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1. Introduction

In this paper, we study the following reaction-diffusion system with nonlocal nonlinear
source:

= Au+alx)|v)|?, xeQ, t>0,

7o

:Av+b(x Nu)|l, xeq, t>0,

(1.1)
u(x,t) =v(x,t) =0, x€dQ,t>0,
u(x,0) = uo(x), v(x,0)=wn(x), x€Q,
where Q) is an open ball of RN centered at the origin of radius R, |u(f)|, = ([, lu(x,

t)|"dx)"", 1 <r < o and p,q > r. A nonnegative solution of (1.1) is a pair of nonnega-
tive functions (u(x,t),v(x,t)) such that (u(x,t),v(x,t)) € C(QA % [0,T]) n C>(Q % (0,T))
and satisfies (1.1). For a solution (u(x,t),v(x,t)) of (1.1), we define

T* = T*(u,v) = sup{T >0: (u,v) are bounded and satisfy (1.1)}. (1.2)
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Note that if T* < +o0, then (u,v) blows up in L* norm, in the sense that lim;_ 7+ |u(t)[1~
= +oo or lim;_.7« [v(#)|1~ = +00; in this case, we say that the solution blows up in finite
time. If T* = oo, then (u,v) is a global solution of (1.1).

In the past several decades, many physical phenomena were formulated into nonlocal
mathematical models (see [1-6]). It has also been suggested that nonlocal growth terms
present a more realistic model of population dynamics (see [7]). System (1.1) is related
to some ignition models in physics for compressible reactive gases.

A lot of effort has been devoted in the past few years to the study of blow-up rates and
profiles for local semilinear parabolic equations of the type

us — Au = ub; (1.3)

see [8—11] and the references therein. Several interesting blow-up results which concern
the blow-up condition, blow-up set, and blow-up rate are presented; see [12—-16] and
references therein.
The blow-up property of the solution to a single equation of the form
uy = Au+a(x)|u(t) ‘f, xeQ, t>0,

u(x,t) =0, x€0Q,t>0, (1.4)
u(x,0) = up(x), x€Q

has been discussed by many authors; see [1, 4] and the references therein. In [1], Souplet
introduced a new method for investigating the rate and profile of blow-up of solutions
to problem (1.4) with a(x) = constant = 1. He proved that if p > 1, then uniformly on
compact subsets of Q holds

lim(T = 0"? Ve, 1) = lim(T = 00D u(e) | = [(p— I ] V0 (15)

Very recently, Liu et al. [4] proved the global blow-up and determined the blow-up rate
for problem (1.4) with a(x) # constant.

Our present work is inspired by [1, 4], mentioned before, and [3, 5, 6, 12-19]. In [17],
Escobedo and Herrero studied the system

ur = Au+vb, vi=Av+ul (1.6)

with homogeneous Dirichlet boundary conditions. They showed that if pg < 1, every
solution of (1.6) is global, while for pq > 1, there are solutions that blow-up and others
that are global according to the size of initial data. The blow-up rates of solutions to (1.6)
were considered in [3, 5, 6].

In [12], Wang discussed the finite time blow-up of the positive solution to the problem

u; = Au+u™", xe€Q,t>0,
vi=Av+uPbvl, xeQ,t>0,
u(x,t) =v(x,t) =0, x€dQ,t>0,
u(x,0) = ug(x) =0, v(x,0)=v9(x) >0, xe€Q.

(1.7)
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Let A; be the first eigenvalue of —A in Q with null Dirichlet boundary condition. His
results are the following.
(i) Assume that

n(l —/\1)

m>1,n>0,p=0,g=1, A <1, m<1l+ 3 ,
1

(1.8)

or

p(1-11)

q>1,p>0,n=0,m=1, 1 <1, g=<1+ 1 .
1

(1.9)
Furthermore, if m = 14+ n(1 —A1)/A; in (1.8) or g = 1+ p(1 — A1)/A; in (1.9), it is as-
sumed that A, < 2/3. Then, for any nontrivial initial data, that is, uo(x) # 0, vo(x) # 0, the
solution of (1.7) blows up in finite time.

