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INVARIANT MANIFOLD OF HYPERBOLIC-ELLIPTIC TYPE
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It is shown that there are plenty of hyperbolic-elliptic invariant tori, thus quasiperi-
odic solutions for a class of nonlinear wave equations.

2000 Mathematics Subject Classification: 37K55.

1. Introduction and results. In this paper, we deal with the existence of the
invariant tori of the nonlinear wave equation

Upe = Uxx —V(X)U - f(u) (L.1)
subject to Dirichlet boundary conditions
u(t,0) =0=u(t,m), —oo<t<+oo, (1.2)

where the potential V is in the square-integrable function space L2[0,7r] and
f is a real analytic, odd function of u of the form

fu) =au*+> fiu*, a=0. (1.3)
k=5

This class of equations comprises the sine-Gordon, the sinh-Gordon, and the
¢*-equation, given by

sinu,
V(x)u+ f(u) =1 sinhu, (1.4)

u+us,

respectively.

The existence of solutions, periodic in time, for nonlinear wave (NLW) equa-
tions has been studied by many authors. A wide variety of methods such as
bifurcation theory and variational techniques have been brought on this prob-
lem. See [2, 3, 7, 10, 11, 12], for example. There are, however, relatively less
methods to find a quasiperiodic solutions of NLW. The KAM (Kolmogorov-
Arnold-Moser) theory is a very powerful tool in order to construct families of
quasiperiodic solutions, which are on an invariant manifold, for some nearly
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integrable Hamiltonian systems of finitely or infinitely many degrees of free-
dom. Some partial differential equations such as (1.1) may be viewed as an
infinitely dimensional Hamiltonian system. On this line, Wayne [13] obtained
the time-quasiperiodic solutions of (1.1) when the potential V is lying on the
outside of the set of some “bad” potentials. In [13], the set of all potentials is
given some Gaussian measure and then the set of bad potentials is of small
measure. However, this excludes the constant-value potential V(x) = m € R*.
Bobenko and Kuksin [1], Kuksin [4], and Poschel [9] (in alphabetical order) in-
vestigated this case. In order to get a family of n-dimensional invariant tori by
an infinitely dimensional version of KAM theorem developed by Kuksin [4] and
Poschel [9], it is necessary to assume that there are n parameters in the Hamil-
tonian corresponding to (1.1). When V(x) = m > 0, these parameters can be
extracted from the nonlinear term f(u) by Birkhoff normal form. Therefore,
it was shown that for arbitrarily given positive integer n, there are a family of
n-dimensional elliptic invariant tori when V (x) = m > 0. See [9] for the details.
By [9, Remark 7, page 274], the same result holds also true for the parameter
values —1 < m < 0. A natural question is whether or not the same result holds
true for the potential V(x) = m < —1. The aim of this present paper is to give
an answer to the question.

From now on, we assume that V(x) = m € (—o,—1). To give the state-
ment of our results, we need to introduce some notations. We study (1.1) as an
infinitely dimensional Hamiltonian system. Following Poschel [9], the phase
space we may take, for example, is the product of the usual Sobolev spaces
W = H&([O,Tr]) x L2([0,7r]) with coordinates u and v = u;. The Hamiltonian
is then

1 1 m
H= E(v,v)+§(Au,u)+L gu)dx, (1.5)

where A = d?/dx%*+m, g = Jof(s)ds, and (-, -) denotes the usual scalar prod-
uct in L2. The Hamiltonian equations of motion are
O0H 0H

v =—=—=—-Au- f(u). (1.6)

U= —=7 t
ov ’ ou

Our aim is to construct time-quasiperiodic solutions of small amplitude. Such
quasiperiodic solutions can be written in the form

u(t,x) =U(wit,...,wut,x), (1.7)

where wy,...,w, are rationally independent real numbers which are called the
basic frequency of 1, and U is an analytic function of period 27t in the first n
arguments. Thus, u admits a Fourier series expansion

u(t,x)= > eVHK@ITT (5, (1.8)
kezn



INVARIANT MANIFOLD OF HYPERBOLIC-ELLIPTIC TYPE ... 1113

where (k,w) = > ;kjw;. Since the quasiperiodic solutions, to be constructed,
are of small amplitude, (1.1) may be considered as the linear equation u;; =
Uxx — MU with a small nonlinear perturbation f. For j € N, let

quz,/%sinjx, Aj=+/j2+m (1.9)

be the basic modes and frequencies of the linear system subject to Dirichlet
boundary conditions, respectively. Then every solution of the linear system is
the superposition of their harmonic oscillations and of the form

u(t,x) = Z ait)pj(x), q;t) =ijOS(Ajt+(l)g) (1.10)
j=1

with amplitude y; = 0 and initial phase ¢?. The solution u(t,x) is periodic,
quasiperiodic, or almost periodic depending on whether one, finitely many, or
infinitely many modes are excited, respectively. In particular, for the choice

J=1{jo+1, jo+2,....jo+n} cN, with (jo+1)*+m >0, (1.11)

of finitely many modes, there is an invariant 2n-dimensional linear subspace
E; that is completely foliated into rational tori with frequencies Ajy41,...,Ajy+n,

E;={(u,v) = (QJ'0+1¢J'0+1 + et djonPiorns djor1Pjor1 +- - +‘.1jo+n¢jo+n)}
- U 7,00,

yepn
(1.12)

where P" = {y € R":y; >0 for 1 < j <n} is the positive quadrant in R" and
Ty() = {w,v) a5, j+ A0 d5. = > for 1 < j <n}. (1.13)

Upon restoring the nonlinearity f, the invariant manifold E; with their quasi-
periodic solutions will not persist in their entirety due to resonance among
the modes and the strong perturbing effect of f for large amplitudes. In a
sufficiently small neighborhood of the origin, however, there does persist a
large Cantor subfamily of rotational n-tori which are only slightly deformed.
More exactly, we have the following theorem.

