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The purpose of this paper is to propose a modified hybrid projection algorithm and prove
strong convergence theorems for a family of quasi-¢-asymptotically nonexpansive mappings.
The method of the proof is different from the original one. Our results improve and extend the
corresponding results announced by Zhou et al. (2010), Kimura and Takahashi (2009), and some
others.

1. Introduction

Let E be a real Banach space and C a nonempty closed convex subset of E. A mapping T : C —
C is said to be asymptotically nonexpansive [1] if there exists a sequence {k,} of positive real
numbers with k,, — 1 such that

IT"x = T"yll < kallx = yll, (1.1)

forallx,y e Candalln > 1.

The class of asymptotically nonexpansive mappings was introduced by Goebel and
Kirk [1] in 1972. They proved that if C is a nonempty bounded closed convex subset of a
uniformly convex Banach space E, then every asymptotically nonexpansive self-mapping
T of C has a fixed point. Further, the set F(T) of fixed points of T is closed and convex.
Since 1972, a host of authors have studied the weak and strong convergence problems of the
iterative algorithms for such a class of mappings (see, e.g., [1-3] and the references therein).

It is well known that in an infinite-dimensional Hilbert space, the normal Mann’s
iterative algorithm has only weak convergence, in general, even for nonexpansive mappings.
Consequently, in order to obtain strong convergence, one has to modify the normal Mann’s
iteration algorithm; the so-called hybrid projection iteration method is such a modification.
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The hybrid projection iteration algorithm (HPIA) was introduced initially by Hau-
gazeau [4] in 1968. For 40 years, (HPIA) has received rapid developments. For details, the
readers are referred to papers in [5-11] and the references therein.

In 2003, Nakajo and Takahashi [6] proposed the following modification of the Mann
iteration method for a nonexpansive mapping T in a Hilbert space H:

xo € C chosen arbitrarily,
Yn = anXn + (1= an)Txy,
Crn={z€C:llyn—zll < llxn - zll}, (1.2)
Qu={z€eC:{(x,—zx0—x4) >0},

Xne1 = Pe,ng, (x0),

where C is a closed convex subset of H, Px denotes the metric projection from H onto a
closed convex subset K of H. They proved that if the sequence {a,} is bounded above from
one then the sequence {x,} generated by (1.2) converges strongly to Pr(r)(x9), where F(T)
denote the fixed points set of T

In 2006, Kim and Xu [12] proposed the following modification of the Mann iteration
method for asymptotically nonexpansive mapping T in a Hilbert space H:

xg € C chosen arbitrarily,
Yn = anXn + (1 - an)T"xy,
Co={zeCillyn -2 <llxu—zI" + 6.}, (13)
Qn={zeC:(x,—z,x0—x,) >0},

Xne1 = Pe,ng, (x0),
where C is bounded closed convex subset and

0, =(1- a,,)(k,% - 1>(diam C)2—0 asn— oo. (1.4)

They proved that if the sequence {a,} is bounded above from one, then the sequence {x,}
generated by (1.3) converges strongly to Prr)(xo).
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They also proposed the following modification of the Mann iteration method for
asymptotically nonexpansive semigroup J in a Hilbert space H:

xp € C chosen arbitrarily,

tn
f T(s)xpds,

Yn = Xy + (1 - an)t—
0

- 15
Cn:{zEC:||yn—z||2§||xn—z||2+9n}, (15)
Qn={z€C:(xp—2z,x0—x,) >0},

Xn+1 = Pc,ng, (x0),

where C is bounded closed convex subset and

2
B, = (1-a) [(tl f L(s)ds> - 1] (diam C* — 0 asn — oo, (16)

0

and L : (0,00) — [0, 0) is nonincreasing in s and bounded measurable function such that,
L(s)>1foralls>0,L(s) — 1ass — oo, and for each s > 0,

IT(s)x =T(s)yll < L(s)lx-yl, xyeC (1.7)

They proved that if the sequence {a,} is bounded above from one, then the sequence {x,}
generated by (1.5) converges strongly to Pr(35)(xp), where F(J) denote the common fixed
points set of J.

