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ABSTRACT. If R is a local ring whose radical J(R) is nilpotent and R/J(R) is a commutative field
which is algebraic over GF (p), then R has at least one subring S such that § = U;_, S,, where each S, is
isomorphic to aGalois ring and §/J(S) is naturally isomorphic to R/J(R). Such subrings of R are mutually
isomorphic, but not necessarily conjugate in R.
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0. INTRODUCTION

Let p be a fixed prime. For any positive integers n and r, there exists up to isomorphism a unique
r-dimensional separable extension GR(p", r) of Z/p"Z, which is called the Galois ring of characteristic
p" and rank r (see [9, p. 293, Theorem XV.2]). This ring was first noticed by Krull [8], and was later
rediscovered by Janusz [6] and Raghavendran [12].

By Wedderburn-Malcev theorem (see, for instance, [4, p. 491]), if R is a finite dimensional algebra
overafield K suchthat R = R/J(R)is aseparable algebra over K, then R contains a semisimple subalgebra
Ssuch that R =S @ J(R) (direct sum as vector spaces). Such subalgebras of R are conjugate each other.

Concerning the case R is not an algebra over a field, Raghavendran [12, Theorem 8], Clark [3] and
Wilson [17, Lemma 2.1] have proved the following: If R is a finite local ring with characteristic p"
whose residue field is GF(p"), then R contains a subring S such that S is isomorphic to GR(p", r) (hence
R =5 +J(R)). Suchasubring S of Ris called a coefficient ring of R. Coefficient rings of R are conjugate
each other. We can embed R to a ring of Szele matrices over S (see §1).

If R is a finite ring of characteristic p", then R contains a subring T (unique up to isomorphism)
such that (1) R =T ® N (as abelian groups), where N is an additive subgroup of J(R), (2) T is a direct
sum of matrix rings over Galois rings, (3) J(T)=TNJ(R)=pT,and (4) R=T+J(R).

The purpose of this paper is to extend these results to certain rings which are not necessarily finite.

1.

In what follows, when S is a set, | S| will denote the cardinal number of S. When A is a ring, for
any subset S of A, (S) denotes the subring of A generated by S. A ring A is called locally finite if any
finite subset of A generates a finite subring. When A is a ring with 1, for B to be called a
subring of A, B must contain 1. Let J(A) denote the Jacobson radical of A, Aut(A) the automorphism
group of A, and (A), ., the ring of n X n matrices having entries in A. If A 3 1, A* denotes the group of
units of A. For a € A*, o(a) denotes the multiplicative order of a.

The Galois ring GR(p", r) is characterized as a ring isomorphic to (Z/p"Z) [XV(f(X)(Z/p"Z) [X]),
where f(X) € (Z/p"Z)[X] is a monic polynomial of degree r, and is irreducible modulo pZ/p"Z (see
[7, Chapter XVI]). By [12, Proposition 1], any subring of GR(p", r) is isomorphic to GR(p",s), where
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s is a divisor of r. Conversely, if s is a divisor of r, then there is a unique subring of GR(p",r) which
is isomorphic to GR(p", s).
The following lemma is easily deduced from [16, Theorem 3 (I)] and its proof.

LEMMA 1.1. Let R be a finite local ring of characteristic p" whose residue field is GF(p"). If

a € R* satisfies o(a) = p”— 1, then the subring (a) of R is isomorphic to GR(p",r).

A ring R will be called an IG-ring if there exists a sequence {R,}"_, of subrings of R such that
R cR,,,R=GR(p",r)(i21)and R = R,, where {r,}"_, is a sequence of positive integers such

thatr, | r,, (i 2 1). If Risan IG-ring described above, then R, is the only subring of R which is isomorphic
to GR(p",r,). So we can write R =], GR(p", r).

Let p be a prime, n a positive integer and 1 =r < r, < ... an infinite sequence of positive integers
such that r, | r,,,. By the fact we observed above, there exists a natural embedding

"' :GR(p",r) > GR(p",r,,,) foreach i > 1. Letus put 1, =idGR(p,._ ]and U=v_,oUje...ou"" for

1 <i<j. Then we see that {GR(p",r,),U} is an inductive system. The ring R =lim_GR(p",r,) is
an IG-ring. Conversely, any IG-ring can be constructed in this way. AnIG-ring R =U;_,GR(p",r,)is

a Galois ring if | R| is finite. When A is a ring with 1, a subring S of A is called an IG-subring of A if §
is an IG-ring.