THEOREM 1.1. Suppose that the linear term V (x) = m and the nonlinearity
fisof form(1.3). Then forallm € (—co,—~1)\{—j?:j € Z},alln € N withn =5
and J = {jo+1,...,jo+n} C N with j3+m < 0 and (jo+1)%>+m > 0, there is a
Cantor set ¢ C P", a family of n-tori

Ty =JT,(») CE (1.14)
yeEe
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over 6, and a Lipschitz continuous embedding
& :F;[€] — H}([0,7]) x L>([0,7T]) =W (1.15)

which is a higher-order perturbation of the inclusion map ®, : E; — W restricted
to J;[€], such that the restriction of ® to each J;(y) in the family is an em-
bedding of a rotational invariant n-torus for the nonlinear equation (1.1).

REMARK 1.2. The image ®(J;[€]) of J;[€] we call a Cantor manifold of
rotational n-tori. This manifold is hyperbolic-elliptic since there are a finite
number of nonreal basic frequencies for the linear system u;; = Uxy — MU
with m < —1. Note that the manifold obtained by Poschel [9] is elliptic.

REMARK 1.3. The Cantor set 6 has full density at the origin. That is,

meas (€N B,)

=1, 1.16
r~0 meas (P" N By) (1.16)

where B, = {y : || vl <7}, and meas denotes the n-dimensional Lebesgue mea-
sure for sets.

REMARK 1.4. We can also deal with the more general choice J = {j; < j»
<---< jp}and n > 1 at the cost of excluding some set of m values.

REMARK 1.5. We do not know what happens to the potential V(x) = m <
{—j?:j € Z}. In particular, very little is known about the case m = 0 in which
(1.1) is “complete resonant” (cf. [5, 9]). When m € {—j%:j € Z} and m = 0,
there is a zero-frequency for the linear system. According to our knowledge,
it does not seem that the existing KAM theorem can handle this case.

2. An infinitely dimensional KAM theorem

2.1. Statement of the theorem. Consider small perturbations of an infin-
itely dimensional Hamiltonian in the parameter dependent normal form

N= > wi@®yj+> Qj&)zz; (2.1)
l<j<n Jj=1
on a phase space
PUP = T C" xLYP x PP 5 (x,y,2,2), (2.2)

where T is the complexification of the usual n-torus T" with 1 <7 < o, and
{47 is the Hilbert space of all complex sequence w = (w,w>,...) with

lwl2, = [w;|?j?Pe*¥ <o, a,p>0. (2.3)
jz1
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Here the phase space %7 is endowed with the symplectic form dx A dy —
V/=1dz A dz. The tangent frequencies w = (wi,...,w,) and the normal fre-
quencies Q = (Q,Q»,...) € RN depend on n-parameters £ € 0 ¢ R", 0 a given
compact set of positive Lebesgue measure. In [8], all Q2;’s are positive. In our
case, there are a finite number of negative Q;’s.

The Hamiltonian equation of motion of N are

x =w(&), y =0, u=Q(&v, v=-Q()u, (2.4)

where (Qu); = Qju;. Hence, for each € 0, there is an invariant n-dimensional
torus 7§ = T" x {0} x {0} with frequencies w(&). The aim is to prove the per-
sistence of the torus 7, for most values of parameter & € O (in the sense of
Lebesgue measure), under small perturbations P of the Hamiltonian Hy. To
this end, the following assumptions are required.

ASSUMPTION 2.1 (nondegeneracy). The real map & — w(§) is a lipeomor-
phism between O and its image, that is, a homomorphism which is Lipschitz
continuous in both directions. Moreover, for integral vectors (k,l) € Z" x 7%
with 1 < || <2,

meas {&: (k,w(&)) +(L,Q(&)) =0} =0 (2.5)
and for [ € 7%,
(LAE))#0 on0, (2.6)
where
7° ={l=(0,...,0,Ljy+1,Ljp+2,...) : L € Z} (2.7)

and where “meas” = Lebesgue measure for sets, || = >.; |1;| for integer vectors,
and (-, -) is a usual real (or complex) scalar product.

ASSUMPTION 2.2 (spectral asymptotic). Assume that Q;(&) is real for all
j = Jjo+1 and & € 0. Moreover, assume that there exist d > 1 and 6 <d -1
such that

Qj=jl+---+0(j%, j=zjo+1, (2.8)

where the dots stands for fixed lower-order term in j, allowing also negative ex-
ponents. More precisely, there exists a fixed, parameter-independent sequence
Q with Q; = j4+ - such that the tails Q; = Q; — Q; give rise to a Lipschitz
map

Q:0— L7, (2.9

where £% is the space of all real sequences with finite norm |w|, = sup; [w;ljP.
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ASSUMPTION 2.3 (finite imaginary spectra). There is a constant ko > 0 such
that

‘RQJ = 0, ﬁQj = Ko, J < jo. (210)

To give the conditions on the perturbation P, introduce complex 7§ neigh-
borhoods

D(s,7):={(x,,2,2) € P : |Imx| < s, |¥| <v?, |Zllap + 1 Zllap <7},

(2.11)
where | - | denotes the sup-norm for complex vectors and || - [l4, is the norm
in the space ¥, ,. We define the weighted phase norms

1 1 1,._
(Wl = [Wlpr = x|+ ﬁlyl + ;HZHp + ;”ZHa,ﬁ (2.12)

for W = (x,v,z,2) € P*? with p = p. For amap U : D(s,r) X0 — %P define
its Lipschitz seminorm |U [,

( AgcU
\U\f:sup' ecUl,

—_—= 2.1
e ) (2.13)

where Agc W = W(-,8) =W (-,C), and where the supremum is taken over 0.
Set

0,% *
\Ulpsr = sup {IUl}+ sup {|U[}}. (2.14)
D(s,r)x0 D(s,r)
For the sup-norm | - | and the operator norm ||| - |||, the notations | - %i";,ﬂ and
0,%

0,4
-l

D(s.ry are defined analogously to | - 5 ;-

ASSUMPTION 2.4 (regularity). The perturbation P(x,y,z,Zz;&) is analytic in
(x,v,z,z) € D(s,r) for given s, > 0, (not necessary to be real for real ar-
guments), and Lipschitzian in the parameter & € 0, and for each & € 0O, its
Hamiltonian vector field Xp := (Py,—PX,PZ,—Pz-)T defines on D(s,r) an ana-
lytic map

Xp 1 PP . pap p=zp, ford>1, (2.15)
" |p>p, ford=1.

