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EXAMPLES OF FRIEDRICHS MODEL OPERATORS
WITH A CLUSTER POINT OF EIGENVALUES
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A family of selfadjoint operators of the Friedrichs model is considered. These
symmetric type operators have one singular point, zero of order m. For every
m > 3/2, we construct a rank 1 perturbation from the class Lip1 such that the
corresponding operator has a sequence of eigenvalues converging to zero. Thus,
near the singular point, there is no singular spectrum finiteness condition in terms
of amodulus of continuity of a perturbation for these operators in case of m > 3/2.
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1. Statement of the problem and main result. Consider selfadjoint opera-
tors S;,, m > 0, given by

Sm=sgnt-|t|" +(-,Q)p (1.1)

on the domain of functions u(t) € L»(R) such that |t|"™u(t) € L>(R). Here
@ € Ly(R) and t is the independent variable. The action of the operator S,,
can be written as follows:

(Spmu) (t) =sgnt - |t]™u(t) +@(t) J[Ru(x)cp(x)dx. (1.2)
The function @ is assumed to satisfy the smoothness condition
lpt+h)—@@)| <w(lh]), |hl=1, (1.3)

where the function w (t) (the modulus of continuity of the function ) is mono-
tone and satisfies a Dini condition

1
w(t)l0 ast!O, L @dt<o®. (1.4)

For the operators S,,, the absolutely continuous spectrum fills the real axis
R. The behavior of the singular spectrum of the operators S,, is of interest.
Note that we define the singular spectrum as the union of the point spec-
trum and the singular continuous one. The structure of the spectrum Osing (S1)
(the singular spectrum of the operator S; =t - +(-,@)®) has been studied in
detail in [1, 2, 3, 4, 5, 6, 7, 8, 9]. It is shown in [1, 7] that for this operator,
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there exists an exact condition of the singular spectrum finiteness. Namely, if
w(t)=0(/t)ast — 0", Osing (S1) consists of at most a finite number of eigen-
values of finite multiplicity (the singular continuous spectrum is missing). But
if liminf w (t)/+/T = + as t — 0*, then we construct examples showing that a
nontrivial singular spectrum appears, in particular, the operator S; has accu-
mulation points of eigenvalues. Note that the real appearance of a nontrivial
singular spectrum in the Friedrichs model was, for the first time, shown by
Pavlov and Petras [8].

Using the simple change of variables sgnt - [t|™ = x, we can show that out-
side any neighborhood of the origin, the structure of the spectrum Osing (S ) is
identical with the one of the operator S;. This is due to the smoothness of this
change of variables outside any neighborhood of the origin, and also to the
local character of the main results of [1, 2, 3, 4, 5, 6, 7, 8, 9]. Namely, suppose
that conditions (1.3), (1.4), and also some additional conditions on the func-
tion @ are fulfilled only in a certain interval (c,d) C R, then, the main results
of [1, 2, 3, 4, 5, 6, 7, 8, 9], concerning the structure of Oging(S1), will remain
true in any closed subinterval A C (c,d). At the same time, as shown in this
paper, for the operator S,,, m > 3/2, the behavior of the singular spectrum
has quite different character in a neighborhood of the origin. In this case, it
turns out that the singular spectrum can appear for any modulus of continuity
w(t). Hence, near zero, there is no condition of the singular spectrum finite-
ness in terms of the modulus of continuity of @ (t) like for the operator S;.
Here, we can also use the pointed change of variables but, since, for instance,
(sgnt - Itlm)]t:O =0 for m > 1, it is not smooth (that is, not a diffeomorphism)
near zero. In this sense, zero is a singular point of the operators S,,, m * 1,
and needs a special attention.

We start with a formulation of the main theorem of this paper on the con-
struction of a function @ (t) such that the corresponding operator S,,,, m > 3/2,
has a nontrivial singular spectrum near the singular point zero and, in partic-
ular, a sequence of eigenvalues converging to the origin. The proof of this the-
orem will be obtained as a combination of a sequence of lemmas. Observe that
the actual modulus of continuity @w(h) := sup{|@(t1) — @ (t2)]: |t;1 — 2| < h}
of the function @ always satisfies the additional constraint of semiadditivity
W(t;+t) < (t;)+w(ty) for all ty,t> = 0.