(ii) If (1.8), (1.9), and the conditions that m < 1, g < 1, and np < (1 — m)(1 — q) do
not hold, then the solution of (1.7) blows up in finite time for large initial data.

In [13], Wang evaluated the blow-up rate of the solution to (1.7) with Q = Bg(0).
Under some suitable conditions, he obtained that

o(T-1)7"< Orr‘lz‘ixRu(-,t) =u(0,t)<C(T-1)7% telo,T),
<|x|=

o(T—-1)"7< Or?%va(-,t) =v(0,t) <C(T-1t)"% te[0,T),

(1.10)

for some positive constants ¢ and C, here 8 = (1+n—q)/(np— (1 —m)(1 —q)) and 0 =
(I1+p—m)/(np—(1—m)(1—q)),and T is the blow-up time of (u,v).
In [14, 15], Galaktionov et al. considered the system

= AWt v, v = AvT 4yl for (x,t) € QA% (0,T) (1.11)

with homogeneous Dirichlet boundary conditions, where p >1, g > 1,y >0, y > 0. Sev-
eral interesting results are established. Their results show that P, = pg — (1 +y)(1 + ) is
the critical exponent of (1.11), namely, if P. < 0 solutions are global for all initial data,
and if P; > 0 solutions blow-up in finite time for sufficiently large initial data.
In this paper, we will prove that P. = pg — 1 is also the critical exponent of system
(1.1).
The purpose of this paper is to determine the critical exponents as well as the estimates
for blow-up rates and boundary layer profiles of the reaction-diffusion system (1.1). As
for the function a(x), b(x), uy(x), vo(x), we assume that
(A1) a(x),b(x) € C*(Q), ug(x),vo(x) € C**(Q), a € (0, 1); a(x), b(x), ug(x), vo(x) > 0
in Q, and a(x) = b(x) = up(x) = vo(x) = 0 on Q.

(Az) a(x), b(x), ug(x), and vo(x) are radially symmetric, that is, a(x) = a(r), b(x) =
b(r), uo(x) = up(r), and vo(x) = vo(r) with r = |x/|. a(r), b(r), uo(r), and vo(r)
are nonincreasing for r € [0,R].

This paper is organized as follows. In Section 2, we investigate the global existence and
finite time blow-up of system (1.1). Section 3 is devoted to the blow-up set and blow-up
rate of solutions to (1.1). In Section 4, we give the boundary layer estimates.
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2. Global existence and finite time blow-up
In this section, we start with the definition of super- and sub-solution of system (1.1).

Definition 2.1. A pair of nonnegative functions (#(x, t),v(x,t)) is called a supersolution
of (1.1) if (u(x,t),v(x,t)) € C(QA % [0, T]) N C>'(Q x (0, T)) and satisfy

> Au+alx) |[v() |2, (1) € Qx(0,T),
V= Av+b(x) |at) |1, (1) e Qx(0,T), 1)
u(x,t) = v(x, ) =0, x€9Q, t>0, '

u(x,0) = up(x), ¥(x,0)=1(x), xeQ.

A pair of nonnegative functions (u(x,t),v(x,t)) is called a subsolution of (1.1) if (u(x,?),
v(x,t)) € C(QAx[0,T]) N C>'(Q % (0,T)) and satisfy

u, < Au+alx) |y, (%) €Qx(0,T),
ytsAy+b(x)|g(t)|f, (x,t) € Qx(0,T), (22
u(x,t) =v(x,t) =0, x€Q, t>0, 2

u(x,0) < up(x), v(x,0) <w(x), xe€q,

where 1 <7<+, p,g=r.

We set Qr = Q X (0, T] and St = 0Q x (0, T]. A weak solution of (1.1) is a vector func-
tion which is both a subsolution and a supersolution of (1.1). The following comparison
lemma plays a crucial role in our proof which can be obtained by similar arguments as in
[16].