By Assumptions 2.1, 2.2, and 2.3, there are two constants M and L such that

lwlo+1Q%50 <M, w4 <L (2.16)
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Following Poschel [8], introduce notations

(Da=max{1,| Y|}, Ac=I1kT+1,
% ={(k,j)ez"x7%: k| +|l| =0, |l] <2},

(2.17)

where T > n+1 is fixed later.

THEOREM 2.5. Suppose that H = N + P satisfies Assumptions 2.1, 2.2, 2.3,
and 2.4, and

1o ¢
€= Xplpsr + 3 | Xp D5 < v (2.18)

where 0 < « < 1 is another parameter and y depends on n, T, and s. Then
there is a Cantor set Oy C 0, a Lipschitz continuous family of torus embedding
®:T"X 0y — PP, and a map wy : Oy — R™, such that for each € € Oy, the
map ® restricted to T" x {&} is an analytic embedding of a rational torus with
frequencies w4 (E) for the Hamiltonian H at &.

Each embedding is analytic (not necessary being real) on |3x| < s/2, and

X ¢ CE
|¢—¢0|7+M~¢—¢0|7 < ;,

( (2.19)
|w*—w|+%|w*—w|$sce

uniformly on that domain and O, where ® is the trivial embedding T" x 0 —
T"x {0} x {0} and c < y~! depends on the same parameters asy.

Moreover, there exist Lipschitz maps w, and Q, on O for v > 0, satisfying
wo = W, Qo = Q, and

|wv—w\+%|wv—w|y‘sce,

) (2.20)
\Qva\,5+%|Qv70|f5sce,
such that 0\ 0Oy C UR,‘(/J(O(), where
R,Z,l(a):{ie@: [ (k, 0y (8)) +(1,Qy) | sa%}, (2.21)
k

and the union is taken over all v = 0 and (k,l) € % such that |k| > Kq2V~! for
v > 1 with a constant Ko > 1 depending only onn and T.

PrOOF. If all frequency vectors w and Q in the zeroth KAM step are real,
this theorem is the same as [8, Theorem A]. In our case, however, some normal
frequencies Q’s are not real. This gives rise to that both the vectors w, and Q,
in vth KAM step are possibly not real. Fortunately, the proof of this theorem
does not involve the measure estimate; thus, the argument does not depend on
whether or not the frequency vectors w, and Q, are real. Therefore, the proof
of [8, Theorem A] due to Poschel can still be valid. It is worthy to be noted that



1118 XIAOPING YUAN

the frequency map w, in our case should be taken as w, = R(lim,_ wy)
instead of w4 = lim, . w,. O

THEOREM 2.6. Suppose that in Theorem 2.5 the unperturbed frequencies w
and Q are affine functions of the parameters. Then there is a constant ¢y such
that

1, ford > 1,
meas (0\0y) < co(diam0)" ' o¥, = K (2.22)

Kl (@ et

for all sufficiently small &, where @ is any number in [0,min(p — p,1)) and
where, in the case d = 1, Kk is a positive constant such that

Q. — Q .
%J_J:1+O(j’k), i>7> jo, (2.23)
uniformly on O.
PROOF. The proof will be given in Section 2.3. O

2.2. The Cantor manifold theorem. In a neighborhood of the origin in £%?,
we now consider a Hamiltonian H = A+ Q + R, where R represents some higher-
order perturbation of an integrable normal form A + Q.

Let z=(2,2) with Z = (Zjy+1,...,Zjg+n), 2 = (Z1,..-,Zjy, Zjp+n+1,--.), and

1 2 2
v =5 (1201 s 1 2igen %),
(2.24)
1 2 2
=312 1200 | Zigenet )
Assume that
1
A={c,)+(B,Z), Q=5{Ay, ) +(By,Z) (2.25)
with constant vectors «,  and constant matrices A, B.
The equations of motion of the Hamiltonian A + Q are
Zj=V-1(a+Ay+B'z),2;,  z;="-1(B+BY),z;. (2.26)

Thus, the complex n-dimensional manifold E = {Z = 0} is invariant and it is
completely filled up to the origin by the invariant tori

T(y)={z:12;1° =2y;, jo+1<j<jo+n}, yePri  (227)
On J (), the flow is given by the equations

2 =V"1w;(»z;, w(®)=a+Ay, (2.28)
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and on its normal space by
2j=-10;(3)2j, Q(y)=B+By. (2.29)

They are linear and in a diagonal form. It is worthy noting that since Q; (j =
1,...,Jjo) are pure imaginary and Q; (j = jo+1,...) arereal, Z = 0 is a fixed point
of hyperbolic-elliptic type. This is different from the elliptic fixed point of [9].
We therefore call 7(y) a hyperbolic-elliptic rational torus with frequencies
w(y).

ASSUMPTION 2.7 (nondegeneracy). (1) For the above constant matrix A,
detA =0,

(2) (L,B) =0, A

3) (k,w(y))+(L,Q(y)) does not vanish identically for all (k,l) € 2" x Z%
with 1 < |1| < 2. (See Assumption 2.1 for 7>.)

ASSUMPTION 2.8 (spectral asymptotic). There existd > 1 and 6 < d—1 such
that

Bi=j%+---+0(j%), j=jo+1, (2.30)

where the dots stands for fixed lower-order term in j. Note that the normal-
ization of the coefficients of j4 can always be achieved by a scaling of time.

ASSUMPTION 2.9 (finite imaginary spectra). There is a constant k > 0 such
that RQ; =0 and 3Q; = k, 1 < j < jo+ 1. In addition, we assume Q; + Q; for
all1 <1, j < jo.