THEOREM 1.1 (main result). Let a nonnegative, monotone function w(t),
t > 0, be semiadditive such that w(t; +t2) < w(ty) + w(tx) for all t1,t, > 0.
Then for any m > 3/2, a compactly supported function @ satisfying the smooth-
ness condition | (t +h) —@(t)| < w(lh]), h € R, is constructed and such that
the corresponding operator S,, = sgnt - |[t|"™ -+ (-, @)@ has a sequence of eigen-
values converging to zero.

Note that the result of Theorem 1.1 can be formulated in terms of real zeros
of some analytic functions. Define in the upper half plane an analytic function
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M, (z) in the following way:

+o0 2
Mm(z):1+j 92O 4z o (1.5)

e SgNt-[t|Mm -2z

It is easily shown that under conditions (1.3) and (1.4), the function M,,(z) is
continuously extended up to the real axis on the intervals (—o0;0) and (0; + o).
We define, for A € R\ {0}, the value M, (A) := M,,, (A +10) and the roots set N :=
{A € R\ {0} : M), (A) = 0}. Then, we have the following inclusion sing (Sm) <
N U {0}. (See, e.g., [10] where similar assertions are proved for the function
1+ [12 (@2 (t) |/ (t2 = 2))dt or [8] for the function 1+ [ (|@2(t)|/(t —z))dt.)
Further, the exact condition w(t) = O(+/t), as t — 0", appears to guarantee
that outside any neighborhood of the origin, there is at most a finite number
of zeros of the function M,,, (A). At the same time, Theorem 1.1 means that, for
m > 3/2, the function M,,(A) can have a sequence of zeros converging to the
origin for any monotone, nonnegative, and semiadditive function w satisfying
condition (1.4).

2. Construction of the function ¢

LEMMA 2.1. Let the function ¢ belong to L,(R). Then a point A € R is an
eigenvalue of the operator S,, = sgnt - |t|"™ -+ (-, @)@ if and only if the following
conditions hold:

sgnﬂ% €L(R), @.1)
T_letw]
+Lw sgnt - |t|m—2\dt_0' (2.2)

PROOF. Solving the eigenvalue problem S,,v = Av, we find that v(t) =
Co(t)/(sgnt - [t|™ —A). (Remark that from now on, we denote by C various
constants which may be different even in a single chain of inequalities.) This
expression will be an eigenfunction if it is from the space L, (R) and satisfies
the equation S,,v —Av =0, that is,

Cop(t) J Cle2(x) ]
- m_ _
(sgnt - [t] A)Sgnt A e - Sgnx Tl = o oy AX =0 (23)
or
= )] ) B
(1+J—w Sgnx-lx\m_/\dx () =0. (2.4)

The proof is complete. ]
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LEMMA 2.2. Suppose that a nonnegative, monotone function w(t) is semi-
additive w(t; +t2) < w(ty) + w(tz) for all t1,t, = 0. If liminf; .o+ w (t)/t =0
then w(t) =0 forallt = 0.

PROOF. According to the semiadditivity, w(nt) < nw(t), n € N. Therefore,
using the notation [t] for the integer part of t, by the monotonicity of w(t),
we have for all t,x > 0,

o= (£)3) a{([£] 1) = (4] )

, ) (2.5)
g(—+1)w(x)=(t+x)ﬂ.
X X
Thus,
w(t) <hm1nf(t+x)¥ = lim inf (t+x)M
0—-0% 0<x<d X
() (2.6)
< lim (t+5) inf WX _ 4 gimint @) _ g,
0<x<6 X x—-07* X
The lemma is proved. O

COROLLARY 2.3. If additionally w(t) — 0" ast — 0%, then for any ty > 0,
there exists a constant C > 0 such that

Ct<w(t), te][0;to]. (2.7)

