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ABSTRACT. In this note, we show that if m,n are positive integers and z,, >0, for

i=1,---,n, for j=1, .- ,m, then

with equality, in case (z, - - -,z,,) # 0 if and only if each vector (z,,, - - -,2,,), =1, - -,m, is
a scalar multiple of (zyy,---,z,,). The proof is a straight-forward application of Holder

inequalities. Conversely, we show that Hélder inequalities can be derived from the above result.
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1. MAIN RESULTS.

LEMMA 1. 1f m,n are positive integers and z;, >0, for ¢ =1, - -,n, for j=1, - -,n, then
n m n n
( IR 'f.m) S( Y m.lm). ) ( 3 m.mm)
1=1 1=1 i=1
with equality, in case (z;y, - - -, ;) # 0 if and only if each vector (z,,, - - -,2,,),7=1,---,m, is
a scalar multiple of (zyy, - - +,Zp)-

PROOF. Use induction on m. When m =1, the above inequalities are trivial. Suppose
that the above inequalities hold with m —1. Then it follows that

m-—1

7 7 m _\m-—1 L) L
( Yoz, ~x,m)§{ Yo (@a  Tyno1) m} . { > z,m"'}"', (by Hélder Inequalities)
] 1=1 1=1

1=1
L L‘~(m-—l) L —m—'(m—l) L L . .
<Yz, T D D S "y z,,™ 8 (by Induction Hypothesis)
1= 1=1

Therefore the proof is complete.
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Note that the above inequalities have been deduced using Holder Inequalities. We can also
deduce Holder Inequalities by using the above inequalities.
THEOREM 1. Given p;,- - -,p, € R with p > 1, for each k=1,---,n and I} _, ,,Lk=l

and given a,, - - -,a, > 0, we have the following inequality
n k
a---a, S % .
k=1
PROOF. First we prove this theorem when all p,’s are rational. Write p; =;—: for some
bi,ci €N for 1<k<n. Let m=2-lem(cy, - - -,c,). Let gp =7 for 1 <k <n. It is clear that

g >22for1<k<n. Letz,= alk for 1 <k <n. Let S: R™—R™ be the mapping defined by

SWuy - Ym) = Ym¥1¥20 " * 3 Ym-1)
for (¥1,Y2, * * *»Y¥m) € R™. Define m vectors Z,, - - -,Z,, by

g, —times q,—times - - -, ¢, — times
Zy=\7. 1. Lz z Yz
D (et 8] 2 12y m) 1“m
and Z; = S(Z,_,) for 2<i<m. Applying the Lemma 1 to the m vectors Z,, - - -,Z,,, we have
m.xlql. . 'an"SQI'xlm"— [ +qn.z“m (1.1)

and equality holds if and only if z; = z; for 2< k < n.
By substituting zf* = ap¥(1 < k < n) into both sides in (1.1), we have

n a:k
a,- - anskzl TT’

and equality holds if and only if a}! = af* for 2 <k <n. Now, let us show the theorem when all

pi’s are real. We can choose n sequences of rational numbers {r,}, - - -, {r,,,} satisfying r;, > 1
for 1<k<n,all j€E N and T} _, ,i—j:lforeaachjENa.ndrkJ—vp,‘asj—boo,forlskSn. By
the above argument, for each j € N, we have
n g Pk
a---a, < Z _,'Lk;.

Taking the limit as j—oo, the result follows.

Holder Inequalities follow from Theorem 1 in the usual way, that can be found in most text
books. From Lemma 1 and Theorem 1, we know that the following form of inequalities is
essential for the Hélder inequalities: If n is a positive integer and z;, >0, fori=1, ... , n, for

(igxn N 'z"")" : (igl%") - '(iglzi"”) '
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j=1,---,n, then