ASSUMPTION 2.10 (regularity). The vector fields X, and X corresponding
to the Hamiltonians Q and R, respectively, satisfy

_ p>p, ford>1,
Xo, Xz € d(£ar, gary, 1P =P 2.31)
p>p, ford=1,

where A (£%P, {47) denotes the class of all maps from some neighborhood of
the origin in £? into £*?, which are analytic in the real and imaginary parts
of the complex coordinate z.

By the regularity assumption, the coefficients B of the Hamiltonian Q satisfy
the estimate B;; = O(j?77) uniformly in jo < i < jo + n. Consequently, for
d =1, there is a positive constant k such that

Q,-Q;

Tj=1+0(j_K), i>j> jo, (2.32)

uniformly for bounded y. For d > 1, set k = co.
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THE CANTOR MANIFOLD THEOREM. Suppose that the Hamiltonian H = A +
Q + R satisfy Assumptions 2.7, 2.8, 2.9, 2.10, and

IRl =0(lIZll3,,) +O(lIz]19) (2.33)
with
g>4+ 4_79, ¢ =min(p —p,1). (2.34)
Then, there is a Cantor set ¢ C P™, a family of n-tori

Ty =JT,;(») CE (2.35)

yee

over €, and a Lipschitz continuous embedding ® : I ;[€] — W, which is a higher-
order perturbation of the inclusion map ® : E; — W restricted to J ;[€],

||® _‘I’OHu,ﬁ;Bymg[%] =0(r?) (2.36)

with some o > 1, such that the restriction of ® to each J;(y) in the family is an
embedding of a rotational n-torus for the nonlinear equation (1.1). The Cantor
set € has full density at the origin.

PROOF. Inview of Theorems 2.5 and 2.6, following literally the proof of the
Cantor manifold theorem in [6, pages 170-175], we can finish the proof of this
theorem. The details are omitted here. o

2.3. Measure estimates and proof of Theorem 2.6. Recall that the unper-
turbed tangent and normal frequencies are w and Q = (Q4, Q4 ), respectively,
where Qy = (Q1,...,Qj,), Qsx = (Qjg+1,...). By Assumptions 2.1, 2.2, and 2.3,
we have that w (&) and Q. (&) are real for all & € 0, and Q. (§) are pure imag-
inary.

Let 0 =min(d,d—1-05) > 0, where 6 <d —1 is defined in Assumption 2.8.
SetE={l:1<|l| <2}.Then, ()4 = (2/9)|l|+|l|s for [ € E. By Assumption 2.2,
there is a positive constant S such that [{[,Q.)| = 278/2.

In estimating the measure of the resonance zones, it is not necessary to
distinguish between the various perturbations w, and Q, of the frequencies
w and Q) since only the size of the perturbations matters. Therefore, following
Poschel [8], we now write w’ and Q' for all the perturbed frequencies for which,
by Theorem 2.5, the following condition is satisfied.
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CONDITION 2.11. If y > 0 is small enough, then

lw"—wl, |Q;*_Q**~_5S0‘,
/ / @ 1
[’ —w|?, |Q**—Q**|755Mysﬂ, (2.37)
1
[RQL | <« |%Q;\$sMysi.

Note that RQ, = 0.
Note that w’ and Q' are not necessary real. Set

’ 7 ’ l
Ry () = {§e©: | (k, o (E)) +(L, Q)| sa%}. (2.38)
Let
51={l€E!lj=0fOI'1Sij0}
Ez={l€5!lj=0f0rj2jo+l} (239)
E3={l€&:lj, #0, lj, # 0 for some 1 < j; < jo, j2 = jo+1}.

In the following lemmas, we assume that Condition 2.11 and (2.32) are sat-
isfied.

LEMMA 2.12. If w’ and Q. are real for all § € O, then there is a constant c;
such that

] n-1yu 2
meas( U Rk‘l) _ ci(diam0)™ o [k|

leBy Az ,
(2.40)
1, ford>1, A 1, ford>1,
H= K = K
I =1 - =
k1o (/e ford=1 kil lora=L

for all sufficiently small x, where @ is any number in [0,min(p — p,1)) and
where, in the case d = 1, K is a positive constant such that

Q. — Q .
i S LroUT, x> o, (2.41)
uniformly on 0.
PROOF. The proof of this lemma can be found in [8, Theorem D]. O

Since the frequencies w’ and Q' are not necessary real for real & € 0, we
need the following lemma.
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LEMMA 2.13. When the frequencies w’' and Q' are not necessary real for real
& €0, then there is a constant c, > 0 such that

n-1yu 2
meas(UR ) CZ(dlam(ZA oIK] (2.42)

leEy

for all sufficiently small &, where u is defined in Lemma 2.12.

PROOF. Note that the unperturbed frequencies w (&) and Q. (&) are real
for & € 0. By Condition 2.11, we get that

[Rw —w| <|w —w| <«

, , 1
|%Q**_Q** |—6 = \Q** = Qs |,5 = By
1 (2.43)
SPNT g _ L
[Rw —wl|? < |w -—wl|” < oL
/ @ , < 1
| RO s = Qure [ Z5 < | Qs — Qs |75 =57
2L
Write
R(Riy) == {Ee@: | (k,Rew’) + (L, RQ'(E)) | < (x<l>d} (2.44)
By Lemma 2.12, there is a constant ¢, > 0 such that
oyn— 1 U 2
meas( U ®r(R ) ¢ (diam )A ot k] ) (2.45)
leEy A

Since [(k,w”) + ([, Q") | = [{k,Rw") + (I, RQ")|, we get Rx; C R(R,). Thus,

n—1 u 2
meas( U Rk ) CZ(dlamO:A)A ot k] . (2.46)
leEy

This finishes the proof. |

LEMMA 2.14. Forl € A», there is a constant c3 > 0 such that

n—1 u 2
meas( U Rk ) C3(dlam€22\ o k| . (2.47)

leEyp

PROOF. We introduce the unperturbed frequencies € = w (&) as parameters
over the domain A = w(0) and consider the resonance zones Rﬁl = W (Rk,1)
in A. Write w’ = w’ow™! and Q' = Q' ow~!. Then, by Condition 2.11,