LEmMA 2.2. Assume (A1)-(Az) hold, w(x,t),z(x,t) € C(Qr) N C>Y(Qr) and satisfy

we— Aw = a(x)d, (8) JQ 60z )dx,  (0f) € Qr,
zi — Az = b(x)dy (1) Jﬂ ol wx,t)dx, (x,t) € Qr, (2.3)
w(x,t),z(x,t) >0, (x,t)€Sr,

w(x,0),z(x,0) >0, x€Q,

where d;(t),ci(x,t) = 0 (i = 1,2) in Qy, and are bounded continuous functions. Then w(x, 1),
z(x,t) = 0 on Qr.

Proof. Let K = max{K;,K,} + 1, where

Ki= sup a(O)dl(t)J 1 (%, D)dx,
te(0,T] Q
(2.4)

K = sup b(0)d(t) Jocz(x,t)dx.

te(0,T]
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Since ¢;(x,t), d;(t) are bounded and continuous in Qr, we know that K < +oo. Let w; =
e Kty, z; = e"Kiz, then we can deduce that w;(x,t),z;(x,t) = 0 on Q. In fact, since
wi(x,t),z1(x,t) = 0 for (x,t) € St or x € Q, t = 0, if min{w;(x,1),z1(x,t)} <0 for some
(x,t) € Qr, then (wy,z;) has a negative minimum in Qr. Without loss of generality, we
can assume that min{w; (x,t),z1(x, 1)} is taken at (x1,£1) € Qr and wy(x1,t1) < wi(x, 1),
wi(x1,t1) < z1(x,t) for all (x,t) € Qr. Using the first inequality in (2.3), we find that

wir — Awy = —Kwy(x,t) +a(x)d1(t)J a(xt)zi(xt)dx,  (xt) € Qr, (2.5)
Q
and then it follows from ¢; (x,¢) > 0 in Qr and (A;) that

wlt(xl,tl) — AWl (xl,tl) > (—K+a(x1)d1 (tl) ,[QQ (x,tl)dx>w1 (xl,tl) = —Wq (Xl,tl) > 0.

(2.6)
On the contrary, if w (x,t) attains negative minimum at (x;, t;), then,
wi(x,t) <0, Awy(xy,t) =0, wie(x1,t) <0, (2.7)
and hence
wie(x1,t1) = Awi (2, 0) =0, (2.8)

which leads to a contradiction to inequality (2.6). Thus min{w; (x,t),z;(x,£)} = 0 on Qr,
and therefore w(x,t),z(x,t) = 0 on Q. O

In order to get global existence and blow-up results, we need the following comparison
principle which is a direct consequence of Lemma 2.2.

CoROLLARY 2.3. Let (u,v) be the unique nonnegative solution of (1.1). Assume that a pair
of nonnegative functions (w,z) € C(Qr) N C>'(Qr) and satisfy

w; > (<) Aw+a(x)|z(t) PO (x,t) € Qx(0,T),

ro

zi > (2)Az+b(x) | w(t) Z, (x,t) € QA% (0,T),
2.9
w(x,t) = (=)z(x,t) = (=)0, x€0Q, t>0, (29)

w(x%,0) = (Dug(x), z(x,0) = (<)n(x), xeQ.

Then (w(x,1),z(x,1)) = (<) (u(x,1),v(x,t)) on Qr.

Proof. We only prove (w(x,t),z(x,t)) = (u(x,t),v(x,t)) = (0,0). A similar argument can
be proved in other case. Let ¢; (x,t) = w(x,t) — u(x,t), ¢2(x,t) = z(x,t) — v(x,t). By the
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mean value theorem,

120)]7 = [v()|? = (I |z<x,r>|’dx)p/r—(j |v<x,t>|rdx)w

= [JQ (x,t) — V" (x, t))dx]

=p(m(t [ 5 (72(x,1) Z(x,t)—V(x,t))dx]
= [ N (12(x,)" " 9, )dx], (2.10)
o]~ o)1= F o) ] 0= )]
q(n3()" " r[ N (1a(x, 1) (Wi, 1) (x,t))dx]