PROPOSITION 1.2. Let R =, GR(p",r,) be an IG-ring. Then:
(I)' R is a commutative local ring with radical J(R)=pR. The residue field R/pR is
U, GF(p").
(II)  If e is a positive integer such that 1 <e <n, then R/p°R is naturally isomorphic to the
IG-ring U, GR(p*,r,).
(II)  Ris a proper homomorphic image of a discrete valuation ring whose radical is generated
by p.
(IV)  Any ideal of R is of the form p°R(0 < e <n).
(V)  Ris self-injective.

(VD Aut(R)=lim_Aut(GR(p",r,) = lim_Aut(GF (p")) = Aut(Ur., GF (p™) )

PROOF. (I) and (I). Foreachi 21,
0—- p°GR(p",r) > GR(p",r,) > GR(p*,r,) >0
is an exact sequence of GR(p", r,)-modules. So we get the result by [2, Chapitre 2, §6, n° 6, Proposition
8].
() LetusputK=U",GF(p ™). Let W,(K) be the ring of Witt vectors over K of length n
(see [15, Chapter II, §6] or [5, Kapitel II, §10.4]. By (I) and [5, Kapitel II, §10.4], both R and

W.(K) are elementary complete local rings (in [14], elementare vollstindige lokale Ringe) of charac-
teristic p" whose residue fields are K. Since an elementary complete local ring is uniquely determined

by its characteristic and residue field (see [14, Anhang 2]), we see that R is isomorphic to W,(K). Let
W(K) be the ring of Witt vectors over K of infinite length. By [7, Chapter V, §7], W(K) is a discrete
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valuation ring whose radical 1s generated by p. Since W(K) 1s the projective limit of {W,(K)}"_, (see
[15, Chapter II, §6]), W,(K) is a homomorphic image of W(K).

(IV)  IfRisadiscrete valuation ring with radical pR, then any ideal of Ris of the form p’R(j 2 0),
so the result is clear from (III).

(V)  Clear from (1), since any proper homomorphic image of a principal ideal domain is
self-injective.

(VD)  Immediate by [9, p. 294, Corollary XV.3].

Let {r,};_, be an infinite sequence of positive integers such that r,=1 and r,|r,,,(! 2 1), and
S =U_,GR(p",r;) be an IG-ring of characteristic p". Let n =n, 2n,>... 2n, be a nonincreasing
sequence of positive integers. Let us put S, = Uy, GR(p"’, r,) for1<j <t Letd,:S — S, be the natural
homomorphism followed by the isomorphism S/p"S§ = §, of Proposition 1.2 (II). Let us put
USiny,ng, ...on) ={(0,) € (S)y, |0, € p” S if i > j}. Itis easy to see that U(S:n,,n,, ...,n,) forms
a subring of (S),.,. Let M(S;n;,n,,...,n,) denote the set of all ¢ X ¢ matrices (a,,), where a,, € S,, and
a,€ p"’_"’S) for i >j. Let @ be the mapping of U(S;n,,n,,...,n,) onto M(S;n,n,,...,n,) defined by
(o) & (a,) where a,, = ¢,(cv, ). Itis easy to check that addition and multiplication in M(S;n,ny, ..., n,)
can be defined by stipulating that @ preserves addition and multiplication. Following [17], we call

M(S;n,,n,, ...,n,) aring of Szele matrices over S.

LEMMA 1.3. (cf. [17, Lemma 2.1]) Let R be a ring with 1 which contains an IG-subring S of
characteristic p”. If R is finitely generated as a left S-module, then there exists a nonincreasing sequence
n=n,2n,2... 2n,of positive integers such that R is isomorphic to a subring of M(S;n;,n,,...,n,).

PROOF. By Proposition 1.2 (V), there exists a submodule N of R such that R =S ® N as left
S-modules. By Proposition 1.2 (III), there are a discrete valuation ring W and a homomorphism ¢ of W
onto S. By defining

ay=¢@)y (ae W,yeN),
Nis a finitely generated W-module. Since a finitely generated module over a principal ideal domain is
adirect sum of cyclic modules, there exist y;, ,, ..., y, € Nsuchthat N =&]_,Wy,. Lett=s+1,x,=1
andx,=y,_(2<i<t). ThenwegetR =& _,Sx,. Let Sx, = S/p™S as S-modules (n, = n). Without loss
of generality, we may assume n, 2n, > ... 2n,. Foreach a € R, we can write
xa=3%_ o x (0, €8).
Since

0 =p"'x,a = 2;‘=lp"‘a X

%
by Proposition 1.2 (IV), o, € p S ifi>j. Asq, , is uniquely determined modulo p"S by a, we can
define y: R = M(S;n;,ny, ...,n,) by a = (y,(o,,)). It is easy to see that y is an injective ring homo-
morphism.
2.