PROOF. It suffices to show that there exists a positive ¢ less than ty such
that the inequality Ct < w(t) is fulfilled with a certain constant C > O for all

€ [0;¢]. If this is the case, put C:= min{C,w(&)/to}. Then, the inequality
Ct < w (t) already holds for all t € [0;ty]. Indeed, using the monotonicity of
w, we have for t € [&;tg]

Ct < -t< inf
to xelsto]

-t =w(t). (2.8)
by

<w(x)> < w(t)

t
We prove that there are such constants € and C. By assuming the converse, we
construct two positive sequences Cy and t; tending to 0 such that w (ty) < Citk.
Hence, limg_. ;. w (tx) /tx = 0. Since

timinf L5 < jiming L) _ o, (2.9)
t—0* t k—+0co k
by Lemma 2.2, w = 0. This completes the proof. |

Remark that the nonnegativity of w is a consequence of its semiadditivity
and monotonicity as w(t+0) < w(t) + w(0), and hence 0 < w(0) < w(t).
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Corollary 2.3 shows that it is sufficient to prove Theorem 1.1 for w (t) = Ct
with an arbitrary constant C,, > 0.

Let {u,},;,% and {&,},,>; be two sequences from the interval (0; 101) satis-
fying the condition

n-1

un<sn<u8 Cn=12,.... (2.10)

On the real axis, we define a sequence of functions ¢, as follows:

Un 1.3 ]
w(t 2), te[zun,4un,

Pnt):={w(u,-t), te [%un;un], (2.11)
0, t¢ [%un;un],

where w (t) = Cyt.

We will show that for any real-valued Lipschitz function y(t) compactly
supported in the interval (—oo;—1), it is possible to select the sequences u,
and &, and a bounded sequence of nonnegative numbers {c"}; %, such that
the points A, := (uy, + &)™ will be eigenvalues of the operator S,, = sgnt -
[t]™ - +(-,@)@ with the function

Pt)=K-> ()" pu(t) +y (). (2.12)
k=1

Here K > 0 is a parameter. It will be shown that for all K large enough, the
function @ satisfies the required smoothness condition |@(t + h) — @ (t)] <
w(lh]), t,h €R.

LEMMA 2.4. For the points A, to be eigenvalues of the operator Sy, defined
by (1.1), it is necessary and sufficient that

@)
wa sgnt - Itlm—)\ldt_ -L (2.13)
e | p2(t)|
dt=0, n=1,2,.... 2.14
Lo (sgnt-[t|m—An)(sgnt - [t]™ —Ani1) @19

PROOF. We need to verify conditions (2.1) and (2.2) for A = A,,, n =1,2,....
As U, < u,-1/8, the supports of the functions @, are disjoint. Thus, the
function @ is bounded and compactly supported. According to (2.10), A,, =
(Up +&x)™ < t™ for t = uy,_1/2. Therefore, @ vanishes identically in a neigh-
borhood of A,. Hence, condition (2.1) is fulfilled for any A = A,,, n = 1,2,....
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Now putting in (2.2) A = A,,, n = 1,2,... we then pass from the obtained sys-
tem of equations to an equivalent one by subtracting the nth equation from
the (n+1)st for n =1,2,.... As a result, we get system (2.13) and (2.14). The
lemma is proved. O

Since @ (t) =0 for t > Ay, it follows that

+ 00 2
@-(t)
= PR E——— . 2.1
om J—w sgnt-ltlm—mdt<O (2.15)
Therefore, after solving the homogeneous system (2.14), the first equality (2.13)
will be satisfied by replacing the function @ by @ /+/|xm|.
Substituting expression (2.12) for @ (t) in (2.14), we obtain a system of linear
equations for the unknowns c”,

_ oo
Z —dukc®) +dunc™+ D (—dukc®) =yn, n=1,2,..., (2.16)
k=1 k=n+1

with the coefficients

Uk pi(t)
Ay := K2 K dt, (217
=K T = A) (0n = Anr)] )
-1 2
y<(t)
= dt. (2.18)
Vn Jloo (T +2) (IEI™ + Apin)