= alm)" | | (nx0)” (pl(x,t)dx],

where #;,#%3 = 0 are some intermediate values between |z(t)[} = Jo |zI"dx and |v(§)|} =
JovImdx, lw(H)|7 = [oIwl"dx, and |u(t)|L = [, |v|"dx, respectively, 12,14 = 0 are some
intermediate values between z(x,t) and v(x,t), w(x,t) and u(x,t), respectively. Then by
(2.9)-(2.10), the functions ¢y, @, satisfies the relation

o1 = Agy +a(x)p(111(1,‘))(1)4)”[J‘Q (ﬂz(x,t))rilgoz(x,t)dx], (x,t) € Q% (0,T),

9202 592 +b0)a0s®) | [ (naw) putwndx |, neax 1),
01(x%,1),02(x,8) 20, x€0Q, t>0,
¢1(x,0),02(x,0) >0, x€Q.
(2.11)
Lemma 2.2 implies that ¢;, ¢, = 0, that is, (w(x,1),2(x,1)) = (u(x,t),v(x,1)). O
From Corollary 2.3, we have the following lemma.

LemMA 2.4. Let (u,v) be the unique nonnegative solution of (1.1), and suppose that (u,v)
and (u,v) are supersolution and subsolution of problem (1.1), respectively, then (u,v) =
(u,v) = (4,v) on Qr.

THEOREM 2.5. Assume (A1)-(Az) hold, and pq < 1, then every nonnegative solution of sys-
tem (1.1) exists globally.

Proof. Let ¢(x) be the unique positive solution of the linear elliptic problem

-Ap(x) =1, xe o(x) =0, xe€0Q. (2.12)
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Denote C = maxyeq ¢(x). Then, 0 < ¢(x) < C. We define the functions u(x, t) and v(x,t)
as

u=(Kp+1)",  v=(K(p+1)" (2.13)

where [;,1, < 1 and K > 0 will be fixed later. Clearly, (#,V) is bounded for any T > 0 and
=K v=>Kb.
Then we have

- Au=-K'i (L, (L - 1)+ 1) 2|Vel2+L(gp+ 1)1 'Ap) = L (C+ 1)1 1KY,
a(x)[7l? = a(x)KP" | (p+1)" | < a(0)|QIP"(C+1)PRKP", (2.14)

Ve — AV > L(C+1)27 K", b(x) ||l < b(0)|QY(C+ 1)t Kk,

Denote
p/r 1/(h—ph) q/r 1/(b—qh)
K = (M(Cﬂ— I)Pll_ll+1> , K = (M(C+ l)qll—lz+l) )
1 2
(2.15)
Now, since pq < 1, we can choose two positive constants [;,/, < 1 such that
L1
< =< -, 2.16
Per<s (2.16)
hence pl, < I, gl; < I,. We can choose K sufficiently large such that
K > max {K1,K;}, (2.17)
I I
(K(@+1))" = up(x), (K(p+1))" = vo(x). (2.18)

Now, it follows from (2.14)—(2.18) that (%, V) is a positive supersolution of (1.1). Hence
by Lemma 2.4, (u,v) < (%,7), which implies that (,v) exists globally. This completes the
proof. O

THEOREM 2.6. Assume (A))-(A;) hold, and pq > 1, then the nonnegative solution of system
(1.1) exists globally for “small” initial data.

Proof. Clearly, there exist positive constants /;,/, < 1 such that
P> >, (2.19)

hence pl, > 1, gl; > I,. We can choose K sufficiently small such that
K < min {Kl,Kz}. (220)

Furthermore, assume that u, v are small enough to satisfy (2.18). Then it follows from
(2.14), (2.18)—(2.20) that (@, V) is a positive supersolution of (1.1). We can also see that
the solution is bounded from below. This completes the proof. O
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Remark 2.7. Furthermore, denote by y(x) the unique positive solution of the linear el-
liptic problem

-Ay(x) =1, xe€Qy; y(x)=0, x€dQ, (2.21)

here Q; cc Q. It is obvious that y(x) depends on Q; continuously. By the comparison
principle for elliptic equation, we have ¥ < ¢ on Q.

THEOREM 2.8. Assume (A1)-(Az) hold, if pg = 1, then the nonnegative solution of (1.1) is
global if the domain (1Q) is sufficiently small.