In 2006, Martinez-Yanes and Xu [7] proposed the following modification of the
Ishikawa iteration method for nonexpansive mapping T in a Hilbert space H:

xo € C chosen arbitrarily,

Yn = ApXy + (1 - an)Tzn/

Zn = Puxn + (1= Bn)Txp,
) 5 ) ) (1.8)

Co={2€Cxllyn—2I* < loew = 21 + (1 = ) (2l = Il + 200~ 20, 2)) },
Qu={zeC:{(x,—z,x0—x,) >0},
Xn+1 = Pc,ng, (%0),

where C is a closed convex subset of H. They proved that if the sequence {a,} is bounded

above from one and f3, — 0, then the sequence {x,} generated by (1.8) converges strongly
to PF(T) (XO).
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Martinez-Yanes and Xu [7] proposed also the following modification of the Halpern
iteration method for nonexpansive mapping T in a Hilbert space H:

xo € C chosen arbitrarily,
Yn = anXo + (1 = an)Txp,
Co={z€C: lyn 2l < llxa = 2IP + au (Ixoll” + 2(x0 — x0,2)) }, (1.9)
Qn=1{z€C:(xp—z,x0—x,) >0},
Xn1 = Pc,ng, (x0),
where C is a closed convex subset of H. They proved that if the sequence a,, — 0, then the
sequence {x,} generated by (1.9) converges strongly to Prr)(xo).

In 2005, Matsushita and Takahashi [8] proposed the following hybrid iteration method
with generalized projection for relatively nonexpansive mapping T in a Banach space E:

xo € C chosen arbitrarily,
Yn =] (@) X0 + (1= 2,) JTxy),
Co=1{z€C:d(z,yn) <P(z,x)} (1.10)
Qn=1{z€C:(xy -2z Jxo~ Jxn) 20},

Xn+1 = 1_[CnﬂQ,, (x0)-

They proved the following convergence theorem.

Theorem MT. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty
closed convex subset of E, let T be a relatively nonexpansive mapping from C into itself, and let {a,,}
be a sequence of real numbers such that 0 < a, < 1 and limsup,,_, = a, < 1. Suppose that {x,}
is given by (1.10), where ] is the duality mapping on E. If F(T) is nonempty, then {x,} converges
strongly to Ip)xo, where Ip(r)(+) is the generalized projection from C onto F(T).

In 2009, Zhou et al. [11] proposed the following modification of the hybrid iteration
method with generalized projection for a family of closed and quasi-¢-asymptotically
nonexpansive mappings {T;},c; in a Banach space E:

xo € C chosen arbitrarily,
Yni = ]_1 (an]xn + (1 - an)]Tinxn)/
Cui={z€C:9(z,yni) < P(z,x2) + Cni},

Cn = ﬂ Cn,i/

iel
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Q=C

Qn=1{z€Qn1:(xn—2z Jxo—Jx,) >0},

Xni1 = Ic,n0, (X0).
(1.11)

They proved the following convergence theorem.

Theorem ZGT.

Let C be a nonempty bounded closed convex subset of a uniformly convex and uniformly smooth
Banach space E, and let {Ti},e; : C — C be a family of quasi-¢-asymptotically nonexpansive
mappings such that F = (e F(T;) #0. Assume that every T;, (i € I) is asymptotically regular
on C. Let {ay} be a real sequence in [0,1) such that limsup, ,_a, < 1. Define a sequence {x,} as
given by (1), then {x,} converges strongly to T1pxo, where {y; = (1 — ay)(kni —1)M, M > ¢(z, x,,)
forall z € F, x,, € C, and Ilf is the generalized projection from C onto F.

Very recently, Kimura and Takahashi [13] established strong convergence theorems by
the hybrid method for a family of relatively nonexpansive mappings as follows.

Theorem KT.

