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ABSTRACT. In [4] we produced a characterization of fuzzy neighborhood commutative division
rings; here we present another characterization of it in a sense that we minimize the conditions so
that a fuzzy neighborhood system is compatible with the commutative division ring structure.
As an additional result, we show that Chadwick [5] relatively compact fuzzy set is bounded in a

fuzzy neighborhood commutative division ring.
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1. PRELIMINARIES.

Just like our previous work, we consider here the fuzzy neighborhood topology (X) on D, the
one generated by the well-known fuzzy neighborhood system ¥ of R. Lowen [8]. The pair
(D,#(%)) is termed as a fuzzy neighborhood space. The triplet (D, +,-) (or D alone) is
considered either a ring, division ring or commutative division ring (whichever we require).
D*: = D\{0} denotes the multiplicative group of nonzero elements of the commutative division
ring D and D* is the additive group of D.

As usual Iy =10,1),I: =[0,1] the unit interval, and 2(®) denotes finite subsets of D. If u is a
fuzzy set of D then p™ is given by
u~ (@) = u(z~")VaeD",
while for zeD,
@ py): =1, 0 p(y) = ply —2)
VyeD, where 1, denotes the characteristic function of the singleton set {z}.

For any p,v,0eI” and zeD*,

zOp, v® 0 and v © 0 are defined by:

zOuy): =1, 0pu(y) = u(z~ ly)

v®O(y): = sup v(s)AB(t)
and st+t=v

vOO(y): = sup v(s)AB(t)
st=y
VyeD.
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We define p/v as
plvi=pov”™
and thus 1/(1 @ v) is written as:
(lev)(a)=(1av)"(x)=1v)z" )=
(1ev)(z)= sup  vs)

U+s)" ==z
VzeD™.

We call g symmetric if and only if
pu= ~ pu, where ~ p(z): = p(— z)VzeD.

The constant fuzzy set of D with value § € I is given by the symbol § (ef D), The saturation
operation (8] is defined on a prefilter base F C I? by F = {vel %:VéelFvseF S v5— 6 < v}.

PROPOSITION 1.1 [8]. Let (D,#X)) and (D,#X')) be fuzzy neighborhood spaces and
f:D—D', then f is continuous at zeD<>Vv'eX!(f(x))VéelFveL(zy) v —§ < f~1(V).

DEFINITION 1.2 [3]. Let (D, +,-) be a ring and ¥ a fuzzy neighborhood system on D.
Then the quadruple (D, +, -,#(X)) is said to be a fuzzy neighborhood ring if and only if the
following are fulfilled:

(FNR1) (D, +,#X)) is a fuzzy neighborhood group [1].
(FNR2) The mapping m:(D x D,#(X) x t(£))—(D, (X)), (z,y) — zy is continuous.

PROPOSITION 1.3 [3]. If (D, +, -,#X)) is a fuzzy neighborhood ring and zeD, then

(a) The left homothety Z2.:(D,t(Z))—(D,#X)), y — xy (resp. right homothety
R, (D, t(E))—(D, X)),y — yz) is continuous. If z is a unit element of D then each homothety is
a homeomorphism.

(b) The translation T,:(D,4X))—(D,t(X)), y + y+c and the inversion
k:(D,t(X))—(D, X)), x — — z are homeomorphisms.

(c) veZ(0)ez ® veX(z), ie., T, (v)e(z).

(d) veZ(z)e —z D veL(0), ie., T _ (v)eX(0).

DEFINITION 1.4 [2]. Let (D, +, -) be a division ring, and ¥ a fuzzy neighborhood system
on D. Then the quadruple (D, +, -, #(X)) is said to be a fuzzy neighborhood division ring if and
only if the following are true:

(FNDR1) (D, +, -,t(Z)) is a fuzzy neighborhood ring.

(FNDR2) The mapping r:(D*,#(Z px))—(D", (2, p+))» T+ z~1is continuous where I p~ is the
fuzzy neighborhood system on D* induced by D.

A commutative division ring structure and a fuzzy neighborhood ¥ on D are said to be
compatible if the conditions (FNDR1) and (FNDR?2) are satisfied.

THEOREM 1.5 [3]. Let (D, +, -) be a ring and ¥ a fuzzy neighborhood system on D. Then
the quadruple (D, +, -,#(X)) is a fuzzy neighborhood ring if and only if the following conditions
are satisfied:

(1) VzeD: X(z) = {T (v):veZ(0)}.

