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ABSTRACT. The well-known Sakai’s tl,eorem, xvl,ich states ll,at every d.rivalion acting on a von

Neumann algebra is inner, is ,sed 1o el,lain a new elegant pro,f of the Saworotnov’s characteriza-

tion theorem for associative ll*-algel)ras via two-sil,d ll*-algebras. This proof completely avoids

structure theory.
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1. PRELIMINARIES.

One of the important (and very d(’ep) rem,lls in tl,o tl,eory of von Neumann algebras states

that all derivalions of von Neumann algel,ras are inner. Tlis result wa estal)lisled by Sakai in

SAKAI’S TIIEORE.I. L! 7" bc a yon Ncumann algrbra and D derivation of TO. Then there

exists some a T such that D(.r) ax- xa for all x ..
This result has many applications and we presenl an()ll,er one. , show how the Sakai’s

theorem can be used to give a new proof of the characterizalion of H*-alg(’l)ras in the terms of

two-sided H’-algebras. This characterizalion was estal,li,],,(1 ly Saworotnov in [8] who described

the structure of two-sided H*-alget)ras and lhen compare it wilh the strctre of (one-sided) H*-

algebras obtained by Ambrose in [1].
The theory of associative H’-algebras started in 1915 w]en Ambrose itro(luced this concept
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in ordor to obtain an aI)stra,! ]ar,cl’i/alio1 f 11’ llill-’rl-Slill ol’ralors. Later various

generalizations appeared uc] a lwo-sil,,] il’-alg’la, col]’enlei alg’lras and llillwrt nod-

ules. We refer to [8], [9], [10]. [i 1] a,,,! [12]. N,,,,a,o, iali,,, Zl’-,,lgebra, ,,’ore also studied.

recent papers on this s,l)je(’l aro [3]. [I]. [3]. [6] an(! [1:{]..,k,,,l,rosc i,,lro, l,,,,’(! l],e following

DEFINITION. A collcx al,e,’tra A xxl,il is alo a liill,,ll space will, lle inner prolcl (,)

and an algebra invollion A A i, call’l an ll’-,lq, I,’a if lle follmvig //’-conditions

are satisfied for all a’,ll.z A. A no,l,’l for s’l alg,’l,ra is lle algel)ra llS(Tff) of all llilberl-

Schmid! operalors acting on a llill,,, pace 7ff logollcr il I1’ iner l)ro,i,’t {T, ,q’) lrace(TS*).

If we take a look at tile H*-con(litios, we can ask lal Iappens if tle algel)ra A w’old have

two invol.tions: one left an! one rigllt.

DEFINITION. A complex alg’l)ra

is called a two-sided II*-algbva if for every r G A lere e\i,l elements .r..r G A call’d a right

and a left adjoin! of tle elemel .r

holds for all y, z A.

A model for a two-sided ll’-algelra wli,’l is not. an ll’-alg,bra can I)’ fo,nl in [8]. llowever

Saworotnow proved thai lwo-sil’l ll*-alg.lra are very 1e 1o H*-alg,lra. Explicitly he proved

TIIEOREII. Let (.4, ),l,,’) be a t,,.o-i,te,t aoc,,,li,’e H*-algebr, ,,’ilh zero ann,hilator.

There ezists another inner prod,,ct (,), o,, .,4 ,,,’h t/,,t (.A. (,),, r) becomes ,n H’-alg6ra.

Before we start our new proof of tlis resll we inlro,llce tl(, fi)llowing notation for the annihi-

lators of A:

left annihilator: Lann(A)- {.,’G :.,’ (0)},

right annihilator Rann(A)= {.r A:Ar= (0)}.

annihilator: Ann(M)= l.ann(A)

2. RESULTS.

First we shall collect some sinple ol,erval ions on lwo--i,l’,l //’-algebras in lle following:

LEIIMA. Let (..4, (,),l,,’) be a t,,’o-.’i,h,1 asoei,,ti,’c !l’-al,jebra with zero ,nn,hilator. Then

the followin9 holds:
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(;) L,,,(A)= R,,,,(A)= (0).

(ii) Alcft and rigl, adjo,,,l of ,,,,!j ,I,,,,(ot a,’, ,,,,,q,,,

are both algcbwc in’olotions.

(iii) The producl of A is

(iv) A is dns in A.

(v) Both involutions x .’ a,d .r .r arc

Proof. (i) Suppose tl,at a E l,an,,(..4). Take an)" .r. V E .A. Tl,en we have

(.,. ,) <,..’) <,,:, .,.’) o

where z is some left aljoilt of x and !/r some rigl! alj()i,,l of y (note l,at we don’t need the

uniq,cncss of tile left and rigl,t adjoin,! i tl,is mome.! ). TI,is i,nplies a Rann(.A) and therefore

Lann(.A) C Rann(.A). In a similar way we ge Rann(A) C I.ann(A) and ll,e,’efore left and right

annihilator of .A arc both cqal [o tle anililalor of .A wli(’l is zero by assumption.

(ii) Let at, and at, be two left adjoi,Is of lle clcmen! a. Take any x,y .A. Tlcn we have

Using (i) we get at’ at aI. In a si,ilar way we can prove ll,at the rigl,t adjoint is unique and

holds for all a .A and all complex . Alo we have for all a, b,z,y c:_...4

(iii) The operators L(x) ax and R(.r) xa boll, ],ave adjoints (as operators acting on

a Hilbert space 4) and arc therefore conlinms. By standard arguments we can now prove the

continuity of the product.