Proof. If pq = 1, there exist positive constants /1,1, < 1 such that

p=7F=-, (2.22)

hence pl, =1, ql; = I,. Without loss of generality, we may assume that every domain
under consideration is in a sufficiently large ball B. Denote by ¢g(x) the unique positive
solution of the following linear elliptic problem:

—-Ap(x)=1, x€B; o(x)=0, xe€0B. (2.23)

Let Cy = maxyep @p(x). From Remark 2.7, we have C < Cy. Then we may assume that | Q|
is sufficiently small such that

o <min{ (o) G o) ) 224)

Furthermore, choose K large enough to satisfy (2.18). Then, it follows from (2.14), (2.18),
and (2.24) that (%,) is a positive supersolution of (1.1). By Lemma 2.4, we achieve the
desired result. O

THEOREM 2.9. Assume (A))-(A,) hold, and pq > 1, then the nonnegative solution of system
(1.1) blows up if initial data is sufficiently large.

Proof. Let ¢(x) be the first eigenfunction of —A in H} (Q) and let A; be the corresponding
eigenvalue. We choose ¢(x) such that ¢(x) >0 in Q and max,.g¢(x) = 1.

Since pq > 1, there exist two positive constants m, n such that p > m/n, q > n/m. Sety =
min{np —m+1,mq—n+1}, L=min{a(x)m=' (| @™ dy)?'",b(x)n" (o lo|™dy)?"}. Let
s(t) be the solution of the Cauchy problem: s’ = —A;s+ Ls?, s(0) = so > 0. Since y > 1, then
s(t) blows up in finite time for sufficiently large datum s,.
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Set u(x,t) = s™(t)@™(x), v(x,t) = s"(t)@"(x). We can assert that (u,v) is a subsolution
of system (1.1). A direct computation yields

pr p/r
Au+a(x) (I Iylrdy) =s"(me™ 'Ap+m(m—1)p"™ % |Vol|*) +a(x)s"’ (J Igol’”dy)
Q Q

p/r
2ms'”go’”(—)tl+a(x)5”1’*mm*1(‘[ I(p\”’dy) )
Q

> ms" o"s = u,,

q/r q/r
Av+b(x) (J Iglrdy) — 5" (ng" ' Ag + n(n—1)g" 2| Vo|2) + b(x)s™ (J |¢|Wdy)
Q Q

q/r
> ns”(p“( — A +b(x)s™ ! (J |(p|"”dy) )
Q

> ns"lo"s' = v,.

(2.25)

Therefore, (4,v) is a subsolution of problem (1.1) provided that the initial data are
sufficiently large such that uy > u(x,0), vo > v(x,0). By Lemma 2.4, we get that (u,v) <
(u,v) and (u,v) blows up in finite time. O

From Theorems 2.5-2.6 and Theorems 2.8-2.9, we see that the critical exponent of the
system is pg = 1.

Remark 2.10. If a(x) = constant, b(x) = constant, then the conclusions of Theorems 2.5-
2.6 and Theorems 2.8-2.9 still hold for Q ¢ RY being a bounded domain with smooth
boundary.

3. Uniform blow-up profiles

In this section, we assume that the nonnegative solution (u,v) of (1.1) blows up in finite

time, we denote the blow-up time of the solution (u,v) by T*. Throughout this section,

we investigate the blow-up profile of the system (1.1). At first, we cite an important result

which belongs to Liu et al. for uncouple diffusion equations with nonlocal nonlinear

source (see [4]) as the basic lemma of our discussion. In the proof, the authors make use

of the maximum principle (see [20, 21]) and sub-supersolution method (see [16]).
From [4, Theorem 3.1], we give the following lemma.

LemMaA 3.1. Let u € C>'(Q x (0, T)) be the solution of the problem
uy = Auta(x)g(t), x€Q,t>0,
u(x,t) =0, x€9Q, t>0, (3.1)

u(x,0) = up(x), x€Q,

where the function g(t) = 0 will depend on the solution u, and G(t) = fot g(s)ds. Assume
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that (A1), (A;) hold, and g(t) is nonnegative, continuous, and nondecreasing on (0,T*),
lim;_ 1+ G(t) = +o0, then

im u(x,t)
-1+ G(t)

=a(x), (3.2)

uniformly in all compact subsets of Q.

