is the maximal continuously imbedded subspace on which

A generates an asymptotically almost periodic C0-semigroup.

Proof. Necessity holds by Lemma 3.1 and the relations between C-semi-

group and solutions of the corresponding Cauchy problem [7, Theorem 3.13].

Sufficiency. By Definition 2.2, we know that both (Z0)a and (Z0)s are con-

tained in Z0; so R(C)⊆ Z0. Thus, by [7, Theorem 5.17] and [9, Corollary 3.14],

A generates a bounded C-semigroup; since all mild solutions with initial data

taken from R(C) are asymptotically almost periodic, so is the C-semigroup.

Now, suppose that Y ↩ X and A|Y generates a contraction asymptotically

almost periodicC0-semigroup, then Y ↩ Z0 sinceZ0 is maximal (cf. [7, Theorem

5.5]). So, Y ↩ Zaap follows from the fact that the asymptotic almost periodicity

of the mild solution of the abstract Cauchy problem in Z0 is equivalent to the

same property in X, and the mild solution u(t) converges to 0 as t →∞ in X
is equivalent to u(t)→ 0 in Z0.
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Remark 3.6. (a) (Z0)a is the maximal subspace on which A generates an

almost periodic C0-semigroup.

(b) From the proof of Lemma 3.1 and Theorems 3.2 and 3.5, it is clear that

(Z0)a =X0a, (Z0)s =X0s .

When σC(A)∩iR is countable, we obtain a result which is more easily testi-

fied for asymptotic almost periodicity of C-semigroups.

Let f : R+ → X be strongly measurable, and let f̃ be the Laplace transform

of f ,

f̃ (z)=
∫ +∞

0
e−tzf (t)dt. (3.12)

We assume that f̃ (z) exists for all z inC+, so f̃ is holomorphic inC+ (usually, f
will be bounded). A point λ= iη in iR is said to be a regular point for f̃ if there

is an open neighborhood U of λ in C and a holomorphic function g : U → X
such that g(z) = f̃ (z) whenever z ∈ U∩C+. The singular set E of f̃ is the set

of all points of iR which are not regular points.

Theorem 3.7. Let {T(t)}t≥0 be a C-semigroup generated by A in X, and let

σC(A)∩iR be countable. Then, the following assertions are equivalent:

(a) {T(t)} is asymptotically almost periodic;

(b) {T(t)} is bounded, strongly uniformly continuous and, for every r ∈
σC(A)∩iR, x ∈X, limλ→0λ

∫+∞
0 e−(λ+ir)tT (t+s)xdt exists uniformly for

s ≥ 0.

Proof. (a)⇒(b). It follows from the properties of asymptotically almost pe-

riodic functions (cf. [4]).

(b)⇒(a). Givenx ∈X, let f(t)=T(t)x, and then we have that f(t) is bounded,

uniformly continuous and f̃ (λ)= (λ−A)−1Cx(Reλ > 0). Let E be the singular

set of f̃ in iR, then E ⊆ σC(A)∩iR, and then it follows that E is countable by

the assumption. Moreover, for each ir ∈ σC(A)∩iR,

lim
λ→0

λf̃s(λ+ir)= lim
λ→0

λ
∫ +∞

0
e−(λ+ir)tT (t+s)xdt (3.13)

exists uniformly for s ≥ 0, where fs(t) = f(s+ t). Therefore, f(t) = T(t)x is

asymptotically almost periodic by [5, Theorem 4.1]; so, {T(t)} is asymptotically

almost periodic.

Remark 3.8. The result of Theorem 3.7 can be deduced directly from [8,

Theorem 4] with the assumption on σC(A) replaced by that on σ(A); while

with the aid of [5, Theorem 4.1], the result can be improved.

We end this paper with a theorem for integrated semigroups, see [13] for

the definitions and basic properties of integrated semigroups.
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Theorem 3.9. Suppose thatA generates a boundedn-times integrated semi-

group {T(t)}t≥0 and σ(A)∩iR is at most countable. Then, the following asser-

tions are equivalent:

(a) {T(t)} is asymptotically almost periodic;

(b) for every r ∈ σ(A)∩iR, x ∈X, the limit

lim
λ→0

λ
∫ +∞

0
e−(λ+ir)tT (t+s)xdt (3.14)

exists uniformly for s ≥ 0.

Proof. We only need to show (b)⇒(a).

We first recall that for bounded integrated semigroup {T(t)}, we have

(λ−A)−1x = λn
∫ +∞

0
e−λtT(t)xdt (3.15)

for Reλ > 0, that is, ∫ +∞
0
e−λtT(t)xdt = 1

λn
(λ−A)−1x (3.16)

for Reλ > 0, so that T̃ (λ) := ∫+∞0 e−λtT(t)xdt can be extended holomorphically

to a connected open neighborhood V of (iR\σ(A))\{0}, hence the singular

set of T̃ (λ) in iR is contained in (σ(A)∩iR)⋃{0}. By our assumption and [5,

Theorem 4.1], we derive (a) from (b).
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