Let E be a strictly convex reflexive Banach space having the Kadec-Klee property and a Fréchet
differentiable norm, and let C be a nonempty and closed convex subset of E and {Sy : A € A} a
family of relatively nonexpensive mappings of C into itself having a common fixed point. Let {a,} be
a sequence in [0,1] such that liminf, _, ,a, < 1. For an arbitrarily chosen point x € E, generate a
sequence {x,} by the following iterative scheme: x; € C,Cy = C, and

yn(/\) =" (an]Jxp+ (1 —a,)JSix,), Y AEA,

Cpi1 = {z € Cy:supd(z,ya(L)) < ¢(z,xn)}, (1.12)
AeA
Xn+l = PCn+1 (X),

for every n € N, then {x,} converges strongly to Prx € C, where F = ()cp F(S,) is the set
of common fixed points of {S,} and Pk is the metric projection of E onto a nonempty closed
convex subset K of E.

Motivated by these results above, the purpose of this paper is to propose a Modified
hybrid projection algorithm and prove strong convergence theorems for a family of quasi-
¢-asymptotically nonexpansive mappings which are asymptotically regular on C. In order
to get the strong convergence theorems for such a family of mappings, the classical hybrid
projection iteration algorithm is modified and then is used to approximate the common fixed
points of such a family of mappings. In the meantime, the method of the proof is different
from the original one. Our results improve and extend the corresponding results announced
by Zhou et al. [11], and Kimura and Takahashi [13], and some others.
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2. Preliminaries

Let E be a Banach space with dual E*. Denote by (-,-) the duality product. The normalize
duality mapping ] from E to E* is defined by

Jx={x" € E: xx) = x| = <", @1)

for all x € E, where E* denotes the dual space of E and (-, -) the generalized duality pairing
between E and E*. It is well known that if E* is uniformly convex, then ] is uniformly
continuous on bounded subsets of E.

It is also very well known that if C is a nonempty closed convex subset of a Hilbert
space H and Pc : H — C is the metric projection of H onto C, then P is nonexpansive.
This fact actually characterizes Hilbert spaces C, and consequently, it is not available in
more general Banach spaces. In this connection, Alber [14] recently introduced a generalized
projection operator I'lc in a Banach space E which is an analogue of the metric projection in
Hilbert spaces.

Next, we assume that E is a real smooth Banach space. Let us consider the functional
defined by [7, 8] as

¢y, x) = |yll* - 2(y, Jx) + ||x] (2.2)

for all x,y € E. Observe that, in a Hilbert space H, (2.2) reduces to ¢(y, x) = ||x - y||2, X,y €
H.

The generalized projection Ilc : E — C is a map that assigns to an arbitrary point
x € E, the minimum point of the functional ¢(x, y), that is, ITcx = X, where x is the solution
to the minimization problem

$(%,x) = mind(y, x). (2.3)
yE

Existence and uniqueness of the operator I'l¢c follow from the properties of the C functional
¢(x,y) and strict monotonicity of the mapping | (see, e.g., [14-18]). In Hilbert spaces, I1c =
Pc. It is obvious from the definition of function ¢ that

(Nl = 1Ix)* < @y, x) < (Jly]| + 1xI)? (2.4)

forall x,y € E.

Remark 2.1. If E is a reflexive strictly convex and smooth Banach space, then for x,y € E,
¢(x,y) = 0if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y. From
(2.4), we have ||x|| = ||y||. This implies that (x, Jy) = [lx|* = ||]y||2. From the definitions of J,
we have Jx = Jy. Thatis, x = y; see [17, 18] for more details.

Let C be a closed convex subset of E and T a mapping from C into itself. T is said to
be ¢-asymptotically nonexpansive if there exists some real sequence {k,} with k, > 1 and
k, — 1such that ¢(T"x,T"y) < kup(x,y) foralln > 1 and x,y € C. T is said to be quasi-¢-
asymptotically nonexpansive [9] if there exists some real sequence {k,} with k, > 1 and
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k, — 1 and F(T)#0 such that ¢(p,T"x) < kyp(p,x) foralln > 1, x € C,and p € F(T).
T :C — Cissaid to be asymptotically regular on C if, for any bounded subset C of C, there
holds the following equality:

Tn+1x —_T"x

r}ijr;osup{| |:xeé} = 0. (2.5)

We remark that a ¢-asymptotically nonexpansive mapping with a nonempty fixed
point set F(T) is a quasi-¢-asymptotically nonexpansive mapping, but the converse may be
not true.

We present some examples which are closed and quasi-¢-asymptotically nonexpan-
sive.