In this section, we sometimes use the notation u ~ v for lim;_ 7+ u(t)/v(t) = 1. Denote
a®)=vin|l, @) =lu®ll

t t te (0,T%), (3.3)
GMﬂ=Lg®&,(Mﬂ=L@6M&

and set

U(t) = maxu(x,t), V(t)=maxv(x,t), te[0,T*),
xeQ) xeQ) (3 4)
ap = maxa(x), by = maxb(x), ’
xeQ) xeQ

then we have the following lemma.

LemMa 3.2. Let (u,v) be a nonnegative solution of (1.1). Assume that the initial data u,
and vy satisfy (A1)-(Az), and

(1) (u,v) has blow-up time T* < co,

(ii) us,ve = 0 for (x,t) € Q< (0, T*).

Then, we have
lim Gy (1) = lim Ga(t) = +oo, (35)
and there exist two positive constants C; and C, such that
u(x,t) <apGi(t) +Ci, v(x,t) <byGy(t) +Cy, (x,8) € QAX[0,T*). (3.6)
Proof. Rewrite system (1.1) as follows:

ur = Au(x,t) +a(x)gi (t), (x1t)eQx(0,T%),

3.7
ve = Av(x, 1) +b(x)g(t), (x,t) € Qx(0,T*). (37)

Using similar arguments as in [22], we give the proof of this lemma. Let
U(t) = maxu(x,t) = u(xo,t), V() =maxv(xt) =v(x,t). (3.8)

xeQ) xeQ)

Then functions U(t), V(¢) satisfy

U'(t) = u(x0,t) = Au(xo,t) +alxo)gi (1), V(1) = vi(x1,t) = Av(xy,t) +b(x1)g(t)
(3.9
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since Au(xo,t) <0, Av(x),t) < 0, we get
0<U(t) <aoq(t), 0=<V'(t) <bogp(t), ae (0,TF). (3.10)
Integrating the above inequalities over (0,¢) for t € (0,T*), we get
0=<U(®) =U(0)+aoGi (1), 0<V(t) < V(0)+byGy(1). (3.11)
Since the nonnegative solution (u,v) of (1.1) blows up in finite time T*, we know that

lim U(¢) = lim maxu(x,t) = +oo, lun V(t) = lim maxv(x,t) = +oo, (3.12)
t=T* t=T* xeQ t=T* xeQ

Then (3.5) follows from (3.11), (3.12), and the facts that U(0) = max,cquo < +o and
V(0) = max,cgvo < +0. Moreover, inequality (3.6) follows from (3.11), (3.12), and
nonnegativity of U(t) and V(¢), where C; = U(0) = max,cguo(x) and C, = V(0)
= max, g Vo(x). |

Remark 3.3. Lemma 3.2 implies that if u and v have a finite blow-up time T*, then G, ()
and G, () blow-up in the same time T* also.

From Lemmas 3.1 and 3.2, we get the following theorem immediately.

TaEOREM 3.4. Let (u,v) be a classical solution of (1.1) with blow-up time T*, then

u(x t)
! Gi(t)

im v(x,t)
t—T+ Gy(t)

=a(x),

= b(x), (313)

uniformly in all compact subsets of Q.

As a straightforward result of Theorem 3.4, we have the following theorem on the
blow-up set.

THEOREM 3.5. Let (u,v) be blow-up solution of (1.1), then the blow-up set of (1.1) is the
whole domain Q, that is to say, the blow-up solution (u,v) has a global blow-up.

