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ABSTRACT: In this paper we obtain regions containing all the zeros of a class of
analytic functions whose coefficients are subject to certain conditions. Our
results sharpen some of the results known in this direction. Also we give some
examples to show that in some cases the regions obtained by our results are

considerably sharper than the regions obtained by known results.
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1. INTRODUCTION AND STATEMENT OF RESULTS.

In this paper we obtain the regions containing all the zeros of certain classes
of analytic functions. Our results improve some of the results known in this
direction. We shall in fact be proving the following results which sharpen some of
the results of Aziz and Mohammad [1] and of Govil and Rahman [2].
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THEOREM 1. Llet £(z) = V a, aJ # 0, be analytic in 'zlit.

-_— j
j=0
If 'arg ajl La < r/2, j=0,1, 2,..., and for some finite nonnegative integer
k, la| <t [a] < .o < < akl > el a | 2---» then £(z) does not vanish in
Izl <Ry,
where
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- o] [ 041 o o[ 7448 o 2
Rl = . (1.1)
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Here
2|ak| k 2s8ina ¢ . j
M = t'aoli( t-1) cosa+sina+—_ J t laj'} (1.2)
a Ia I j=1
o o
and
b= 80 - ta). (1.3)

The above theorem sharpens Theorem 6 of Aziz and Mohammad [l]. If we take
k = 0 in Theorem 1, we get the following corollary which sharpens Corollary 5 of
Aziz and Mohammad [1].
COROLLARY 1. Let £(z) = T ajzj be analytic n |z|<t.
j=0
2
if 'atg aj' La /2, =0, 1, 2,..., and 'aol 2 t|a1| >t lazl > ees, then £(z)

does not vanish in

'z' < Rz,
where
1
-t2|b|(r12-t'a°|)+{ t"|b|2(nz-t|a°|)‘ »-n3|a°'x~113}2
Ry = . (1.4)
M,?
Here
M = t|a°l(cos o+ sina + 28102 ¥ thaj') (1.9)
la j=1
[
and
b = a, - ta (1.6)
For t=1, the above corollary sharpens Theorem 3 of Govil and Rahman [2].
THEOREM 2. Let f(z) = ¥ a; zd  be analytic in 'zlﬁ;. If
j=0
Re aj = aj, and Im aj = Bj’ j=0, 1, 2, ..., and for some finite nonnegative integer

k+1

k, o<a°guxlg ...gtkak >t a > <., then f£(2z) does not vanish in

k+1

lz' < Rg,



LOCATION OF THE ZEROS OF ANALYTIC FUNCTIONS 69

where
-tzIb'(M3-|a°'t)+{t“'blz(M3-|a°|t)7+4t3|aolm33};‘ (1.7)
Ry =
3 .
iere
Mg = uxo{z(a_k)tk-l +2 OYD tj|8j|1, (1.8)
ey @y j=0
and
b=a - ta. (1.9)

This theorem sharpens Theorem 7 of Aziz and Mohammad [l]. If we take k=0 1in
the above Theorem 2, we get the following corollary which generalizes and sharpens

Theorem 4 of Govil and Rahman [2].

COROLLARY 2. Let £(z) = V ajzj be analytic in 'zlSt. 1if
3=0

'y HA S, 3=0,1,2, ... and OCx Otx)> t'as> ..., then £(z) does mot

vanish in
o <=
where
—:Zlbl(n.,-|a°|t)+ (;“'b|2(n.,-:|ao|)2+4:3|a°'n.,3}';‘ (1.10)
R, = zmuz .
Here
M, = m°(1+%jcfo|sj|cj), (1.11)
and
b,=a, - ta). (1.12)

As remarked earlier, Theorems 1 and 2 are respectively the refinements of
Theorems 6 and 7 of Aziz and Mohammad [l]. For the sake of completeness we will
verify that Theorem 1 sharpens Theorem 6 of Aziz and Mohammad [1], for which it is
sufficient to show that

- & |b|(n,- e )2ean Y} fa |1
<R = t' | . |8°|t - iMI ! Iaolt L |°o| ’ (1.13)
1

| e

- &b| |a [(M-1)+¢3|a |{|b|?(M-1)2+4|a 2u3}1‘
R G R R el -

2¢? |a°|2l12

because as can be easily seen, M1=t|a°|H. Now (1.14) 1is equivalent to

L
Z'ao,M<-|b|(M-l)+{ ,blz(n-1)2+4|a°|zm3}2.

which is true if and only if
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(M—l)(|a°|M-|b|)ZO, (1.15)

and since (1.15) 1s evidently true by Cauchy's inequality [3, p. 84], the
inequality (1.13) is verified.