1

o' —id|* < 3, |RQ, |* < My. (2.48)
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Now consider Rﬁ_l. Let ¢(C) = (k,w’'(T)) + (L,Q'(C)) where | € E,. Choose a
vector v € {—1,1}" such that (k,v) = |k| and write = rv + w with » € R,
w € v+t. As a function of r, we have, for t > s,

(kR (D) ] = (kT s+ (kR (D) -T) | ¢ = |k|(t—s)—%\k\(t—s)
) (2.49)
Elkl(t s)
and for [ € By,
’(l,%Q’(;)) |§\ <2jo | RQL | T (t=5) < 2joMy(t—s). (2.50)

Since 2joMy < 1/4 by y < 1, we get that ¢p(rv +w)|L = (1/4)|k|(t —s) uni-
formly in w, when k = 0. It follows that

meas {1/ rv+weEA, |[prv+w)]| < (x(l)d} s4a|k|’l% (2.51)
k
and hence
meas (Ry,;) < meas (RRY,) < 4(diamA)"’1(x|k|’1% (2.52)
: : k

by Fubini’s theorem. Going back to the original parameter domain O by inverse
frequency map w~!, observing that diamA < 2M diam© and (l); < ng, and
noting that Card(2;) < 570, we get that there is a constant c3 depending on jj
such that

n—1u 2
meas( U Rk) C3(d1am@A)A o k| , for k =0. (2.53)

leEy
When k = 0, we have that there are some i and j with 1 < i, j < jy, such that

[(k, "y +(L,Q)| =[(LQ)]| = [(,3Q")]

' ' (2.54)
= |Qi_Qj| = |Qi—Qj| — 2.

By Assumption 2.9, there is a positive constant ¢* such that [Q; - Q;| = ¢* for

all 1 <1,j < jo. Thus, |[(k,w") +{,Q")| = c* —2x = c*/2 if « is small enough

and k = 0. Moreover, the set Ry = @ if « is sufficiently small. This completes

the final estimate. O

LEMMA 2.15. There is a constant c4 such that

n—1u 2
meas( U Rk ) C4(d1am©A)A ot k] . (2.55)

leB3
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PROOF. For l € E3, we can write

A ith Joth
I'=(0,...,0,11,0,..., 0 ,0,...,0,Ljgsp,0,...), i=1,0cifo, p=1,2,...,
(2.56)
where I; = =1, j;,, = 1. For fixed 1 < i < jj, let
(i) =0, k=1,...,Jo,
(2.57)

~ . 7 l 7
Qjop (i) = R+ - —RQ, p=12,....
Jo+tp

Then
[(k, ") +(L, Q)| = |(k,Rw") + (L, RQ") |
= |[(k,R") + LiRQ; + Ljo 1 pRQ) ., | (2.58)
= [(k,Rw") + (L, RQD) |,

. pth - - ~
where | = (0,...,0,lj,4p,0,...) and Q(i) = (Q1(1),...,Qp(1),...) pen. We get by

Condition 2.11

X , li ,
1O in = Qs | g = | RO, — Qs | g+ (z-l smi)
Jotp peN =5
= |%Q;<*_Q** |—5+ |%Q;| Sl;pp76 (259)
<2«,
X ¢ , S 1
[ Q) s — Qs | 5 < [ Ry — Qs | 5+ | RO | “ < 2My < I
Let
Rkl(i):{Ee@:(k,%w’>+(l,fz(i))sa {Da } (2.60)
’ [k|T+1
By Lemma 2.12, there is a constant c4 depending on j, such that
" 3 n—1yu 2
meas | J URk,lsC4(dlam@) ot k] ) (2.61)

A

1<i<jo leEy

Observing that by (2.58),

URuc U U R (2.62)

We finishes the proof of this lemma. O
LEMMA 2.16. ForQ =+ k e 7",

meas (Ry.o) < cs(diam0)" 1ot k|2
0/ = Ai :

(2.63)
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PROOF. This proof is the simplest. We omit the details. |

By Lemmas 2.13, 2.14, 2.15, and 2.16, we can give the proof of Theorem 2.6.
In fact, we can choose T sufficiently large but fixed such that

k|2 1
> < . (2.64)
)
KI=K Ay 1+K
Thus,
meas (0\04) <meas | J Ry, < cgat(1 +Ko2" ) = crat. (2.65)
k|>K2V L
V=0, (k1) €%

This finishes the proof of Theorem 2.6.

3. Application to NLW equation

3.1. Hamiltonian vector field. We recall that Hamiltonian of our NLW equa-
tion is of form (1.5). Write

ai

u=Y L, v=|Apb; (3.1)
j=1 \/JTJ j=1

where (q,p) € 4P x4, and ¢; = /2/msinjx for j =1,2,... are the normal-

ized Dirichlet eigenfunctions of the linear differential operator —d?/dx? +m

with eigenvalues A; = 4/j2 +m. We obtain the Hamiltonian

H=A+G= - ZAJ p?+al) Lg(z\}%@)dx (3.2)
J

J>1 j=1
with equations of motion

% _0H dpj  0H oG

ar “op, SNPP a T Tag, T MY 5y 3.3)

These are the Hamiltonian equations of motion with respect to the standard
symplectic structure >.dq; Adp;j on £%P x {2,

LEMMA 3.1. Letl be anintervalinR.If acurvel — £%? x %P t — (q(t),p(t))
is an analytic solution of (3.3), then

u(t,x)=> 40 ¢;(x) (3.4)

j=1 \/TJ

is a classical solution of (1.1) that is analytic on I x [0, T7].

PROOF. The proof of [9, Lemma 1] is applicable to our case m < —1. O
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LEMMA 3.2. The gradient G4 is analytic as a map from some neighborhood
of the origin in £%? into £*P*! with

||Gq’|a,p+1 :O(HQH?I,V)- (3.5)

PROOF. The proof is the same as that of [9, Lemma 3]. O

For the nonlinearity u3, we find

1 (™ 1
G= ZJ lu(x) | *dx = 1 > Gijk1qid;aka (3.6)
0 ijkl
with
Giki= 1 || didbibrdax (3.7)
ijkl = Al’ . )\l 0 iPjPrPL . .