Example 2.2. Let E be a real line. We define a mapping T : E — E by
Tx)=42 X (2.6)

Then T is continuous quasi-nonexpansive, and hence it is closed and quasi-asymptotically
nonexpansive with the constant sequence {1} but not asymptotically nonexpansive.

Example 2.3. Let E be a uniformly smooth and strictly convex Banach space, and A C E x E* is
a maximal monotone mapping such that A0 is nonempty. Then, J, = (J +rA) ™" J is a closed
and quasi-¢-asymptotically nonexpansive mapping from E onto D(A), and F(J,) = A710.

Example 2.4. Let Ilc be the generalized projection from a smooth, strictly convex, and
reflexive Banach space E onto a nonempty closed convex subset C of E. Then, I'lc is a closed
and quasi-¢-asymptotically nonexpansive mapping from E onto C with F(Il¢) = C.

Let C,, be a sequence of nonempty closed convex subsets of a reflexive Banach space
E. We denote two subsets s — Li,,C,, and w — Ls,C, as follows: x € s — Li,C,, if and only if
there exists {x,} C E such that {x,} converges strongly to x and that x, € C, foralln € N.
Similarly, y € w-Ls, C, if and only if there exists a subsequence {C,,} of {C,,} and a sequence
{yi C E} such that {y;} converges weakly to i and that y; € C,, for all i € N. We define the
Mosco convergence [19] of {C,} as follows. If Cy satisfies that Cy = s — Li,,C,, = w — Ls,,C,, it
is said that {C, } converges to Cy in the sense of Mosco, and we write Cy = M — lim,,_, ,C,,.
For more details, see [20].

The following theorem plays an important role in our results.

Theorem 2.5 (see Ibaraki et al. [21]). Let E be a smooth, reflexive, and strictly convex Banach space
having the Kadec-Klee property. Let {K,,} be a sequence of nonempty closed convex subsets of E. If
Ko = M - lim,,_, K, exists and is nonempty, then {Ilk, x} converges strongly to Ik, x for each
xeC.

We also need the following lemmas for the proof of our main results.
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Lemma 2.6 (Kamimura and Takahashi [16]). Let E be a uniformly convex and smooth Banach
space, and let {y,}, {z,} be two sequences of E if ¢(y,, z,) — 0and either {y,} or {z,} is bounded,
then y, — z, — 0.

Lemma 2.7 (Alber [14]). Let E be a reflexive, strictly convex and smooth Banach space, let C be a
nonempty closed convex subset of E, and let x € E. Then

¢(y, Tex) + p(Icx, x) < (v, x) (2.7)

forally € C.

Lemma 2.8. Let E be a uniformly convex and smooth Banach space, let C be a closed convex subset
of E, and let T be a closed and quasi-$-asympotically nonexpansive mapping from C into itself. Then
F(T) is a closed convex subset of C.

3. A Modified Algorithm and Strong Convergence Theorems

Now we are in a proposition to prove the main results of this paper. In the sequel, we use the
letter I to denote an index set.

Theorem 3.1. Let C be a nonempty closed convex subset of a uniformly convex and uniformly
smooth Banach space E, and let {T;};c; : C — C be a family of closed and quasi-$-asymptotically
nonexpansive mappings such that F = (\;c; F(Ti) # 0. Assume that every T;, (i € I) is asymptotically
reqular on C. Let {an}, {Bn}, {yn} be real sequences in [0,1] such that lim,_,a, = 0,
liminf, _, &y, > 0. Define a sequence {x,} in C in the following manner:

xo € C chosen arbitrarily,
Yni = ] (an]x0 + Pu)xn + Yu  T]'Xn),
Co=C,
Cri={z€Cua:9(z,yni) < and(z,x0) + (B + Yukni)P(z,xn) },
Cu=()Cni,

iel

(3.1)

Xne1 = Ic, (x0).

Then {x,} converges strongly to I1rxo, where I1f is the generalized projection from C onto F.