Let G be a group, and N a normal subgroup of G. Let p: G — H = G/N be the natural homo-

morphism. A monomorphism A: H — G will be called a right inverse of p if p o A =id,,. If Ais aright
inverse of p, then G is a semidirect product of N and A(H).
The following lemma is a variation of Schur-Zassenhaus theorem {13, Chapter 9, 9.1.2].
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LEMMA 2.1. Let G be a group, and N a normal subgroup of G. Let p: G — H = G/N be the
natural homomorphism. Assume that N 1s locally finite, and there exists a sequence {H,}"_, of finite
subgroups of H such that H, c H, . (i 2 1).u;. | H,= H and, forany a € N and any i > 1,0(a) and | H|
are coprime. Then:

() There exists aright inverse A: H — G of p.
(IT)  If, for some m 2 1, there exists a monomorphismp”: H,, — G suchthatp o’ = idy, . then
there exists a right inverse 2 H — G of p such that p |, =",
(IITy  There exists a unique right inverse of p 1f and only if G is a nilpotent group.

(av) Ify':H, — Gandu”:H, — G arc monomorphisms such thatp o’ = p o " = idy, , then

W(H,) and p”(H,,) are conjugate in G.

PROOF. () For each x € H,, we can choose an element g, of G such that p(g,)=x. As G is
locally finite (see [13, Chapter 14, 14.3.1]), the subgroup G, of G generated by {g,},. #, is finite, and
plg, is a homomorphism of G, onto H,. Let us put N,=Ker(p|l;). Since |N,| and |H,|| are
coprime, by Schur-Zassenhaus theorem [13, Chapter 9, 9.1.2], there exists a right inverse A, : H, = G,

of plg,. Next, let {g"}\eﬁz be a set of elements of G such that p(g,")=y for any y € H,, and

{g‘}*eﬂ. c {g‘l}‘eﬂz' Let G, be the finite subgroup of G generated by {g,’} Then p g, is a

veHy
homomorphism of G, onto H,. By [13, Chapter 9, 9.1.3], there exists a complement subgroup L of
Ny=Ker(plz) in G, such that L> A(H). The mapping A,:H,— G, defined by

Hy=Gy/N,3bN, > b(b € L)is aright inverse of p|g,. Foranya € H,, Ma)'\(a)e N,aL ={1},
hence we see A, |5 =A,. Continuing this process inductively, we get a sequence G, c G, C ... of finite
subgroups of G and a sequence {A,}"_, of right inverses A, : H, = G, of p |, such that A, |,= A, for any
1<i<j. ThenA=lim_ A, :H =V, H,— G is aright inverse of p.

(II) can also be proved in the same way by starting from p’: H,, — w'(H,,).

(IIT) Assume that A.: H — G is the unique right inverse of p. Then G is a semidirect product of N
and A(H). We shall show that this is the direct product. Suppose that there existc € N and z € H such
that cA(z) # A(z)c. Letusdefine u: H — G by w(b) =z"'A(b)z. Then W is a right inverse of p different
from A, which contradicts our hypothesis. So G is the direct product of N and A(H ). Hence G is nilpotent.

Conversely, let us suppose that G is nilpotent, and A and p are right inverses of p. Foreachi > 1,
let G, be the subgroup of G generated by A(H,) U L(H,). Then p |G, is @ homomorphism of G, onto H,.
Both A(H,) and pu(H,) are complement subgroups for N, = Ker (p lc)in G,. Since G, is a finite nilpotent
group, for each prime divisor q of |G|, G, contains a unique g-Sylow subgroup. Each G, is the direct
product of such Sylow subgroups. As|H,| and | N,| are coprime, we have A(H,) = u(H,). So A =W, -
Since this holds for each i > 1, we see A= L.

(IV) Let L be the finite subgroup of G generated by w'(H,,) U”(H,,). Then p |, is a homomorphism

of Lonto H,,. Since|Ker(p|,)l =|NNL| and|H,| are coprime, by Schur-Zassenhaus theorem, W'(H,,)
and n”(H,,) are conjugate in L.