(2) VxoeD,YpueX(0), VéelIeL(0)3 zoOv<pu+¢, and vOze<p+4 , i.e., the mapping
y — Ty and y — yz, are continuous at 0.

(3) VueZ(0),VéelweL(0) v ®v < p+4 , i.e., the mapping (z,y) — =+ y is continuous at
(0,0).

(4) Vpex(0),VéelyveX(0)>v < —p+4 ,ie., the mapping z + — z is continuous at 0.

(5) VueX(0),Véel,veX(0)3vOv < p+§ ,ie., the mapping (z,y) — zy is continuous at
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(0,0).

THEOREM 1.6 [4). Let (D, +, ) be a commutative division ring and (D, +, -, #(X)) a
fuzzy neighborhood ring. Then the quadruple (D, +,-,#X)) is a fuzzy neighborhood
commutative division ring if and only if the following are fulfilled:

(1) VzeD:¥(z) = {T,(v):veX(0)}.

(i) VYpeX(0), VreD, Véel,IveX(0)32Ov < pu+4 ; ie., y — yz is continuous at 0.

(iii) VpeZ(0), VéelweX(0)3v®v <pu+4, ie., (z,y) — x4y is continuous at (0,0).

(iv) VueX(0), Véel3weL(0)3vOv<pu+4, ie., (z,y) — zy is continuous at (0,0).

(v) VueE(0), Véel,FveL(0)3 (1 v)~ <(1@®u)+4, ie., the inversion z +— z~'(z #0) is
continuous at 1.

PROPOSITION 1.7 [4]. Let (D, +, -) be a fuzzy neighborhood commutative division ring.
If conditions (i)-(v) of Theorem 1.6 are satisfied, then the following inequality holds good:

VueZ(0), VéelgFveX(0) s v/(1Dv)<pu+§ .

Recently the notion of relatively f-compact fuzzy sets was introduced by Chadwick and
studied in relation to fuzzy neighborhood spaces. We quote the following results from [5]. For a
detailed account of compact fuzzy neighborhood spaces we refer to [9].

THEOREM 1.8 [5]. Let (D,#(X)) be a fuzzy neighborhood spaces, ueI”. Then the following
are equivalent:

(a) uis relatively f-compact;

(b) for each family (v,),.p CI,.pE(z) and each >0 there is Fe2!® such that
SUPgepUz 2 H—8 .

2. FUZZY NEIGHBORHOOD COMMUTATIVE DIVISION RINGS.

We shall now present an equivalent form of condition (v) of Theorem 1.6, namely

(v VueL(0)Véel,ver(0) 3 v/(1®v) < p+ 8, (2.1)
or vO(1ev)~ <pu+s.

PROPOSITION 2.1. Referring to Theorem 1.6, we have conditions (i)-(v), are equivalent to
(i)-(iv) and (v").

PROOF. We need prove only the converse part, i.e., VueZ(0), Véel,IveZ(0)3> (1dv)™
<(Q®p)+6. Suppose conditions (i)-(iv) and (v') hold, and peX(0) and éely; choose v = ~v
symmetric 3vO(1®v)~ <pu+§ . Let zeD*, then

(1ev)~(2) =(1ev)(z7)
= sup v(z)
(l+z)—l=z
= sup v(z)
= sup v(z)
—1—{—2=z—1
= sup v(z)

—r(l+z)_1=z—l

sup v(—z)
z(1+2) " l1=z-1



326 T. M. G. AHSANULLAH AND F. A. AL-THUKAIR

< sup ~v@)A1BY) T (1+2)71)

z(1+r)"‘=x—l

= sp W@AGEN ™ (+2)7)
s(1+z) " T=2z~-1

=vo(lev)~(:-1)
=lowo(lav)™)(2)
< (1@ p)(z)+86 (by (V)
ie,(1®v)” <(1®p)+8. O
THEOREM 2.2. Let (D, +, -) be a commutative division ring and ¥ a fuzzy neighborhood
system on D. Then the following conditions are equivalent:

1" (D, +,-,tX)) is a fuzzy neighborhood commutative division ring.
2> (D, +,t(X)) is a fuzzy neighborhood group, and division

d:Dx D*—D,(z,y) = z/y

is continuous.
3 (D, +,4X)) and (D", -, #(E ) are fuzzy neighborhood groups.

PROOF. 1'=2". Let (D, +,-,tX)) be a fuzzy neighborhood commutative division ring.
Then by definition it is an additive group and therefore a fuzzy neighborhood group. We show
division

d:Dx D*—D,(z,y) — z/y
is continuous.