Proof. Firstly, we show that C, is closed and convex for each n > 0.
From the definition of C,,, it is obvious that C,, is closed for each n > 0. We show that
C,, is convex for each n > 0. Observe that the set

Cri={z€Cna:9(z,yni) < anp(z,x0) + (B + Ynkni) P(2z, %) } (3.2)
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can be written as

Cri = {2 € Cot 11 = Ku) 121 + |ynall® = anllxol = (B + yikini) Il 63
< 2<Z/ ]yn,i - an]xo - (ﬂn + Ynkn,i)]xn> }

For z1,2; € Cpiand t € (0,1), denote z = tz+(1—t)za, A = [ypill* =t l| %0 |1 = (Bu+Yukni) | 2],
and B = Jy,; — anJx0 — (Bn + Ynkni) Jxn; by noting that || - ||2 is convex, we have

2] = [tz + (1 = ) za|* < t|za|]* + (1= 1)1z (3.4)

So we obtain
Y1 =) |27 + A <y (1 = k)t z0[* + ¥ (1 = ki) (1= B)[|za]* + A
= (= knp) 2l + A) + (1 =) (1 (1 = k)| 22]] + A)
< 2t(zy,B) +2(1 - t)(zy, B) (3.5)
=2(tz1 + (1 - t)z, B)
=2(z,B),

which infers that z € C,,;, so we get that C,, is convex for each n > 0. Thus C,, is closed and
convex for every n > 0.
Secondly, we prove that F C C,, for all n > 0.

el t}{ntgieed, by noting that || - ||* is convex and using (2.2), we have, for any z € F and all
iel, tha

P(zyn) = (2 )7 (@] 0 + B n + 1) TP ) )
= ”2”2 - 2<Z/ (“n]xo + ﬂn]xn + Yn]Tlnxn)> + ”“n]xO + ﬂn]xn + Yn]TinanZ
< N2l = 2(z, (anJx0 + BuJ % + Yu TI%0) ) + anll J0l? + Bull J2ull + o | T T2 |
< a"(p(z’ xO) + ﬂ"¢(zl xn) + Ynkn,i(p(zr xn)

= and)(z, Xo) + (ﬂn + Ynkn,i)¢(zr Xn),
(3.6)

which infers that z € C,;, forall n > 0 and i € I, and hence z € C,, = (N;c; Cyi- This proves
that FC C,, foralln >0andie I.

Thirdly, we will show that lim,, _, , x, =X = [zx0.

Since {C,} is a decreasing sequence of closed convex subsets of E such that C = N2, C,,
is nonempty;, it follows that

M—lian=6=ﬁCn7f(D. (3.7)

n— oo
n=0

By Theorem 2.5, {x,} = {Ilc,_, xo} converges strongly to {x} = {ITzx0}.
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Fourthly, we prove that x € F.
Since x,.1 = Ic, (x9) € Cy, from the definition of C,,, we get

¢(xn+1/ yn,i) < “n¢(xn+lr xO) + (ﬁn + Ynkn,i)(i)(xnﬂr xn)- (38)

From lim,, _, ,x, = X, one obtains ¢(x,.1,x,) — 0asn — oo, and it follows from lim,, _, ,a;, =
0, for every i € I that we have

nlilrc}od)(xnﬁr yn,i) < nh_{rgo(“n(i)(xnﬂr xO) + (ﬂn + Ynkn,i)(l)(xnﬂ/ xn)) = O, (39)

and hence x,+1 —yn; — 0asn — oo by Lemma 2.6. It follows that ||y, — Xn|| < [|Yni — Xne1 | +
|x4+1 — xn|| — Oasn — oo. Since J is uniformly norm-to-norm continuous on any bounded
sets of E, we conclude that

Tim |7 = Tynil =0, (3.10)
for every i € I. By the definition of {y,;} and the assumption on {a,}, we deduce that

”]xn - ]yn,i” = ”]xn - (an]xO + ﬁn]xn + Yn]Tinxn) ”
= ”fxn(]xn_]x0)+Yn(]xn_]Tinxn)” (3.11)
2 ”Yn(]xn - ]Tinxn) ” = |lan(Jxn = Jx0)||

for everyn € N and i € I. So we get
Yn”]xn _]Tinxn” < ”]xn _]]/n,i” + || Jxn — Jx0l|. (3.12)

Since liminf, .y, >0, we have Jx, — JT"x, — Oasn — oo.
Since J™! is also uniformly norm-to-norm continuous on any bounded sets of E*, we
conclude that

lim ||x, - T'x,|| = 0. (3.13)

n—oo

Noting that x, — X asn — oo, we have
T!'x, — X, (3.14)

asn — oo. Observe that

n+1 n
T x, — T 'xp

3] <

+ |17, - X |- (3.15)
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By using (3.14), (3.15), and the asymptotic regularity of T;, we have
%, — X (3.16)

asn — oo, thatis, T;Tx, — X. Now the closedness property of T; gives that x is a common
fixed point of the family {T;},.;, thus x € F.