(iv) Take any a 6 .A+/-. For all x. y 6 Awc have

and using (i) we get a 0.

(v) An easy application of the closed grapl theorc’m.
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(vi) First we take y ab. ’il(,wl we liar(,

By (iv), (v) an! tile coniiwlity 1" !. itl’r l,r,llcl il. al,,we i,lentity h,l,l., for all x,y E .A.

The fi)llowing proposi! ion coutail an apl,lical iot f ll. Sakai’s theoreln an! will be crucial

the proof of Tleorem.

IROIOSITION. Let A be a. abort an,l I) A A a continuous d;’ir, lion. ’l’hn thc’e

ezist continuos linear operalor. To and ,% such Ih,I Ihc fidio,’n9 holds:

(# D T0- S0,

(iO To(.y)= o(.): fo ,, .,., u
(iii) 5;’o(.ry)= ZSo(9) for all .r. y

_
.A.

(iv) a’To(9)= So(.r)9 for all .r, y A.

If D is self-adjoint (a. an Ol,r,’,,to," acti,,9 on a llillu,’! .l,acc), To and .% can al.o bc taken self-
adjoin t.

REMARK. In the theory of C*-alg.lras lhe pair (To..%) is lstally call’,l a double centralizer.

PROOF. Define L(A) and R(.A) 1o l,e tile algelras of colllinuols left alll rigllt, multipliers i.e.

L(A)= T B(A)" T(.ry)=T(.r)y for all z,U },

Then L(A) and R(M) arc yon Ncumann alg,,1)ras and L(M)’ R(M) hol,ls.

It is easy to s that L(M) an R(M) are alg(,1)ras will identity. From Lemma(iii) we get

that L(A) and R(A) are closed i le slrong operalor lop()logy. Ve m,l ee tlat they are also

sclfadjoint subalgebras of B(M). Take any cotinos l’fl mulliplicr T a(1 compute

(T’(.,-u), :)= (.u, ())= (., Tf:).v)

(.,., T(:u")) (V’(.,.), :,") (r(.,’)u, ).

Hence T" is a left multiplier and so L(A) is a van New,mann a]gelra. In a siilar way we can prove

that R(A) is also a van Neumann algel,m.

Take some continuous left mull iplier T al some cotlious right mll iilicr S. By
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and Lemma(iv), T and ,q comn,,le, rl’l,i sl,ows tl,al I?(A) C L(A)’. To prove ;l,e converse observe

that operators L y xy are cottinos left m,llii,lier for all A. Take any S L()’.

Then

shows that S is a rigl,t m,ltiplier.

Now define & (A) (A) i,y (T)= DT- TD. %V m,,st show ll,at (T) is in fact left

multiplier:

A(T)(xy) DT(.r!I)- TD(.ry) D(T(.r)!I)- T(D(x)y + .rD(9))

(DT)(x)y + T(.,.)D(y) -(TD)(.r)y T(.,’)D(y) A(T)(.r)y.

Straightforward verification sl)ows tl,at A is indee(l a (l(’,ivalion. Now we ,,e a well-known result

that every derivation of a yon Ne,mann alg(’l)ra is inner. T])ere exists a l(’fl multiplier To such

that

A(T) ToT- TTo DT- TD.

Thus for all T (.A) we have

(To- D)T T(To- D).

So So To- D (.A)’ (M). X, m,,t see that xTo(y) So(x)y holds for all x,y 4:

T0u)- 6’0(),j ,,(u) ..%(u) + ..%(u)- ,,(.,’)u + To(x): %(’),j

xD(y) + So(xy)- To(xy) + D(.r)y xD(y) D(xy) + D(.r)y O.

Finally suppose that D is s(.lf-adjoil. From tile fact tl,a! left and rigl,t multil)liers are closed

for adjoints (the second paragral)h of tlis proof), il f(llows lat

qD=D’=(To+T)-(.o+S)
is a self-adjoint decomposition with properlies (i)-(iv).

Now we are ready for the final step.

PROOF OF TIlE TIIEORE.I. Define a linear operalor (l) on .,4 ,.vilh (I)(x) (x)I. By

Lemma(v) (I) is continuous and by Lemma(iii) (I) is an a,tomorphism of A. Using Lemma(vi)

we obtain

<(.r),.) <.’, .> (.,:, ,-"’> -II.,.ll _> 0

which shows that (I) is selfadjoit and l],at ils spectrum is contained in R+. By [2, Theorem 15,

page 91] (I) exp(D) for some continuo,,s (obviously self-adjoint) derivalion D of .A.

According to the Proposition, we may decompose D To 5’o. Since D is selfadjoint, we can

also choose To and S0 both selfadjoi,,t. Define U exp(T0) and V exp(5’o). Then U and V are
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positive invertihle operalors and P I’I "-I lohls. I’ is a i.ft multiplier, I" is a right multiplier

and therefore they commute. It is easy 1o see that .rl;(!/) I’( r)9 holds for all .r,v M (compare

Proposition(iv) ).

Now define (z,U) (t(.r),9}. It ro,,ai,, 1o vo,’ifv 1},,1 (M, (,),,’) is an //’-algebra. This is

done in the following computation"

((.)v(u),-)= (t’-’(.,.)(u).-) (’t.v-’(x)u,>

The proof is thus completed.

REMARK. It is not known whether le nonassociative //’-algebras can lw characterized in

the same way. Saworotnow’s original proof is entirely associalive. In our proof the associalivity is

used once in the proof of the Proposiiion namely wlen we proved that L(.A) is a comm,tant of

R(.A). This is true if and only if A is associalive.
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