But from the following scheme we have:

Dx D*—Dx D—D,

(z,9) — (z,y~ )~ 2y,

i.e., d: D x D*—D,(z,y)—z/y is continuous.

2°’=3". If the division d is continuous on D x D*, then certainly the restriction to D*x D* is
continuous, i.e., (D*, -,t(El p+)) is a fuzzy neighborhood group.

3'=1°. We need to show that m:Dx D—D,(z,y) — zy is continuous. But this follows from
Theorem 3.3 [4].

THEOREM 23. Let (D,+,-) be a commutative division ring with characteristic
Char(D) # 2. Then a fuzzy neighborhood group on the commutative division ring D with respect
to which the inversion is continuous is a fuzzy neighborhood commutative division ring.

PROOF. The continuity of multiplication follows from the equality:

oy=[(z+y-2)7 = (@+y+2) 7" - [e-y-2) T = (e —y+2)7]"" a
THEOREM 2.4. Let (D, +, -) be a commutative division ring and ¥ a fuzzy neighborhood
system on D such that
(i)  multiplication, m: D x D—D,(z,y) — zy,
(ii) inversion, r:D*—D", z— 1,
(iii) addition of 1, p:D—D, z +— 142z, are continuous, then (D, +, -,t(Z)) is a fuzzy

neighborhood commutative division ring.
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PROOF. Negation 2— —z = (— 1)z is continuous then x +— x — 1 is the composite:

I —z—=—r+1l- —(—z2+41)

of continuous functions and therefore, continuous.

It remains to show that the addition is continuous. To this end, we show that the addition is

continuous at (0,0). In order to do so, we use the following identity:
sty=[1+yl+2)"1+2)-1 (2.1)

Let 4€¥(0) and 6 > 0. Choose v,eX(0) and §,eX(1).
By continuity of p:z — 1 + z, we get
6, c1<pu+é/7 (2.2)

Since multiplication m: D x D—D,(z,y) — 2y is continuous at (1,1), we have a 6,e5(1) such
that
6,06,<6,+6/7 (2.3)

Again applying the continuity of p, we can find v,€£(0) such that
1@ v, <6,+6/7 (2.4)
Continuity of m:(z,y) — zy at (0,1) produces v,e£(0) and 83¢5(1) such that
v, ©8; < vy +6/7 (2.5)
Since r:z — z~! is continuous at 1, we can find 8,65(1) such that
87 <8y +6/T (2.6)
Now again applying continuity of p at x = 0, we get for §,e5(1), a v3¢¥(0) such that
v3=6/1< —1@8,
=1@vy<8,+6/7
=1 Ov;<(0,A8,)+6/7 (2.7)

Now if we can show that
V2®V3§/l+é,

then we are done.

But, first we show the following inequality:

ey <[(16r,o(1ov)~)o(ler)ol (2.8)
Let zeD, then

v3 © vy(2)

= sup  wy() Awyly)
zty=1z

= sup  vy(y) Avs(a) Avy(z)

T+y=2z2

= sup AL B )~ (1+2)")A(1Dws)l +2)
M+y+z)" a+z)=z+1
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< sup VOl ®vy)~(yldz) " HA(1Dvs)(l+1)
N+y+2) " Na+z)=z+1
= sup 1@, 0(1®v)~1+y(1@2) AL Dyl +2)

N4+v(+2)"a+z)=z+1
= 181016y ~]0(1dr)(z+1)
= [181o(lev)~]oldr)el()

V3@, <[101,0(1dry)~]0(18v;) o1

this proves the inequality (2.8).
Now we prove that the right side of (2.8) is less than or equal to p + 6.
In fact,

v30v; S[(101r,0(18v;) ") 0(1ev)el

<[1@©1,0(6; +§/T) 0 (1er)e1 (by (27)
<[ ®(v;06;)+(26/7)] © (1B vs)©1 (by (2.6))
<[(6;+45/T) O (1@ v;s) 01 (by (2.4)
<[00 ®vy)+48/T]01
<[6;08) +56/T)01
<[(6,+68/7101 (by (2.3)
<(6,©1)+66/7
Su+/T+68[T=p+8.
=>v3@v, <p+4, which proves the continuity of addition. Continuity of addition at (z,y),
where z # 0 follows similarly from the identity z + y = z(1 + =~ 'y). u]
THEOREM 2.5. Let (D, +, -) be a commutative division ring.
(i) I (D,+,-,4X,)js is a family of fuzzy neighborhood rings, then (D, +,-,4Z)
= sup,jt(X;)) is a fuzzy neighborhood ring, where