Itis not difficult to verify that G;jx; = O unless i+ j+k+1 = 0 for some combina-
tion of plus and minus signs. Thus, the sum extends only over i + j+k=+1=0.
In particular, we have

Giijj = 5— (3.8)

From now on, we focus our attention on the nonlinearity u3 since terms of
order five or more will not make any difference. Hence, we are concerned with
the Hamiltonian of the form

H=A+G=%Zz\j(pf+q3)+6, (3.9)
j=1

where G is defined by (3.6) and (3.7).

3.2. Partial normal form. In order to give the partial normal form for Hamil-
tonian (3.9), we need the following lemmas.

LEMMA 3.3. Assume that m € (—o,—1) and m + j° = 0 for all j € Z. If
i, j, k, l are nonzero integers such that (i,j,k,l) = (p,—p,q,—q) and n :=
min{|il, |jl,|kl,[LI} > vIm|, then

-3/2

[Ai A+ A= A1 | = cm) (|R%+m]) (3.10)

with some positive constant ¢ = c(m) depending on m only.

PROOF. We may restrict ourselves to positive integers such that i < j <
k < l. The condition i + j + k =1 = 0 then reduces to two possibilities, either
i—-j—k+l=0o0ri+j+k—1=0.We have to study divisors of the form
6 = £A; = Aj £ A = A; for all possible combinations of plus and minus signs.
To this end, we distinguish them according to their number of minus signs. To
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shorten notation, we let, for example, 6,4+_+ = A; + Aj — Ag + A;. Similarly, for
all other combinations of plus and minus signs.

CASE 1 (no minus sign). This is trivial since ..., = 4Vi2+m = 4¢ > 0,
where ¢ =inf{|j2+m|'/?:j € 7}.

CASE 2 (one minus sign). Thecasesd_;.,04_++,and ., are trivial since
all of them are larger than vi2+m > é > c|m/|(|712 + m|) ~3/2. Now we consider
04 ++- which is the subtlest.

CASE 2.1 (one minus sign and i+ j+k—1 = 0). Regard ¢ as a function of m.
Hence

0(—1)=~i2—1+4j2-1+Vk2-1—-~I2-1. (3.11)

We need to know whether §(—1) > 0 or not. Noting that vi2—1 < i, and so
forth, we get that

2
(ViZ—14+yj2-1+Vk2-1)" =+ 2+ k2 +2Vi2 = 1j2 =1+ =3
<i?+ 2+ k> +2ij+2jk+2ik -3 (3.12)
=1*-3.

This implies that 5(—1) < 0. Differentiating 6 (m) with respect to m and noting
that we have assumed i < j <k <,

d 1/1 1 1 1 11
Thus,
-1 -1 1 1
as zJ —————dm=+i?-1-Vi2+m. 3.14
J,, @vomr= | 5 team =T m (314
Moreover,
5(m) <8(-1) - (Vi2-1-Viz+m) < - (Vi2 - 1-Vi2+m). (3.15)
Therefore,
-1-m
s >JVicc1-Vit+m= ——— 3.16
[0tm)| 2 Vi =1 m = e (316
Observe that there are positive constants c¢; and ¢, depending on m such that
€ < ViE-1 <c (3.17)
YU ViEam T '

Then

-1/2 -3/2

(3.18)

|6(M)|ZC3(m)(|ﬂ2+m|) 2c(m)(|ﬁ2+m|)
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CASE 2.2 (one minus signand i—j—k+1=0). Let j—i=1—k:=5>0. Set

(s):=8(m) =Vi2+m+(i+s)2+m+VkZ+m—/(k+5)2+m. (3.19)
Then 9(0) = 2+i%2 +m and

ig(s)_ i+s B k+s
ds S JG+)2+m Jk+s)Z+m’

(3.20)

Let f(T) = T/VT2+m. Then, df/dt = m/(T2 +m)3/2 < 0 in view of m <
—1 < 0. This implies that the function f(t) is decreasing in T > 0. Thus,
(d/ds)9(s) = 0bynoting thati+s < k+s. Therefore, 3(s) > $(0) = 2V/i? +m =
2€.

CASE 3 (two minus signs). Considering 6_,_,, 6__,,, and 6,__,, all other
cases deduces to these cases by inverting the signs.

First, we consider the case 6_,_;.Byi<j<k<k<land (i,—j,k,—1) +
(p,—p,q,—q), we get that either k+1 <lori+1 < j. Thus

5 —VkZ+m+I2+m, ifk+1<l,
=
o —NiZ+m+4j2+m, ifi+l<j,

kel ifk+1<l
VEZ+m+V2+m’ - (3.21)

i+j
\/i2+m+1/j2+m’

-3/2

=

ifi+1<j,
>c(m)(|#%+m])

Secondly, we consider the case 6__,,.Byi<j<k<land (i,—j,k,-1)
(p,-p,q,—q), we get i+1 < L. Thus

S =2Vl24+m—vVi2+m
- i+l 3.0
=B miJErm (3.22)

-3/2

= clm|(|n>+m|)

Thirdly, we consider the case 6. __,. This is divided into two subcases.
CASE 3.1 (0;__; and i+ j+k—1=0). Itisvery easy to check that

VE2+m—./j2+m—-vk2+m = 0. (3.23)

Thus, §,__, = Vic+m=2¢.
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CASE 3.2 (64— andi—j—k+1l=0). Let j—i=1l—-k =s.By (i,j,k, 1) +
(p,—p,q,—q), we get that s > 1 and i+ 1 < k. Rewrite §,__, as

O =VNi2+m—(i+s5)2+m—vVk2+m++(k+s)2+m:=93(s). (3.24)
Then 9(0) =0 and

i+s N k+s
(i+5)2+m  J(k+s)Z+m’