The fact that Theorem 2 is a refinement of Theorem 7 of [1l] can be verified on
the same lines and we therefore omit the proof.

In general Theorems 1 and 2 give results which are at least as good as
obtainable from Theorems 6 and 7 of Aziz and Mohammad [1], but in some cases the
results obtained by Theorems 1 and 2 are significantly better than those obtained
respectively from Theorem 6 and 7 of Aziz and Mohammad [l1]. We illustrate this by
the following examples.

EXAMPLE 1.

1 i )23 +

f(z)-1+(_1__.+ 1 )z+(-l_. +_1._)z2+(
2 2 2 2 8 2 8 2 32 2 32 2

If we take t =2, k = 1, a = /4, then Theorem 6 of Aziz and Mohammad
[1] gives that f(z) does not vanish in |z| < 4714045, while our Theorem 1
gives that f£(z) does not vanish in 'zl < 1-1185882.

EXAMPLE 2.

£(z) = (1+41) + (2+-%)z + (3+;7)z2 + (4%,)23 + (1+§,,.)z“ + (1+Eig)25

+ (1+-;6)z6 + ...

If we take t = 1, k = 3 then Theorem 7 of Aziz and Mohammad [1] gives that
£f(z) does not vanish in |z| < 04333 ... while by our Theorem 2, f(z) does not
vanish in 'zl < 0-791.

2, LEMMAS.

We need the following lemmas.

LEMMA 1. If f(z) is analytic in .z|51, £(0)=a where |[a|<1, £'(0) = b,
|f(z)|§g on ‘z'-l, then for 'zl(l,

P L .
1= sp ool =P

The example f(z)= 2t I:; £ : shows that the estimate is sharp.
- 195 %
Above lemma is due to Govil et al [4].
One gets easily from the above lemma, the following.
LEMMA 2. If f£(z) 1s analytic in | |< R, £(0)=0, £'(0)=b and 'f(z)'( M
I l = R, then for ' |< R,

M'zl M'z|+R2'b|

o
R M +|z”b|

LEMMA 3. Let £(z) = ) ajzj_O be analytic in [z|<t.
j=0

if 'arg ajl <@<n/2, §=0,1,2, ..., then
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|taj-aj_1|§|t|aj'-'aj_llIcos o + (t‘aj'+|aj_1|)sin a.

71

The proof is omitted as it follows immediately from the inequality (6) in [2].

3. PROOFS OF THE THEOREMS.

Proof of Theorem 1. Clearly lim tjajto. We consider the function
Jre

F(z) = (z=t)f(z)

= -ta+z Y (a -taj)zj-l

=1 371

=-ta + G(z), say.

Using Lemma 3, we get for 'zl =t,

'G(z)l < t(jﬂi1 't'aj'-laj_llltj‘lcos a + jil(t|aj'+laj_1|)tj‘lsm a)

; (Iaj_ll-tlaﬂ)tj-lcos a

= t(cos a lf (tla.'-la l)t’.j.1 +
1 J -1 k+1

+ 2 sina ;il tjlaj' + 'aolsin a)

k oo
-tlaol{(ia—k-li- 1) cos @ + sin o + 2sino ¥ tjlajl}

|80| 2] 3=

= tIaOIM, say
=M.
Since G(0) = 0, G’(O)-ao-—ta1=b, we get by Lemma 2, that for 'z|_<. t,
Mllzl Mllzl"'tzlbl

|G(z)|< .
& el

Combining (3.1) and (3.2), we get for 'zlgr.,
|F(z)|ztlaol- IG(z)I

el o

>tla ,
el 2 Ml+|b| 'zl

T o P et gl

o,

(3.1)

(3.2)
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if
- IbI(Ml-tlaol)Ht“ |b|7(M1-t|ao')2+At3'aolnﬁ};-

|=I¢
2

M) ¢

= Rl'
It 1s easy to verify that R;<t. Thus in 'z'ﬁ;, lF(z)|>0 1f|z|<R1.
Consequently f(z) does not vanish in Izl(Rl and the proof of Theorem 1 is

complete.

Proof of Theorem 2, Clearly lim ajtj =0, 1lim PR tj = 0., As before we

j»w j+m

consider the function F(z) = (z-t) £(z2) = - tao + G(z), where G(z) 1is same

as in (3.1). Then on 'z' = t, we have

lG(z)‘S; jil |aj-l - tajltj‘l
SN w7+ AR 1Y

“k, .k 2, % .3
=ta {2(—) t =1+ (2) ¥V 8. |}
o ao uo =0 | j'

= M3.
Since G(0) = 0, G*(0) = a, - ta, = b, we can apply Lemma 2 to the function G(z) and
then proceeding on the lines of the proof of Theorem 1, the proof of Theorem 2 can be

completed.
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