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We establish generic well-posedness of certain null and fixed point problems for ordered
Banach space-valued continuous mappings.

The notion of well-posedness is of great importance in many areas of mathematics
and its applications. In this note, we consider two complete metric spaces of continuous
mappings and establish generic well-posedness of certain null and fixed point problems
(Theorems 1 and 2, resp.). Our results are a consequence of the variational principle
established in [2]. For other recent results concerning the well-posedness of fixed point
problems, see [1, 3].

Let (X, - I, =) be a Banach space ordered by a closed convex cone X; = {x € X : x =
0} such that ||x|| < [|y|| for each pair of points x, y € X, satisfying x < y. Let (K,p) be a
complete metric space. Denote by 901 the set of all continuous mappings A : K — X. We
equip the set 2t with the uniformity determined by the following base:

E(e) = {(A,B) e M xM:||[Ax — Bx|| <€ Vx €K}, (1)

where € > 0. It is not difficult to see that this uniform space is metrizable (by a metric d)
and complete.
Denote by 901, the set of all A € 9 such that

Axe X, VxeK,
inf {||Ax|| :x € K} = 0.

It is not difficult to see that 91, is a closed subset of (901, d).
We can now state and prove our first result.

TuEOREM 1. There exists an everywhere dense Gs subset F C 9, such that for each A € F,
the following properties hold.

(1) There is a unique X € K such that Ax = 0.

(2) For any € >0, there exist § > 0 and a neighborhood U of A in 9, such thatif B € U
and if x € K satisfies || Bx|| < §, then p(x,%) < €.
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Proof. We obtain this theorem as a realization of the variational principle established in
[2, Theorem 2.1] with fx(x) = [[Ax]|, x € K. In order to prove our theorem by using this

variational principle, we need to prove the following assertion.

(A) For each A € M, and each € >0, there are A € M, § >0, x € K, and a neighbor-

hood W of A in 9, such that
(A,A) € E(e),

and if B € W and z € K satisty || Bz|| < 6, then

and x € K such that

Ax[ <

co | Mm

Since A is continuous, there is a positive number r such that

r<min{1 i}
)16 b

|Ax — Ax|| < for each x € K satistying p(x, %) < 4r.

oo | m

By Urysohn’s theorem, there is a continuous function ¢ : K — [0, 1] such that

¢(x) =1 foreach x € K satisfying p(x,X) <7,
¢(x) =0 for each x € K satisfying p(x,x) = 2r.

Define
Ax=(1-¢(x))(Ax+u), x€eK.
It is clear that A : K — X is continuous. Now (9), (10), and (11) imply that

Ax=0 foreach x € K satisfying p(x,%) <r,

Ax>u foreach x € K satisfying p(x,x) > 2r.

It is not difficult to see that A € 901,. We claim that (4,A) € E(€).

(3)

(9)
(10)

(11)

(12)
(13)



S. Reich and A. J. Zaslavski 209

Let x € K. There are two cases: either
p(x,%) = 2r
or
p(x,x) < 2r.
Assume first that (14) holds. Then it follows from (14), (10), (11), and (5) that

lAx — Axl| = ||lall =

W W

Now assume that (15) holds. Then by (15), (11), and (5),

lAx — Ax|l = ||(1 — ¢(x)) (Ax+i&t) — Ax||

_ €
< |lall + | Ax|| < 1 + || Ax|l.
It follows from this inequality, (15), (8), and (6) that

- € €
Ax — Ax|| <= =+ ||Ax|| < =.
[IAx — Ax|] 1 [l Ax]] 7

(14)

(15)

(16)

(17)

(18)

Therefore, in both cases, ||Ax — Ax|| < €/2. Since this inequality holds for any x € K, we

conclude that
(A,A) € E(e).

Consider now an open neighborhood U of A in 9, such that

Uc{Bemngﬁ)eE(%)}

Let

BeU, z€e K,
€
Bz|| = —.
| Bzl < 6
Relations (22), (21), (20), and (1) imply that

- - € €
Az|| < ||Bz|| + ||Az—Bz|| < — + —.
Azl < ||Bzl| + |Az — Bz|| TRET:

We claim that

(19)

(20)

(21)
(22)

(23)

(24)
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We assume the converse. Then by (7),
p(z,x) >€ =2r. (25)
When combined with (13), this implies that
Az > (26)

It follows from this inequality, the monotonicity of the norm, (21), (20), (1), and (5) that

- € €
B > A - — > 7l — —
Bzl > || Azl 16—”“” 16

€ € 3¢ (27)

4 16 16

This, however, contradicts (22). The contradiction we have reached proves (24) and
Theorem 1 itself. O

Now assume that the set K is a subset of X and

poy) =llx=yl, xyek (28)
Denote by 9, the set of all mappings A € 91 such that

Ax>x VxeK,

29
inf {||Ax —x|| :x €K} =0. (29)

Clearly, M, is a closed subset of (M, d). Define a map J : M, — M, by
JA)x=Ax—-x VxeK (30)

and all A € M,,. Clearly, there exists ' : 0, — M, and both J and its inverse J~! are
continuous. Therefore Theorem 1 implies the following result regarding the generic well-
posedness of the fixed point problem for A € I,,.

THEOREM 2. There exists an everywhere dense Gs subset & C 9, such that for each A € F,
the following properties hold.

(1) There is a unique X € K such that Ax = x.

(2) For any € >0, there exist § > 0 and a neighborhood U of A in I, such that if Be U
and if x € K satisfies || Bx — x|| < 6, then ||x — x|| < €.
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This subject has been extensively studied in the past years
for one-, two-, and three-dimensional space. Additionally,
such dynamical systems can exhibit a very important and still
unexplained phenomenon, called as the Fermi acceleration
phenomenon. Basically, the phenomenon of Fermi accelera-
tion (FA) is a process in which a classical particle can acquire
unbounded energy from collisions with a heavy moving wall.
This phenomenon was originally proposed by Enrico Fermi
in 1949 as a possible explanation of the origin of the large
energies of the cosmic particles. His original model was
then modified and considered under different approaches
and using many versions. Moreover, applications of FA
have been of a large broad interest in many different fields
of science including plasma physics, astrophysics, atomic
physics, optics, and time-dependent billiard problems and
they are useful for controlling chaos in Engineering and
dynamical systems exhibiting chaos (both conservative and
dissipative chaos).

We intend to publish in this special issue papers reporting
research on time-dependent billiards. The topic includes
both conservative and dissipative dynamics. Papers dis-
cussing dynamical properties, statistical and mathematical
results, stability investigation of the phase space structure,
the phenomenon of Fermi acceleration, conditions for
having suppression of Fermi acceleration, and computational
and numerical methods for exploring these structures and
applications are welcome.

To be acceptable for publication in the special issue of
Mathematical Problems in Engineering, papers must make
significant, original, and correct contributions to one or
more of the topics above mentioned. Mathematical papers
regarding the topics above are also welcome.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

December 1, 2008
March 1, 2009
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