THEOREM 3.6. Assume pq > 1, let (u,v) be a solution of (1.1) with blow-up time T*, then

pq/r(1-pq) p/r(1-pq)

lim (T~ 1) ulx, 1) = a(x) clq dx) (J b (x dx) , (3.14)
q/r(1-pq) pg/r(1-pq)

tlil}l* (T* - ) v(x,t) b(x)C2<J ) (J b (x) dx) ,  (3.15)

inwhich & = (p + D/(pg = 1. f = (g + D/(pq = 1), G = (p+ 1/(pg = DI*((a+ D/ (p+
), C; = ((p+ /(g + 1D ((q-+ 1)/ (pg — D).

Proof. By (3.13) in Theorem 3.4, it follows that

Vx€Q, lim LICSI =d(x), lim Iveet)r|

PT*W T Gh(1) =b"(x). (3.16)
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Moreover, (3.6) in Lemma 3.2 implies that for all € >0, 0 < [u(x,t)"|/G|(t) < a"(x) +¢,
0 < [v(x,1)"/Gh(t) < b"(x)+¢ in Q for ¢ close enough to T*. By the Lebesgue’s domi-
nated convergence theorem, we infer that [, |u(y,t)|"dy ~ [ a” (x)dxG}(t), [ |v(y,t)|"dy
~ Jo b (x)dxG5(t) as t — T*, then we have

Gi()=q(r) = |v(1)|? = (f ey |rdy)p/r ~ (Igbr(x)dx>p/rG§(t),

o " (3.17)
Ga(t) = 2(0) = [0 |7 = (| Iun Dl"dy)’ ~ ([ @) Gl
which implies that
q/r p/r
(J a’(x)dx) GIG| ~ (J br(x)dx> GgG; ast — T*. (3.18)
Q Q
Because G (t),G(t) — o as t — T*, it follows from (3.18) that
q/r Gq+1 p/r Gngl(t)
(La (x)dx) - (J b (x) dx) o (3.19)
From (3.17) and (3.19), we have
p/r p/(p+1) pq/r(p+1)
Gi(t) ~ (J b’(x)dx) G (t) ~ (PTJ’;) (J af(x)dx)
@ 1 o (3.20)

/r(p+1)
X(J b’(x)dx)P e G{:(q+1)/(p+l)
Q

it follows that

pt1 (1Man’N<P+UW@“XJ . )”MW”<J . )W”“)
1~ g (Gl ) g1 Qa (x)dx Qb (x)dx ,
(3.21)

that is,

, P/(p+1) pa/r(p+l) pir(p+1)
P2 (o) S (B[ wwoa) ([ vwdx) T +at,
Q Q

1-pgq q+1
(3.22)
where a(t) — 0 as t — T*. Integrating over (t,T*), we have
R pa/r(1-pq) p/r(1=pq)
G (T* — )~ C, (J af(x)dx) (J b’(x)dx) L (323
Q Q

From (3.23) and Theorem 3.4, we have

(T* — ) u(x,t) ~ G (a(x)(T* — )"
pa/r(1-pq) p/r(1-pq) (3.24)
~a(x)C; (L) a’(x)dx) (J b’(x)dx) .
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Then we get (3.14). The second equality (3.15) can be proved analogously. This completes
the proof. O

Remark 3.7. From Theorem 3.6, we have

Gi(t) ~ C, (L} ar(x)dx>pq/r(l_pq> ( L bf(x)dx) PO e e

Go(t) ~ Cy ( Jﬂ ar(x)dx> e ( JQ br(x)dx> PUOTED 8

ast — T*, C;, C, defined as in Theorem 3.6.

(3.25)

Remark 3.8. 1If a(x) = constant, b(x) = constant, then the conclusions of Theorem 3.6
and Remark 3.7 still hold for Q c RN being a bounded domain with smooth boundary.

4. Boundary layer estimates

Throughout this section, we deal with boundary layer estimate of (1.1) with a(x) = g,
b(x) = b in which a, b are constants. At first we cite some conclusions belonging to Sou-
plet (see [1]) for the uncoupled equation (3.1) with a(x) = 1.

Definition 4.1. Say that g is standard if it satisfies the following power-like conditions
k(T-0"' <2 <k(T—0)7" ast—T (4.1)

for some constant k, > k; = 0.