LetG,N,Hand p:G — H be asin Lemma 2.1. We say that G has property (GC) with respect to
N if, for any two right inverses W and v of p, u(H) and v(H) are conjugate in G. If H is finite, then by
Lemma 2.1 (IV), G has the property (GC) with respect to N.
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Let R be a ring with 1. Let S be a subring of R, and I =J(R)NS. The homomorphism of S/I to
R/J(R) defined by a +/ > a +J(R)(a € S) is injective. We shall say that S/ is naturally isomorphic
to R/J(R) if this homomorphism is onto. If S is a local subring of a local ring R and if J(S) is nilpotent,
then J(S)=J(R)NS.

Now we shall state main theorems of this section, which generalize the result of R. Raghavendran
[9, p. 373, Theorem XIX.4].

THEOREM 2.2. Let R be a local ring with radical M. Assume that M is nilpotent, and K = R/IM
is a commutative field of characteristic p (p a prime) which is algebraic over GF(p). Then there exists
an IG-subring S of R such that S/pS§ is naturally isomorphic to K.

PROOF. Since X is algebraic over GF(p),| K| is either finite or countably infinite. So there exists
asequence {K,}"_, of finite subfields of K such that K, ¢ K,, (i 2 1)and U] | K, =K. LetK, = GR(p").
The natural homomorphism 7t : R — K induces a group homomorphism ©t* = &t |;. of R* onto K*. Each
(1+M")/(1+M'*") is isomorphic to the additive group M'/M'*'. As pM' = M'*', the order of each
elementof 1 + M = Kern* is apower of p. Furthermore, K* =", K, * , where | K, *| = p" — liscoprime
to p. So, by Lemma 2.1 (I), there exists a right inverse A: K* — R* of n*. Foreachi >1,leta, be a
generator of K,*. By Lemma 1.1, the subring S, = (AM(c,)) of R is isomorphic to GR(p", r,), where p" is

the characteristic of R. Consequently, § = (\( K*))=ur_, S, is an IG-subring of R, and §/pS is naturally
isomorphic to K.

Such a subring S of R stated in Theorem 2.2 will be called a coefficient subring of R. When R is
a commutative local ring satisfying the assumption of Theorem 2.2, § coincides with the subring
described in [11, p. 106, Theorem 31.1].

Let R, M, S and K = U, GF(p") be as in Theorem 2.2, where {r,}7_, is a sequence of positive
integers such that r, | r,,,(i 21). Let p" be the characteristic of R. Let S’ be another coefficient

subring of R. From what was stated in §1, S’ = U]_, GR(p", r,), which is isomorphic to S. By Proposition

1.2 (V), there exists a left S$-submodule N of R such that R =S’ @ N as left S’-modules.
IfA: K* — R*isarightinverse of t*, then by the proof of Theorem 2.3, § = (MK *)) is a coefficient

subring of R.

We shall show that, if A and p are different right inverses of m*, then (MK*)) # (W(K*)). Let us
suppose (MK *)) = (W(K*)) and denote it by S. Let {K,}"_, be a sequence of finite subfields of K such
that K, = GF(p"), K, cK,, (i21)and U], K, =K. As A # 1, there exist a number j > 1 and an element
o of K, such that A(o) # p(c). By Lemma 1.1, both T = (MK, *)) and T’ = (W(K,*)) are isomorphic to
GR(p",r,). AsS = U, (MK, *)), there exists a number [ > 1 such that TU T’ < (A(K,*)). Since (MK, *))
is a Galois ring, T = T’ implies T = T’. The restriction T | is a homomorphism of T* onto K,*. Both
A l", .and B I,(J . are right inverses of Tt |., so T* is the direct product of A(K,*) and Ker(r |.) = 1+ pT,
and is also the direct product of W(K,*) and 1+pT. As |K*| and |1+ pT]| are coprime, we have
MK, *) = WK, *). So there exists some B € K, * such that A(o) = u(B). Then o= 1* o A(cx) = 70* o u(B)= P,
which means A(cr) = p(et). This contradicts our choice of a.

By making use of Lemma 2.1 (I), we can easily see that, if S is a coefficient subring of R, there
exists a right inverse A : K* — S* of t* such that § = (A(K*)).

Summarizing the above, we obtain the following theorem.

THEOREM 2.3. Let R be a local ring with radical M. Assume that M is nilpotent, and K = R/M

is a commutative field of characteristic p (p a prime) which is algebraic over GR(p). Let n*: R* — K*
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be the group homomorphism induced by the natural ring homomorphism w: R — K. Then:

(Iy If §” is a coefficient subring of R, then there exists a S’-submodule N of R such that R =S"® N
as left S”-modules.

(I1) All coefficient subrings of R are isomorphic.