2(0) = {inf v,.: v,€5,(0); iedo, Joe2}~

ieJg
(i) If(D, 4+, :,4Z;));cs is a family of fuzzy neighborhood commutative division rings, then
(D, +, -, YZ) = sup,;(E;)) is a fuzzy neighborhood commutative division ring, where
£(0) = {in f v, s €5,(0); ieJq ; Joe2}~
ie. o 1] 1

PROOF. We only prove a part of (ii). Verification of the conditions (i)-(iv) of Theorem 1.6
are straightforward. We check condition (v') (inequality (2.1)).
Let p=inf,, o and éel,. Choose vy, satisfying the condition (v') in (2.1) for all ieJy; and

let v =inf,, IoVis Now for any zeD:

v/lev)(z) =vo(lev)™(z)
= sup vi@)AN(1dv)~(b)
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=sup v(a)AN sup
b

ab =z (l+r)_1=b

=sup wmf v, A sup

ab=z e, ¢ (1+r)_1=b

<iwf sup I/J'((l) Alle I/J') ~(b)

ey ab=z

=inf v, O(1®v,)~(2)
elg ' '

<inf u,(2)+6
1edg '

= u(z) +6,

v[ldv <p+d orvO(1GHv)~ <p+é.
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DEFINITION 26. ([3], [4]). Let (D,+,-) be a commutative division ring and
(D, +,-,4X)) a fuzzy neighborhood ring. Then a fuzzy set uelI® is called bounded in

(D, +, -, YZ)) if and only if for all veX;(0)Véel, there exists feX(0) such that p GO <v+4 .

THEOREM 2.7. In a fuzzy neighborhood commutative division ring (D, +, -,#X)), every

relatively f — compact fuzzy set is bounded.

PROOF. Let peIP, 6§ >0 and veX(0). Since multiplication is continuous, for each z, we can

find a 6,€X(0) and v,€¥(z) such that

Since p is relatively f —

v, 00, <v+6/2

compact, by Theorem 1.8, there is z,,x,, - - -,,eD such that

Ve Vg,V o Vo, +6/2 2p.

Let 8 = 0,51 A A 0"1’ then #eX(0). Then for any zeD:

/16)9(2) =

<

sup  p(a) A6(b)

ab=z

sup (v, Vv,V Vv, (@ AB, NG, A A8 )B) +5

ab=1z

(2.9)

Ssup (2, (@) A0z D)V (Vo (@) A8, (BYV - - - V (v, (a) A6, () +

<

>pO8<v+3$ ,proving

(Ve, © 0. )2)V (v, OO, ()V - - - V (v, O, )2)+$
((2)+8/2)V - -V (o(z) +6/2) +8
dORS A8

v(z)+6
that g is bounded.



330

10.

11.

T. M. G. AHSANULLAH AND F. A. AL-THUKARI
REFERENCES
AHSA;;;J%;AH, T.M.G., On fuzzy neighborhood groups, J. Math. Anal. Appl. 130 (1988),
AHSANULL/;H, T.M.G., Fuzzy neighborhood modules and algebra, Fuzzy Sets and

Systems 35 (1990), 219-229.

AHSANULLAH, T.M.G. and GANGULY, S.; Fuzzy neighborhood rings, Fuzzy Sets and
Systems 34 (1990), 255-262.

AHSANULLAH, T.M.G. and AL-THUKAIR, F., A characterization of fuzzy neighborhood
commutative division rings, Internat. J. Math. and Math. Sci. 16 (1993), 709-716.

CHADWICK, J.J., Relative compactness and compactness of general subsets in an I-
topological space, Quaestiones Math. 14 (1991), 491-507.

KAPLANSKY, L., Topological rings, Amer. J. Math. 69 (1947), 153-183.

KOHN, S. and NEWMAN, D.J., Multiplication from other operations, Proc. Amer. Math.
Soc. 27 (1971), 244-246.

LOWEN, R., Fuzzy neighborhood spaces, Fuzzy Sets and Systems 7 (1982), 165-189.

LOWEN, R., Compactness notions in fuzzy neighborhood spaces, Manuscripta Math. 38
(1982), 265-287.

MORSI, N.N., Nearness concepts in fuzzy neighborhood spaces and in their fuzzy proximity
spaces, Fuzzy Sets and Systems 31 (1989), 83-109.

TAMARI, D., Sur I'immersion d’un semigroupe dans un groupe topologique, Paris; Collog.
Intl. CNRS (1950), 217-221.