(3.25)

d
59(5) = —

Noting that T/vT2+m is decreasing in T > 0 for m < -1 <0 and that i +s <
k+ s, we get that (d/ds)%(s) <0. Thus, 3(s) < 3(1) for s > 1. Now we are in
position to estimate $(1). Let g(s) = /(s +1)2+m — /s> +m for s> +m > 0.
Observing that the function T/+/T2 +m is decreasing in the variable T > 0 for
m < 0, we get

%g(s) = = — < 0. (326)

Thus, the function g(s) is decreasing in s. Moreover, by i+ 1 <k,

Jk+12+m—Vktm < [(i+2)2+m—/(i+1)2+m.  (3.27)

Thus

F(1) <VZ+m—=2y(i+1)2+m++/(i+2)2 +m. (3.28)

Observing that (d?/dT2)v/T2+m < 0 for m < 0, we get

ViZam=2\(i+ )2 +m+(i+2)2+m

7 » (3.29)
< ﬁ\/r2+m|ﬁi=m(i2+m)f z <o.
Thus
16, ] = 9] =cm)(|A2+m]) "% (3.30)
O

LEMMA 3.4. Assume thatm € (—c0,—1) andm+ j? =0 forall j € 7. If i, j, k,
l are nonzero integers such that (i, j,k,l) # (p,—p,q,—q), min{lil,|jl, k|, L} <

VIml, and max{lil,|jl, kl,|l|} > v/Im|, then
A £ A=A = A1 = com) (|2 +m|) %, 7 =min{lil,|jl, k], 1L}, (3.31)

with some constant ¢ = c(m) depending on m.
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PROOF

CASE1l (i’+m < j°+m < k*+m <0 and I° + m > 0). This case is trivial
because [§.ixs| = VI2+m = €.

CASE 2 (i+m < j2°+m <0 and 0 < k? + m < I° + m). Without loss of
generality, assume that, 0 <i<j=<j<k<l|,

By the assumption (i,—j,k,-1l) = (p,—p,q,—q), we get that either i+ 1 < j or
k+1<LIfi+1<j, then

i+j

Im| =i +/lm| - j?
J

|6iiii|22 ’\/|m|—i2_\/|m|_j2‘ = > C, (3.33)

é—min{ 1) Vi, jez, i2+m <0, j2+m<0}. (3.34)
Iml—i2 +/Im]| - j?

If k+1 <, then

: k+1
Suvus|® = [VRZ+m V12 >
| 7777' = ‘ m +m’ = vki+m+VI2+m (3.35)

-3/2
>cm)(|n|*+m) 7.
CASE 3 (i’+m < 0and 0 < j2+m < k?+m <[> +m). This case is also trivial

because [8.+:+x| = /|mM| -2 = C.
This finishes the proof. O

We are now in position to transform the Hamiltonian (3.9) into some Birkhoff
normal form of order four. For the rest of this paper, we introduce complex
coordinates

(pj—aj). (3.36)

-

1 _
Zj:ﬁ(lﬂjﬂh): Zi=
Then the Hamiltonian (3.9) is of the form

_ 1 _ _ _ _
H=A+G=> Ajzjzj+ 1 > Giju(zi+2i) (zj+2) (zi+ 21) (z1+ 21), (3.37)
j=1 ijkl

where H is analytic on the now complex Hilbert space £%? with symplectic
structure /=13 ;dz;j ndz;. Let jo € Z* such that j§+m < 0 and (jo+1)%+
m > 0.
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PROPOSITION 3.5. For any given finite n > 1 and each m < —1 with j? +
m = 0 for all j € Z, there is a real symplectic change of coordinate T in some
neighborhood of the origin in £%? that takes the Hamiltonian (3.37) into

Hol =A+G+G+K, (3.38)

where X¢, X¢g, Xk € d(£PP, L3P,

. 1 . 2 2
G= Z +E Z + Z Gij|Zi| |Zj| (3.39)
Jo+l<j<jo+n Jo+l<j<jo+n J=jo+n+1
i<jo Jot+l<i<jo+n jo+l<i<jo+n

with uniquely determined coefficient

6 45y
T AiAj ’
IGl=0(I23,), K| =0(llzll§,), (3.41)

Gij = Giijj = (3.40)

where Z = (Z1,...,Zjy, Zjg+n+1y--+)-

PROOF. Let #Z”’ be the Hilbert space consisting of all bi-infinite sequences
with finite norm

a2, => |aj|*1jI?re?lila, (3.42)
jez
Introduce another set of coordinates (..., w_»,w_1,wi,ws,...) in £, by set-
ting z; = wj, Z; = w_;. The Hamiltonian (3.37) then reads

H=A+G= Z/\l,-ij_jjt%Z’Gijklwiijkwl, (3.43)
Jjz1 ijkl
where the prime indicates that the subscript indices run through all nonzero
integers and the coefficients are defined for arbitrary integers by setting G;jx =
Gyiijkiz- We recall that the sum is restricted to indices i, j, k, | such that
i+j+j+k=l=0.This is crucial for the following to hold. In order to find the
transformation I', we need some extra notations. Let A, = sgn j - A,

Y, = {3, j,k, 1) € Z*: jo <min {|il,...,|ll} < jo+n}

(3.44)
U{(i,j,k,l) € 7* :min{|il, |, k], LI} < jo < max {lil,...,|L|}}

and N, C Y, isthe subsetofall (i, j,k,l) = (p,—p,q,—q).Clearly, for (i, j,k,l) €
N, the quantity A; + A’ + A} + A} vanishes identically in m. We now can find
the needed transformation I'. Formally, it is obtained as the time-1-map of the
flow of a Hamiltonian vector field X given by a Hamiltonian

F = Z Fi‘,-klwiijkwl (3.45)
ijkl
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with coefficients

Gijki ..
7 a5 for (i,7,k, 1) € Y \ N,
V=1Fijg = A+ A+ A+ A e (3.46)

0, otherwise.