(III) IfA:K* — R* is aright inverse of m*, then § = (A(K*)) is a coetficient subring of R. Con-
versely, if S is a coefficient subring of R, then there exists uniquely a right inverse A : K* — R* of n*
such that § = (AM(K'*)).

(IV) All coefficient subrings of R are conjugate in R if and only if R* has property (GC) with
respectto 1 + M.

With the same notation as in Theorem 2.2, M/M? is regarded as a left K-space by the operation

ax=ax(ae K=RIM,xe MIM?).

THEOREM 2.4. Let R be a local ring with radical M. Assume that M is nilpotent, and K = R/M
is acommutative field of characteristic p (p a prime) which is algebraic over GF(p). Let S be a coefficient
subring of R. Then R s finitely generated as a left S-module if and only if M/M? is a finite dimensional
left K-space. In this case, there exists a finitely generated left S-submodule N of M suchthat R=S @ N
as left S-modules, and there exists a nonincreasing sequence n, 2 n, > ... 2 n, of positive integers (p"l
is the characteristic of R) such that R is isomorphic to a subring of M (S;n,,n,,...,n,).

PROOF. Assume that Ris finitely generated as left S-module. Then R is a Noetherian left S-module,
since S is a Noetherian ring by Proposition 1.2 (IV). As M is a left S-submodule of R, M is a finitely
generated left S-module. This implies that M/M* is a finite dimensional left K-space.

Conversely, let us assume that M/M? is a finite dimensional left K-space. Let ® be the nilpotency
index of M. Let x,,x,,...,x, be elements of M whose images modulo M ? form a K-basis of M/M?®. As
S/pS is naturally isomorphic to K, any element of y of M is written as

y=3'_ax+y (aeS,yeM).
Let
=3/ bx+z (beS,2’eM)
be another element of M. Then

yz=X! _axbx+w’ (w”e M.

1

Each x,b, is written as
d 2
xb =% ¢, x+w, (¢, €S, w eM).
So we see that any element v’ of M? can be written as

r_\d ” ” 3
vi=3 a,xx+v" (a,eSv'eM).

Continuing in this way, we see that any element of M is written as an S-coefficient linear combination
of distinct products of @— 1 or fewer x,’s. So M is a finitely generated left S-module. Also K =R/M
is a finitely generated left S-module, hence R is a finitely generated left S-module.

Now suppose that R is finitely generated as left S-module. By Theorem 2.3 (I), there exists a finitely
generated left S-submodule N” of R such that R =S @ N’ as left S-modules. By Proposition 1.2 (III),
there exist a discrete valuation ring V and a homomorphism § of V onto S. Defining
ay =§(a)y (@€ V,y € N’), we can regard N’ as a left V-module. Then there exist x,,X,,...,x,€ N’
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such that N'=®|_ Vx, =@, _,Sx,. By putting x,=1, we get R =@/ _,Sx,. Let c,,cy,...,¢, be elements
of S such that ¢, =, under the natural homomorphism : R — K. Let us put y,= 1 and y, =x, —¢, for
1<i<t Theny e M(1<i<t)andR=®,_,Sx,=®,_,Sy,. SoON =@, _,Sy, has the desired property.
The last statement is immediate from Lemma 1.3.

3.

Let R be alocal ring described in Theorem 2.2. Then R may have more than one coefficient subring.
Concerning this subject, first we can state the following.

THEOREM 3.1. Let T be an IG-ring of characteristic p" different from GR(p", 1). Then, for any
infinite cardinal number Y, there exists a local ring R such that

(1) M =J(R)is nilpotent,

(2) K =R/M is acommutative field of characteristic p (p a prime) which is algebraic over GF (p),

(3) coefficient subrings of R are isomorphic to T,

(4) all coefficient subrings of R are conjugate in R, and

(5) 7 is the number of all coefficient subrings of R.

PROOF. Let T=U_,GR(p",r,), where {r,}"_, is a sequence of positive integers such that
r|r.,(i21). LetK=T/pT and t": T — K be the natural homomorphism. As K is a proper extension
of GF(p), there exists an automorphism o of K different from idy. Let o be the automorphism of T
which induces 6 modulo pT (see Proposition 1.2 (VI)). Let A be a set of cardinality x, and V = @, ,T
be a free T-module. The abelian group T @ V together with the multiplication

(a,x)(a’,x")=(aa’,ax’+0o(a")x)
forms a ring, which we denote by R. Let T: R — K be the homomorphism defined by (a,x) > T'(a),
and M =Kern. As R/IM =K and M"*' =0, R is a local ring with radical M whose residue field is K.
By Theorem 2.3 (III), there exists a one-to-one correspondence between the set of all coefficient subrings
of R and the set Y of all right inverses of t* =1t |g. : R* = K*.

