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ABSTRACT. The transformations to diagonalize potential energy matrices for coupled harmonic
oscillators will also diagonalize the variance when written in matrix form. After a brief review of
a geometrical interpretation of the variance, the transformations are described and an example is

given.
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INTRODUCTION. In this note, we will be interested in n independently chosen real numbers

. - 1e . o
X, Xy,..,X, With mean x = ;E x; and in their variance
i=1

s? = __1_.12: J{ 1)2
-15a

which can also be written as

i=1 i=1

[2 w45 ]] 0

We begin by recalling a geometric interpretation for s

Let the n-tuple (x;,x,,..,X,) representa point P in n-dimensional Euclidean space (E(n))
and let orthogonal unit vectors 4,,d,,..,4, be defined in the positive x,,x,,..,x, directions,

respectively. Then the vector V=xd, +x,4,+..+x,d, can be taken to emanate

from the origin O:(0,0,...,0) and to terminate at P.

-

The projection of ¥ upon the line &x,=x,=..=x, is given by the inner product

G+l +..+8 1 ¢ R . . .
v-|-—-—"| = = Y x, as suggested in Figure 1. In n-dimensions, the distance
VA Vi
(d) from P to ¢ satisfies the equation
L
=y @) - = [ x) = (n-1s% ()
i=1 i=1
Thus s is simply proportional to the square of the distance from P to £. To pursue

the simplification, we first rewrite Equation 1 in matrix form:
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Figure 1: The Geometry of P, ¥, and ¢.
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-1 n-1 -1 - -1]|%
(n-l)s2=—'l;(xlx2x3-~~xn) -1 -1 n-1 -~ -1|jx} (3)
SR S

Our problem is to diagonalize the matrix.
AN EXAMPLE. To illustrate the calculations, let us consider the case for n = 4. Then

3 -1 -1 -1)| %

, 1 -1 3 -1 -1{|*%
ﬂxl,xz,xg,x4)=3s =z(x1x2x3x4) -1 -1 3 -1 X, i

-1-1 -1 3|y,

(4)

In E(4), we imagine surfaces of constant f(x,,x,,%;,x,) to be concentric cylinders with

axis £.
It is clear that in choosing new coordinates, we must take one coordinate to be
proportional to x, + x, + x; + x, to place one axis on ¢. Simple choices of the other three

are proportional to x,-x,, x,-x, and -x,-x,+x,+x, to determine the orthogonal

transformation matrix

1.1 o o
V2 2
o o L _1
;- a |
11 1 _1
2 2 2 2
11 1 1
2 2 2 2
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We can rewrite Equation 4 as

3 -1 -1 -1 !
1 -1 3 -1 -1 x,
—(%,%,%,x)S 'S S5 =
ri x,
-1 -1 -1 3 x,
/
1000 '/
7 1 1 ! 0 l 0 0 x2 12 /z /z
(x; X X3 x,) =(x,)* +(x)* +(x3)
001 0f."
X3
0000)
X4

/ / /
where the new coordinates x,, x,,x; combine to yield the square of the distance from & which

’
is now the x, axis. The appearance of only three summands is consistent with the
4 - 1 = 3 degrees of freedom for the variance.

ANOTHER APPROACH. Let us now return to Equation 1. After a bit of algebra, we

see that the equation for the variance can be rewritten yet again as

- 1 lu—l » i
S‘E’—EE(“& ) ©

B i1 jeisl

Having obtained Equation S, we recognized it to be essentially the same as that for the
elastic potential energy for n masses symmetrically arranged on a fixed circle and
interconnected by idealized harmonic springs between all pairs of masses. Furthermore, we
have previously described this system.[1]

Returning to the case n = 4, let us consider the four masses on the circle as shown

in Figure 2.

x3

Figure 2. The Coupled Oscillators.
The particles are constrained to move on the circle and their displacements from
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their equilibrium positions are taken to be x,, x,, X3, x,. We choose the elastic constants for

all couplings to be k. Then the potential energy can be written as
1
PE. = Ek[(xl X P Oy =230+ (o~ x4 Oy %) + (g ~ 2 )P+ (x5 - %))
The symmetries which simplified the potential energy function were derived from the

rotations of the circle. The same symmetries can be applied to f(x,, x,, X5, X,) of

Equation 4. The four-by-four matrix

3 -1 -1 -1
-1 3 -1 -1
-1 -1 3 -1
-1 -1 -1 3

can be diagonalized by the unitary transformation having matrix representation

i -1 -i 1
-1 1 -1 1
v-1
2l-i -1 i 1
1 1 1 1

which was computed from the irreducible representations of the group of rotations by 90°
180°, 270°, and 360° about the center of the circle of Figure 2. [2,3]
Although the transformation carries the coordinates into complex numbers, f which

is proportional to the variance remains fixed and real:

3 -1 -1 -1 *
A y U_lu—l 3 -1 -1 - X,
s A9y Ny == X,
FpXpFy¥y) = (51X %s %) 1 -1 3 -1 %,
-1 -1 -1 3 x,
400 0)N
_ 1, 040 0|
=200 6 4 0 ol
0000)—
Vs

—_— b - 2 2 2
SO MY, tNY) =t

where y, ;-y_‘., and r; represent the new normal coordinates, their complex conjugates, and
their moduli, respectively. Thus the variance has again been diagonalized. In addition, we
now have unitary matrices to diagonalize the variance matrix for all n > 2. They have

already been computed to diagonalize potential energies.

GENERALIZATION. The purpose of this note is to point out that the unitary transformations

developed from the group of rotations of the circle enable us to look at variance and
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standard deviation. We had previously used these transformations to find natural
frequencies for oscillating mass and spring systems. We were pleased that previous work

solved a new problem for us. We simply state the generalization. The variance for n > 2 real

numbers x,,X,,~,X, can be computed as

o OIDN (x,.-x})z

rn-1  niq 5

n-1 -1 -1 .. -1)[*
1 1 -1 n-1 -1 . -1{]x,
Tl RERR N ©
-1 -1 -1 - n-1 X,
The unitary matrix
exp.zli expﬁ expﬁ exp_.___z(n—l)nl 1
n n n n
U - 1 e 4ni expm e p121ti exp4(n—l)1tl 1
\/I_t n n n n
1 1 1 1 1

which was developed from the representations of the Abelian group of rotations through 2n of
n

the circle in order to diagonalize a potential energy matrix will also diagonalize the variance matrix.
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