Remark 4.2. According to the note after [1, Definition 4.1], we note that if g is stan-
dard, then C;(T —t)~®1*D < g(t) < C(T — t)~®1*1) as t — T. Conversely, g is standard
whenever ¢ (T —t)7" < g(t) < (T — t)77. Therefore, g(t) is standard, if and only if
c(T—t)7"1 <G(t) <) (T—t) " ast — T forsomey>1andc; > ¢; >0,¢; > ¢; >0.

LEmMa 4.3 [1, Theorem 4.5]. Let g(t) be standard and let w(x,t) be a solution of (3.1)
in which a(x) = 1 with blow-up time T. Denote by d(x) = dist(x,0Q). Then for all K > 0,
there exist constants my,m;, > 0, and some to € (0, T) such that

d(x)
Mg T

for (x,t) € {(x,t) € QX [ty, T) : d(x) < K/T — t}.

LEmMA 4.4 [1, Theorem 4.6]. Let g(t) and G(t) be standard, and let w(x,t) be a solution
of (3.1) in which a(x) = 1 with blow-up time T. Then |w(x,t)|»(1 — C(T —t)/d*(x)) <
w(x,t) in QX [ty, T) for some C >0 and some ty € (0,T).

G0
k\/—

G(1) < w(x,1) <

G(t) (4.2)

The above lemmas will be used to determine the boundary layer estimates of solutions
to problem (1.1). By using the conclusions of blow-up rates for problem (1.1) in Section 3
together with Lemmas 4.3 and 4.4, we have the following results.



14 Differential Equations and Nonlinear Mechanics

LEMMA 4.5. For system (1.1) with a(x) = a, b(x) = b, the same conclusions of Lemmas 4.3
and 4.4 still hold.

THEOREM 4.6. Under the assumptions of Theorem 3.6, let (u,v) be a solution of (1.1) with
blow-up time T. Then for all K > 0, there exist some constants C, = C; >0, C4 = C; >0 and
some ty € (0,T), such that (u,v) satisfies

d(x) - d(x)
C]\/—_|u(t)|oo_M(X,t)SCZ\/—_|M(t)|OO, (43)
d(x) d(x) '

for (x,t) € {(x,t) € QX [ty, T) : d(x) < K/T — t}.
Proof. From (3.25), we have G (t) ~ di (T — t)~% Gy(t) ~ d(T — t) "B as t — T, in which
di,d, >0, a, 3 > 0. For some t; € [0, T), there exist four positive constants m; (1 <i < 4)
such that

mi(T—t)"* < Gi(t) <my(T - 1t)"7,

ms(T — t)fﬁ < Gy(t) = my(T - t)iﬁ fort e [i’o,T). (44)

It follows that

my (T — 1) < Gy(t) < my(T — )"0,

4.5
ms(T — )% < Gy(t) < mg(T —1)"%*1 fort e [t, T), (43)

where §; =a+1>1, 8, =+1>1. Hence by Remark 4.2, it follows that g;(¢), g,(¢) are
standard. By using Lemma 4.3 and (3.13), we get the results immediately. O

THEOREM 4.7. Under the assumptions of Theorem 3.6, let (u,v) be a solution of (1.1) with
blow-up time T. Then for all K > 0, there exist some constants Cs,Ce >0 and some t, €
(0,T), such that (u,v)

|Mﬁh4l—giziﬁ)su@ih

42
Co(T ( 29 (4.6)
6
|v(t)|oo(1 200 ) < v(x,t)
forall (x,t) € QX [t,T).
Proof of this theorem is similar to the above theorem, so we omit it here.
Remark 4.8. Theorem 4.6 implies some boundary layer estimates that
wsh o YD (4.7)

1 u()] =T [v(t)]
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for x € {x € Q:d(x) < KT —t} satistying d(x)/~/T —t — 0 as t — T. Similarly, it fol-
lows from Theorem 4.7 that

. u(x,t)
lim

_ . vixt)
M a0 lim

PT7| V()] =1 (4.8)

for x € Q satisfying d(x)/~/T —t — 0 ast — T.

Due to the above discussion, we know that the size of boundary layer of (1.1) decays

like /T —t.
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