By the embedding T 3a — (a,0) € R, Tis regarded as a coefficient subring of R. So, by Theorem
2.3 (II), there exists a right inverse A : K* — R* of t* such that (M(K*)) =T. Since K =", GF ®",
there exists a number j > 1 such that & is not the identity on GF (P"). Let Ybe a generator of GF ">,
and ¢ =A(y). Itis easy to see that, for any z € V, R* 3 h =(c,z) is of multiplicative order p"—1. So,
for each z € V, we can define a group homomorphism

' :GF(p")* = R* by ¥ v (c,z)'. By Lemma 2.1 (II), we can extend j1," to i, € Y. If V 32,2, and
7 #2, theny, #1,,. Sol|Y| 2|V|=y%.

Let S be a coefficient subring of R. We shall show that S is conjugate to T. By Theorem 2.3 (III),
there exists a right inverse A : K* — R* of 7* such that § = (A'(K*)). Let A'(Y) =(c’,z), wherec’e T
and z € V. Let U be the finite subgroup of R* generated by A(y) and A’(y). As the restriction Tt |, is a
homomorphism of U onto GF (p™*, by Schur-Zassenhaus theorem, there exists
(b,w)e R*(be T,we V) and an integer i such that A'(y)=(b,w) 'AY)(b,w). Then,
(c’,z2)=b,w)"(c',0)(b,w), which implies ¢’=c'. As T(c)=n'(c")=y=n(A(Y)=7(c), so
¢’=c and N(Y) = (c,z). Let x = {c —0o(c)}'z. Suppose that o€ K satisfies o =y for some integer
m. Let Ma)=a. Then, by the same reason as above, we can write A’(a) = (a, y) for some y € V.
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As

(©.2)=N{=N0@")=(a,y)" = (", {a" = (6(a))"}H{a - o)} 'y),
we get ¢ =a” and z = {c -o(c)} {a —c(@)}'y. So (I,.x)A (o) = (a, y +06(a)x) = (a,ax) = A@)(1,x).
As K* is the union of cyclic subgroups generated by such oo which contain GF(p")* (generated by ),
this proves § = (M(K*)) = (1,x)"'T(1,x). So|Y|, the number of all coefficient subrings of R. does not
exceed X . As we have seen | Y| 2y, we get|Y] =x.

Next we shall consider the uniqueness of coefficient subrings.

A finite local ring T is called of type (1) if T is generated by two units a and b such that
(1) ab #ba,

(2 a-be J(T), and

3y o@a)=o0)=ITIJT) —-1.

If T'is a finite local ring of type (1), then T* is not a nilpotent group. For, let us suppose that T is
a finite local ring of type (1). Let a and b be generators of T satisfying (1)-(3). Let A and B be cycic
subgroups of T* generated by a and b respectively. Let K = T/J(T)=GF(p"). Then|A| =|B| =p'—1
is coprime to |J(T)|. If T* is nilpotent, then A =B, as both A and B are complement subgroups of
1+ J(T) in T*. This contradicts (1), so we see that T* is not nilpotent.

THEOREM 3.2. Let R be a local ring with radical M. Assume that M is nilpotent, and K = R/IM
is acommutative field of characteristic p (p a prime) which is algebraic over GF(p). Then the following
are equivalent.

(i) R has a unique coefficient subring.

(ii) R* is a nilpotent group.

(iii) R* is isomorphic to the direct product of K* and 1 + M.

(iv)  R* has no finite local subring of type (1).

PROOF. (i) < (ii). Clear from Lemma 2.1 (IIT) and Theorem 2.3 (III).

(1) = (iii). Let ©* =7 |z, : R* — K* be the group homomorphism induced by the natural homo-
morphism t: R — K. Since R has a unique coefficient subring, by Theorem 2.3 (III), there exists a
unique right inverse A of *. Then R* is a semidirect product of 1+M and K*. Let z be any fixed
element of 1+M. The mapping u: K* — R* defined by K* 3 0.4 z7'A(0)z is a right inverse of T*, so
1L = Aby our hypothesis. This implies that each element of A(K *) commutes with each element of 1 + M.
Hence R* is the direct product of 1+ M and M(K*).