The Hamiltonian F is thus well defined by Lemmas 3.3 and 3.4. Now the follow-
ing proof is all the same as that of the main proposition in Poschel [9, pages
272-273]. We omit the details. O

3.3. Proof of Theorem 1.1. Consider the Hamiltonian (3.38). All what we
need to do is to check that the Hamiltonian (3.38) satisfies Assumptions 2.7,
2.8, 2.9, and 2.10. Let & = (Ajps1,--38jp4n)s B = (Bs,Bssx) = (A1, A,
Njpsn+1s--) A= (Gij)jo+1<i,j<jo+n» B= (B1,B2)T, B1 = (Gij)i<jy,jo+1<j<jo+n> and

By = (Gij)izjo+n+1,jo+1<j<jo+n- Let

1 2 2
I (ETL P
1 (3.47)
2 2 2
Z:(Z*;Z**):§(|Zl< y---;<2j0| ;|Zj0+n+l| ;)
Then the Hamiltonian (3.38) is of the form H = A+ G + G + K, where
A={,y)+(B,2Z),
(3.48)

G= %(Ay,y)+ (By,Z) = %(Ay,y) +(B1y, Zy) +(B2Y, Zsx),

1G] = O(ll2ll3,,), and |K| = O(l|z[l§,,). According to the notations in Section
2.2,

w(y)=c0+Ay, Q(y)=B+By,

3.49
Qu(y) =B+ +B1y, Qs (¥) = Bsx +B2)y. ( )

Observing that A; is pure imaginary for 1 < j < jo and A; is real for j = jo+1
and

with i < jo, jo+1<j < jo+n, (3.50)

we get that RB; = 0; hence, RQ, = 0. Namely, Assumption 2.9 is satisfied. Let
Q =G and R = G+K. Then H = A+ Q + R which is of the form required by
the Cantor manifold theorem. By Proposition 3.5, Xg,Xg € A(£%P,{%P*1) with
IRl =0(lIZll3,,) +O(llzll§ ;). On the other hand, we have

Aj= 12+m=j+2ﬂj+o(j—3), j=jo+1. (3.51)

So Assumptions 2.8 and 2.10 are satisfied withd =1, =—landp =p+1 > p.
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Moreover, by (3.40) and the definition of B,

(v,»)
A

(Q**)l: (B +BZJ’)l:Al+ (3.52)

with v = (24/17) - (/\Jfolﬂ,...,AJTOIM). This gives the asymptotic expansion
Ql:l+%+@+o(k3):j+?+o(r3), (3.53)

where m,, = (1/2)m+(v,y). Thus, for i > j > jo +n,

Q;— Qj my .3 ..
—=1-—+0 =1+0(j? 3.54
ry i (%) (j?) (3.54)
uniformly for bounded y. This gives k = 2 in (2.32). Consequently, also the
smallness condition in the Cantor manifold theorem is satisfied since

4
g>4+—= (3.55)

forg=6,k=2,and o = 1.
Finally, we verify that Assumption 2.7 is satisfied. Item (1) is satisfied in view
of the following lemma.

LEMMA 3.6. Foralln =1 and allm < -1 with j2+m = 0 for all j € Z, the
matrix A = (Gij) jo+1<i,j<jo+n IS nonsingular.

PROOF. Following the argument of [9, Lemma 5], we get that

detA:(—l)”(%)n(1—4n) I )lefﬁ(). (3.56)

Jo+l<j<jo+m “'J
O

LEMMA 3.7. For the index set J = {jo+1,...,jo+n} withn =5, (k,w(y))+
(L,Q(y)) does not vanish identically for all (k,l) € 7" x 7% and allm < —1 with
j2+m=0 forall jeZ.

PROOF. The argument of [9, Lemma 6] is applicable provided that we take
slight modification. It suffices to show that either (o, k) = (B,1) or Ak = BI1
for (k,l) e 7" x7*.

Suppose to the contrary that («, k) = (B,1) and Ak = BZT L. Multiplying A and
B, by 11/6 and letting D be the n-dimensional diagonal matrix with diagonal
elements D; = AJTOZ+ j»and C is the rank one n X n matrix with elements Cj; =

4271 AL - wherei,j=1,2,...,n, we then have Dk = Ck—Bl 1 or

Jo+ijo+Jj

%:4(v,k)—4(w,l), (3.57)
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where v = (A7! Jotls e Jo+n) and w = (A Omﬂ,?\mhwz, .). Thus, k; A’OH is in-
dependent of i, whence (v, k) = nk; AJOIH and thus
4 .
ki= M—_IAJOH(w,l), 1<i=<n. (3.58)
The assumption (&, k) = (B,1), then further implies that
4 2 _ (B’l)
4n_11§sn2\jm_ w (3.59)

We first show that for |I| = 1, this is not possible. In fact, we then have that
(B,1) = A jy+n+v = (w,1)~! for some v € N, s0 (3.58) and (3.59) combined give

4 A%
k? = L, 1<i=<n. (3.60)
odn-1 A%

But this equation cannot have an integer solution for any n > 5 and any 1 <
i<n.

So now consider the case |I| = 2. To show this case is also ridiculous, we
need an inequality. Let

g =\(x+12+m—Jx2+m, x=.|ml. (3.61)

It is very easy to verify that the function g is positive and decreasing for x >
Jjo+ 1. Hence, we get that for x > jo+ 1,

90 < flo+1) =vGo+2)2 +m—(o+ 1) +m=2jo+3.  (3.62)

If we had
1 dn-1
then (3.58) and (3.62) imply
. [Ajp+it1 = Ajo+i| 1
i < .64
O k< s G e S OO
which is not possible. On the other hand, the case
lw, )| > —— . 411 (3.65)

\/210+ "4n—4
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is ridiculous since

_ 2
[(w, D] <277}, = -

(jo+m+1)"+m
2 1 4n-1 (3.66)

< < = -

\/2(j0+1)n+n2 2jo+3 4n-4
if n > 5.

This completes the proof. O

This lemma shows that Assumption 2.7(3) is satisfied. Assumption 2.7(2) is
very easy to check. Finally, we finish the proof of Theorem 1.1.
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