In the next section we show that the linear system (2.16) has a nonnegative
solution in the space I, of bounded sequences.
3. Solution of the linear system

LEMMA 3.1. The coefficients dyx of the linear system (2.16) satisfy the fol-
lowing inequalities:

, C
dnn = K? S;Lnu%ﬂ, (3.1)
n-1

C;
> dnk < K2 uzzl, (3.2)
k=1 n-
+ 0o 3
C;u
dnk < K? 1L 3.3
kz%ﬂ " &N Enti )

with some positive constants C,, C», and Cs.

PROOF. For arbitrary a,b > 0 and m > 1, the following inequality obviously
holds:

la—b|-max{a™ ', b™ '} < |a™-b"| <|a-b|-max{a™ b }m. (3.4)
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Thus,

1 - 1
la—b|-max{am-1,bm-1tm = |am—bm|

1 (3.5)

< :
la—Db|-max{am-1,bm-1}

Using inequalities (3.5) and (2.10) with elementary estimates and a simple
change of variables x := u, —t, we get

Un w?(uy —t)dt

dun = K?
" 3un/4 ((un‘l’fn)m_tm) (M = (U +5n+l)m)

Un
> KZJ w?(uy —t)dt
3

Un /4

1
((un+en)" = Bun/A)™) - (Ul = (Unor +Eni1)™)

Uun/4
zKZJ w?(x)dx
0

1
. (m(un+5n* (3/4)un)(un+5n)mil) : (m(un*unﬂ f€n+1)u%"_1)

314 (M(un/4d+en) (Un+E0)" ") - (Mul)
u3 C1
> K2C n > K? )
(Un+&n)™ - ull enoups

(3.6)

Inequality (3.2) is established analogously,

2
Zdnk_ ZKZJ ‘ pi)dt

w2 (8= (Un +€0)"™) - (8" = (Ups1 + Ens1) ™)

(bdt
(Un-1/2)" = (i1 +&ns1)™)

<K

- @i
g JMk/Z ((un—l/z)m—(un“‘fn)m)'(

uy [+ 1
<K? ( (pz(t)>dt P
JO }gl « ((un—l/z_un_‘?n)(un—l/z) 1)
1
X m-—1
((Un-1/2 —Uns1 — Ens1) (Un-1/2) )
<K?C 1 2 G

<K .
(Un1/2 = Un-1/8=Un-1/8)" - (1 /2)°™ " 7 uz™
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We took into account that the functions @y (t) are uniformly bounded and have
disjoint supports, therefore [;"' (X% @2 (t))dt < C. Finally, we have

+00
z dnk
k=n+1
J pi(t)dt
ug/2 ( un+5n)m_tm) ((Uni1 +5n+l)m_tm)

k=n+1

J pi(t)dt
”k/z un+3n)m7u:ﬁ—l) : ((un+1 +5n+1)m*u:,11+1)

k=n+1
w?(uy —t)dt

S : ~1
k=n+1""k/2 un+5n_un+l)(un+5n)m )'(5n+l(un+l+fn+l)m )

J w? (U1 —t)dt
-1
k=n+1 k/Z un+5n_un/8)(un+5n)m )'5n+1(un+1+5n+1)m
C

(un + En)m “Ensl (un+1 + 5n+1)M71

Un+1
sKZJ w? (Ups1 —t)dt
0

(&)
<K?ud,  ——.
e,
(3.8)
The lemma is proved. |
We rewrite system (2.16) in matrix form
I+A)c =T, (3.9)

where the column vectors ¢ = (c},c?,..)7T, f = (y1/di1,y2/d22,...)T, and the
infinite matrix A has the entries (A)nx = (Onk — 1) - dnk /dnn. Equation (3.9) will
be considered in the Banach space .

In the sequel, we consider the sequences 1, and &, defined as follows:

Uy =Uj_q, en:uﬁ_l, n=1,2,..., (3.10)

with some 1y € (0;107!) and « > B > 2. It is evident that inequality (2.10) is
fulfilled.