Finally, since X = IIzxo € F and F is a nonempty closed convex subset of C=N2,Cn,
we conclude that x = ITrxp. This completes the proof. O

Remark 3.2. The boundedness assumption on C in Theorem ZGT can be dropped.

Remark 3.3. The asymptotic regularity assumption on T; in Theorem 3.1 can be weakened to
the assumption that Ti’”lxn -T'x, — O0asn — co.

Recall that T : C — C is called uniformly Lipschitzian continuous if there exists some
L > 0 such that

[IT"x =Ty < L]}x -y

, (3.17)

forallm>1and x,y € C.

Remark 3.4. The assumption that T/**'x,~T"x, — Oasn — oo can be replaced by the uniform
Lipschitz continuity of T;.

With above observations, we have the following convergence result.

Corollary 3.5. Let C be a nonempty closed convex subset of a uniformly convex and uniformly smooth
Banach space E, and let {T;},c; : C — C be a family of uniformly Lipschitzian continuous and quasi-
¢-asymptotically nonexpansive mappings such that F = (e F(T;) #0. Let {a,}, {Bn}, {yn} be real
sequences in [0, 1] such that lim, o, a, = 0, liminf, o, y, > 0. Define a sequence {x,} in C in the
following manner:

xo € C chosen arbitrarily,
Yo = T (@ %0 + BT n + Y T/ %),
Co=C,
Cri={z€Cu1:9(z,yni) < an(z,x0) + (B + Ynkni) (2, %) },
Cn=(\Cni,

iel

(3.18)

Xn1 = ¢, (x0).

Then {x,} converges strongly to I1pxo, where Il is the generalized projection from C onto F.

Proof. Following the proof lines of Theorem 3.1, we can prove that F is nonempty closed
convex, C, is closed convex, F C C, for all n > 0 and lim,_,,, x, = X. At this point, it
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is sufficient to show that T"*'x,, - T'x, — 0asn — oo. Again, from the proof lines of
Theorem 3.1, we have the following conclusions:

lim ||x, - T'x,|| = 0. (3.19)

n—oo

Observe that

n+1 n n+1 n+1
T x, = T'xy|| £ 'Ti Xn =T Xpi1

* %1 = xall + [l = T |

n+1
+ ”Tl Xn+l — Xn+l

< (Li + 1) tnsn = 2l + |

n+1 n
T,' Xn+1 = Xp+1|| + ”xn - T,' Xn

7

(3.20)

so that Tl."”xn -T''x, — 0asn — oo. By Theorem 3.1, we have the desired conclusion. This
completes the proof. O

When a,, = 0 in Theorem 3.1, we obtain the following result.

Corollary 3.6. Let C be a nonempty closed convex subset of a uniformly convex and uniformly
smooth Banach space E, and let {T;};c; : C — C be a family of closed and quasi-¢-asymptotically
nonexpansive mappings such that F = (\;c; F(T;) #0. Assume that every T;, (i € I) is asymptotically
regular on C. Let {a,} be a real sequence in [0,1) such that limsup, | a, < 1. Define a sequence
{x,} in C in the following manner:

xo € C chosen arbitrarily,

Yni= ]_1 (lxn]xn + (1 - ‘xn)]’l—'inxn)/
CO = C/

Cui= {2 € Cu1: ¢(2, Yni) < [kni + (1 = kni)an]P(z,xn) |, (3.21)

Cn = m Cn,i/

i€l

xne1 =1, (x0)-

Then {x,} converges strongly to I1rxo, where Ilr is the generalized projection from C onto F.
When p,, = 0 in Theorem 3.1, we obtain the following result.