(iii) = (iv). Let us suppose that R contains a finite local subring U of type (). By the proof of
[10, Lemma 1], 1+ M is a nilpotent group. If R* is isomorphic to the direct product of K* and 1 +M,
then R* is nilpotent. So U* is nilpotent, which is a contradiction.

(iv) = (i). Assume that R has at least two different coefficient subrings. Then there exist at least
two different right inverses A and p of *. Let {K,}"_, be a sequence of finite subfields of K such that
K. cK,,, and U"_, K, =K. There exists a number j such that A l",’ #W|g-. Letybe agenerator of K *.
Then the subring (A(Y), L(Y)) of R is a finite local ring of type (1).

4.

From[9, p. 373, Theorem XIX.4 (b)] and the proof of Theorem 3.1, one may expect that, in Theorem

2.3, any two coefficient subrings of R are always conjugate. However, from the following example, we
see that this is incorrect.
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Let K =, GF(p"), where {r, T, is a strictly increasing sequence of positive integers such that

rolr(i 21). Let {c,}"_, be automorphisms of K such that 6, is not the identity on GF(p")(i 2 1) and,
7). LetV= @~ |Kx, be a left K-vector space with basis {x,}7_,. We
can regard V as a (K, K)-bimodule by defining

Z,cx)a=% colax (X cx € V,ae K).

for j < i, G, is the identity on GF (p

The abelian group R = K @ V together with the multiplication
(a,y)(b,z)=(ab,az+yb)(a,b € K,y,z€ V)
forms a local ring with radical M = (0, V), which satisfies the assumption of Theorem 2.3. The homo-

morphism 7:R — K defined by (a,x)>a gives the isomorphism R/M =K. The subring
S ={(a,0)|a € K} of R is a coefficient subring of R.

Foreach i > 1, let y, be a generator of GF(p")*. Then we can write Y, = 'y:"i, for a suitable integer

m, . Weshall defineelements {1, }"_ of R* inductively as follows: Letu, = (y,,x,). Foru, = (y,,X,.,rx,)
(r,€ K), let

a,={1,~ 0,0} {1, ~ 0,0 )}, (1<j<n)
and

U

un+l =(‘Yu+l’2/l=la]x/+xu+l)‘
Then it is easy to check that o(u,)=p"—] and u,=u,"2,. Let f,:GF(p")* — R* be defined by

Yio u/(t € Z). Since f, 'cr(,,’,)Fﬁ for j < i, there exists f =lim_ f, : K* — R*. Asfis aright inverse of

T* =T |g. : R* > K*, 50 S, = (f(K*)) is a coefficient subring of R.
We shall show that S| and S are not conjugate in R. Let us suppose that there exists an element

v=(s,,d,x)e€ R* (s € K*,d € K) such that S, =v™'Sv. Then, for each i > 1, there exists some
b, € K* such that f(y,)=v'(b,,0)v. Then,

u =, 2, 1 % +x) (r € K)
=v"'(b, 0
=", ="', dx)s™)(5,0)(s, X, d,x)

=(b,%,.,(s"'bd ~s"'do,(b))x,),
which yields
1=57{b,~0,b)}d, .

So, forany i 2 1, we seed, # 0. This contradicts that ¥, d, x, is an element of the direct sum V = ®]_ Kx, .

In conclusion, we shall state a theorem which is a generalization of [3, Theorem).

THEOREM 4.1. (cf [9, p. 376, Theorem XIX.5] and [4, p. 491, Theorem 72.19]) Let R be aring
with 1. Assume that J(R) is nilpotent. Let

RIR)=(K),,, @Ky, &..0K,),,, .

nyxn nyXny

where each K,(1 <i <d) is a commutative field of characteristic p (p a prime) which is algebraic over

GF(p). Then there exists a subring T of R which satisfies the following.
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(i) R =T ®N (as abelian groups), where N 1s an additive subgroup of R.
(ii) T is isomorphic to a finite direct sum of matrix rings over IG-rings.
(i) J(TM)=TnJR)=pT.
(iv) T/pT is naturally isomorphic to R/J(R).

Moreover,, if T is another subring of R satisfying (ii)-(iv), then T” is isomorphic to T.