LEMMA 3.2. Foreverym > 3/2, the numbers «x and B can be found satisfying
the inequality « > B > 2 such that the following estimate:

dnn = K2Cy (3.11)

holds for allm =1,2,....
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PROOF. Substituting (3.10) in (3.1), we get

Gy
Bm+x(m-3) -
Up-_1

dpn > K? (3.12)

AS upn—1 € (0;1) for m > 3, the assertion of the lemma is true with any o« > 8 >
2. Now let m € (3/2;3). Then, the inequality fm + «(m — 3) > 0 is fulfilled if
o < Bm/(3—m). It must be & > B > 2, therefore we require that fm/(3—m) >
B. As the last inequality holds for any 8 > 0, we can take for m € (3/2;3) any

B>2, «ae (3; (33_":”)). (3.13)
This completes the proof. O
By (2.18), y» > 0, and
-1 ly(t)|%dt -1 2 )
e | iy =L oA e

Hence, for the l,-norm of the vector f equal to ||f|le = sup, (yn/dun), We
obtain the following estimate:

lyll3
1fle < 2 (3.15)

LEMMA 3.3. Foreverym > 3/2, the numbers «x and 3 can be found satisfying
the inequality o > B > 2 such that ||A|| < 1 for all uy small enough.

PROOF. By the definition,

+00
Al = sup [Aslle < sup sup > |Anksk|

Isllo=1 Islo=1 n 3

dnk
<su A =su -

n-1 + 00
dnk dnk
= Su -+ - |-
e ( 2 a2 g )

k=1 k=n+1 "N
Hence, it suffices to require that

Sy = (Zflll dnk) <
Ann

, Sy = (z;:nﬂdnk) <

3.17
Ao (3.17)

N
| =
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Using (3.1), (3.2), (3.3), and (3.10), we get

C egpup® G Ly m=3)+(B-2m

S1<— - = ,
! uim ¢ ot
i3 c (3.18)
C; uy>u 3 3a—-mB+m-3
Sy<—2.2n _Tn+l _ =5 .
2= Enst ot
Thus, if there exist « > B > 2 such that
ax(m-3)+(f-2)m >0, 3dx—mpB+m—-3>0, (3.19)
then
Sy < (9) T (9) g mms, (3.20)
C1 Cl

Therefore, (3.17) will be true for all 1y small enough.

Let m > 3. The first inequality in (3.19) holds for all @« > > 2. The second
one is true for « > (Bm +3 —m)/3. It follows that we can take any 8 > 2 and
o >max{f,(Bm+3—-m)/3} = (Bm+3—m)/3. Note that this choice of & and
B is consistent with the choice made for m > 3 in Lemma 3.2.

Now let m € (3/2;3). Then, (3.19) is equivalent to

(Bm—2m) o> (5m+3—m)-

< Gom 3 (3.21)
As it must be & > f3, find S such that
(Bm+3—-m) (Bm—2m)
3 <B< G-m) (3.22)

The inequality (Bm + 3 —m)/3 < B is fulfilled for all § > 1. The inequality
B < (Bm-2m)/(3—m) is equivalent to B > 2m/(2m — 3). Hence, for m €
(3/2;3), we can take any > max{2;2m/(2m —3)} =2m/(2m —3) and x €
(B;(Bm—2m)/(3—m)). We also see that & and f satisfy (3.13). This completes
the proof. |

By virtue of the inequality ||A|| < 1, equation (3.9) has a unique solution in
loo,

C=U+A)'f. (3.23)
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It is easily seen that all the components c” of the vector ¢ = (c!,c?,...)T are
nonnegative. Indeed, f,, = yn/dun > 0 since, by (2.17) and (2.18), yn,dnn >
0. The Neumann series ¢ = (I + (=A) + (=A)%2 + - --) f includes powers of a
matrix with nonnegative entries such that (—=A)ux = (1 — Onk) - duk/dnn = 0
since dy, > 0. Consequently, the vector ¢ is obtained as a result of the action
of a matrix with nonnegative entries on a vector whose components are also
nonnegative.