Corollary 3.7. Let C be a nonempty closed convex subset of a uniformly convex and uniformly
smooth Banach space E, and let {T;};; : C — C be a family of closed and quasi-$-asymptotically
nonexpansive mappings such that F = (\;c; F(Ti) # 0. Assume that every T;, (i € I) is asymptotically
reqular on C. Let {ay,} be a real sequence in [0,1] such that lim,,_, o, a, = 0. Define a sequence {x,}
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in C in the following manner:

xp € C chosen arbitrarily,
Yni =] (an]x0 + (1 — an) JT!'xy),
Co=C,
Cui={z€Cua:9(z,yni) < and(z,x0) + kni(1 — an)P(z, x) },
Cu=()Cnis

i€l

(3.22)

Xn+l = 1_[Cn (xO)-

Then {x,} converges strongly to I1rxo, where I1f is the generalized projection from C onto F.
In the spirit of Theorem 3.1, we can prove the following strong convergence theorem.

Theorem 3.8. Let C be a nonempty closed convex subset of a uniformly convex and uniformly smooth
Banach space E, and let {T;};c; : C — C be a family of closed and quasi-¢-nonexpansive mappings
suchthat F = (\;e; F(Ti) #0. Let {an}, {Bn}, {yn} be real sequences in [0,1] such that lim,, _, a, = 0,
liminf, _, Yy, > 0. Define a sequence {x,} in C in the following manner:

xo € C  chosen arbitrarily,
Yni = T (anJx0 + BuJ Xn + YuJ Tixxn),
= (CoC,
Cri={z€Cua:9(z,yni) < anp(z,x0) + (1 - an)P(z,x1) },
Cu=(\Cui

i€l

(3.23)

Xn+l = 1_[Cn (xO)-

Then {x,} converges strongly to I1rxo, where I1f is the generalized projection from C onto F.

Proof. Following the proof lines of Theorem 3.1, we have the following conclusions:

(1) F is anonempty closed convex subset of C;

(2) C,, is closed covex for all n > 0;

(3) Fc C,, foralln > 0;

(4) im,, o X, = X;

(5) lim,, _, oo ||xp — Tixy|| = 0, for all i € I.

The closedness property of T; together with (4) and (5) implies that {x,} converges
strongly to a common fixed point x of the family {T;},.;. As shown in Theorem 3.1, x = I'Trxy.
This completes the proof. O

When a,, = 0 in Theorem 3.8, we obtain the following result.
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Corollary 3.9. Let C be a nonempty closed convex subset of a uniformly convex and uniformly smooth
Banach space, and let {T;};c; : C — C be a family of closed and quasi-¢-nonexpansive mappings such
that F = (\;c; F(T;) #0. Let {a,,} be a real sequence in [0, 1) such that limsup,, , a, < 1. Definea
sequence {x,} in C in the following manner:

xg € C chosen arbitrarily,

Yni= ]_1 (“n]xn + (1 -ay)JTixy),
Co=¢C,

Crni={2€Cpi:9(z,yni) <P(z,x0)}, (3.24)

Cn = ﬂ Cn,i/

iel

Xn+l = 1_[C,, (x0).

Then {x,} converges strongly to I1rxo, where I1F is the generalized projection from C onto F.
When f, = 0 in Theorem 3.8, we obtain the following result.

Corollary 3.10. Let C be a nonempty closed convex subset of a uniformly convex and uniformly
smooth Banach space E, and let {T;};c; : C — C be a family of closed and quasi-¢-nonexpansive
mappings such that F = (\;c; F(T;) #0. Let {a,,} be a real sequence in [0, 1] such that lim,, _, ,a, = 0.
Define a sequence {x,} in C in the following manner:

xo € C chosen arbitrarily,

Yni = ] Han]xo + (1 - an) JTixy),

Co=C,

Cri={z€Cua:9(z,yni) < anp(z,x0) + (1 - ) P(z,x,)}, (3.25)

Cn = ﬂ Cn,i/

i€l

Xn1 = ¢, (x0).

Then {x,} converges strongly to I1rxo, where I1f is the generalized projection from C onto F.
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