PROOF. Let R=R/J(R)=Re,®Re,® ... ®Re,, where each Re,(l <i<d) is a simple

component of R ande, is a central idempotent of R. LetRe, = (K) where K, is a commutative field

which is algebraic over GF(p). Let m:R — R be the natural homomorphism. There are mutually
orthogonal idempotents e, e,, ...,e, of R such that e, +e,+... +e,= 1 and t(e,) = ¢,(1 <i £ d). Then,

R=¢€,Re,®e,Re,® ... Qe Re, @ (D, ¢ Re)

12

as abelian groups. Since each e, Re, is semiperfect and ¢, Re,/J (¢, Re,) = Re, = (K,), ., »there exist alocal

ring S, and an isomorphism ¢, of e, Re, onto (S,) (see, for instance, [1, p. 160, Theorem 21]). Let

n xn,

0=¢,+¢,+...+¢,:¢,Re, De,Re,® ... De,Re, -

A=(),,,06),,, .06,

be the isomorphism. Since §,/J(S,) = X, , by Theorem 2.2 and Theorem 2.3 (I), there exist an IG-subring

7, and a left 7,-submodule N, of S, such that S, =T, ® N, (as abelian groups), and 7,/pT, is naturally
isomorphic to S,/J(S,). Then

B=(T),,, ®@),,, ®..OT)

nyxn nyxny

is a subring of A. Let T=0¢"(B). As J(e, Re,)n(l)"((m,.lx,,l) = J(¢"((Ts ,.,x,.,)), we see
J(t)=TNJ(R)=pT and that T/pT is naturally isomorphic to

(e,Re, D e,Re,® ... De,Re,)/J(e,Re, De,Re,® ... ®e,Re,)=RIJ(R) .
Let us put

N=¢ | V), , @), @ ON), | &(®,eRe}.
Thenwesee R=T®N.
Now, let us suppose that T” is a subring of R satisfying (ii)-(iv). Let e and f be primitive idempotents
of T'. We claim that Re = Rf (as left R-modules) if and only if T’e = T’f (as left T’-modules). Let
n(e) =€ and n(f) = f. Assume that Re =R’f. Then R ¢ = R f as left R-modules. Both R ¢ and R f are
minimal left ideals of R, so they are contained in the same simple component of R, which implies that
J(R)does not include eRf. Conversely, if J(R) does not include eRf, then Re = Ef, which means Re = Rf
(see, for instance, [1, p. 158, Theorem 16]). Thus we see that Re = Rf (as left R-modules) if and only
if J(R) does not include eRf. Similarly, T’e = T’f (as left T’-modules) if and only if J(T") = pT’ does
not include eT’f. Since T"/pT’ is naturally isomorphic to R/J(R), J(R) include eRf if and only if pT’
includes eT’f. So we see that Re = Rf (as left R-modules) if and only if T’e = T'f (as left T’-modules).
By making use of matrix units, 1 of R is written in T as
I=(eyteyt..te,)t(etept .. te, )+ .+ te,+ ... +e,),

where e,, are mutually orthogonal primitive idempotents of T, and Te,, = Te,, (as left T-modules) if and
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only if k =1. Simularly,
1 =(fll +f|2+ +flm,)+(f21+ 21+"‘ +f£m:)+ +(f;l|+f:12+"' +f:lm,,) ’

where f,, are mutually orthogonal primitive idempotents of 7", and T’f;, = T’f;, (as left T"-modules) if
and only ifk =1.
As ¢, Te,/pe,,Te,, = e,,Re, /e, J(R)e,, , we see that e,, and f;, are primitive idempotents of R. Then

R = ®Re,, = ®Rf), are indecomposable decompositions.

By what was stated above, Krull-Schmidt theorem tells us that there exists a permutation & of
{L,2,...,d} such that n, = m,,, and Re,, = Rf,,, as left R-modules (1 <i <d,1<k,l <n). By renum-
bering, we may assume n, =m, and Re, =Rf, (1<i <d,1<k,l <n). Now,

T = (e, Te,) . @ (e,,Te,) . @...D (e, Te, ')n.,xn,l

nyxn nyXn.

and

T’E(fIIT’fIl),,Ix,,I@(fZIT,fII) 2@‘“®(ﬁIIT’de) s

nyxn, nyxn,

wheree, Te,; and f,,T'f, are IG-rings. Hence, tocomplete the proof it will suffice toshowe, Te,, = f,, T'f;, .
Ase, Te,, is an IG-ring which is naturally isomorphic to e,|Re,,/e,; J(R)e,,, so e, Te,, is a coefficient

subring of e, Re,. Similarly, f,T°f, is a coefficient subring of fRf,. As
e, Re, = End(;Re,,) = End(3Rf,)) = f,,Rf,,, we see e, Te,, = f,, T’f,; by Theorem 2.3 (II).

Note. It is unknown when the subring T of Theorem 4.1 is unique up to inner automorphism of R
(see [3, Problem].
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