4. Smoothness of the function . Introducing the convenient notations

u
u%z:: Un, u121:: 7?1’ Ap = [ui;uh]’
4.1)
, (ul +u2) (up +uz) (
e i B g ) |

we can write (2.11) as follows:

w(t-u), tea?,
@n(t) =1 w(ul-t), teal, (4.2)
0, te A,

LEMMA 4.1. Suppose that w is monotone and semiadditive (and thus non-
negative). Then, the function

+ 00

w(t) = () P r(t) 4.3)

k=1

satisfies the following smoothness condition:

lpt+h) —wt)| <sup(cX)*w(h]), theR. (4.4)
k

Inequality (4.4) remains true if {An };,>, is an arbitrary sequence of disjoint finite
intervals.

PrOOF. If t; € A, and t» ¢ Ay, then, as the intervals Ay are disjoint for
different k, for some i € {1,2}, we have

w(t) = (" w(|ti—ub]) < (' w(|ti—ta]). (4.5)
Thus,

lw(t:) —w(t1)| =max{y(t),w(t1)} < sr;p(c")”2 cw(|ti—ta2]).  (4.6)
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For t,6 > 0, w(t +0) — w(t) < w(d) according to the semiadditivity of .
Therefore, for t1,t> € AL, we obtain

1/2

lw(t) —w(t) [ = (") ™ [o(lti—up ) —w([ta—up ) |

4.7)
< (" w(|ti—t2]).

Now, let t; € AL and t, € Al i+ Jj. Assume that |t; —ul| > [t> —ul|, then

lw(t) —w(t2)| = (" (w(|ti—ub]) ~w(|ta—uh]))
(" (w(ti-uh]) - w([tz-uh]))  @4.8)

< (" w(|t—ta]).

IA

The lemma is proved. O

By (2.12), the function @ (t) = Ky (t) + y (t) where the function y is assumed
to satisfy a Lipschitz condition |y (t + h) — y(t)| < Cylh|, h € R. Since the
functions ¢ and y have disjoint supports and w(t) = C,t, we see that the
following inequality:

|@(t+h)—@(t)] <Ksup (ck)'"*-w(hl) +Cylhl
k

(4.9

< (Ksup(ck)”2 +&>w(|h|)
k (jou

holds for all t,h € R.

After finding the solution of system (2.14), we satisfy (2.13) replacing the
function @ by @ /+/[&|. This replacement corresponds to a passage from the
functions ¢ and y to @ /+/[c,| and y/+/[cm |, respectively. Therefore, for the
new function @, the following smoothness condition will be fulfilled:

_ Cylogn | M2
|cp(t+h)(p(t)|s(K51;p(ck)”2|o<ml vz, vl Cm| w(lhl), heR.
w
(4.10)
LEMMA 4.2. The constant
-1/2
M;:Ksup(ck)”z|o<m|’”2+C”\O‘C’"| , (4.11)
k w

in the smoothness condition (4.10), satisfies the inequality M < C /K, and hence,
it is less than one for all K large enough.
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PROOF. Since
+ o0 2
@-(1)
= dat
| com | Joo \sgnt-ltlm—?\l\

(5]
0 A;—tm

it follows that |, | /2

1€l < (1= 1A " 1 Nl
In view of relation (3.15), then

Syl
K2Cy°

€1l < (1= 11Al)

Therefore, for the first summand in (4.11), we get

_ _ 1
Ksup ()2 o | V2 < K(1— 1A M2 lyllz
(€| ot QA e Kl
Likewise, we find that
-1/2
Glonl ™G 1 _c
Cuw Co Kllyl: " K

The lemma is proved.

PO gy >1<2j W2(0dt = K2y,

¢
=<

As a result, the function @ satisfies the smoothness condition

lpt+h) -] <w(lhl), heR,

for all K large enough. Theorem 1.1 is, thus, completely proved.

637

(4.12)

<1/(K||l@ll2). From (3.23), we obtain the inequality

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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