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Some Results on Stability of Difference Systems
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This paper presents some new results on existence and stability of equilibrium or periodic points for
difference systems. First sufficient conditions of existence of asymptotically stable equilibrium point as
well as the asymptotic stability of given equilibrium point are given for second order or delay difference
systems. Then some similar results on existence of asymptotically stable periodic (equilibrium) points

to general difference systems are presented.

Keywords: Stability of equilibrium point; Difference systems; Second order systems; Dynamical

system

INTRODUCTION

Difference dynamical systems are increasingly encoun-
tered in both natural and social sciences and have received
much attention in recent years (Kocic and Ladas, 1993). A
currently active area of research is the study of delay
difference dynamical systems. For example, the second
order (or delay) difference dynamical systems of the form

Yn+1 =f(ynayn—l) (1.1)

has received lot of investigations in recent years (Fisher
and Goh, 1984; Fisher, 1984; Sedaghat). Systems of type
(Eq. (1.1)) often arose in some mathematical models of the
macroeconomic systems and biological systems.

In this paper we deal with the existence of stable
equilibrium points of nonlinear difference systems. For
simplicity, we mainly focus on the second order nonlinear
difference dynamical systems as well as the stability of
given equilibrium points of the second order nonlinear
difference systems. Also we discuss some general
properties of two dimensional difference systems. The
results obtained in this paper can be easily generalized to
higher dimensional systems.

Due to the fact that the system shown in Eq. (1.1) can be
transformed into a two dimensional difference system, we
first review some preliminaries for two dimensional
systems.

Consider the following difference system
x € R?, xE€R?, (12

Xnr1 = F(xy), X0 = X,
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where F is two dimensional continuous map, and x is the
initial condition.

DerFINITION 1.1 A point X is called an equilibrium point
of Eq. (1.2), provided that it satisfies

x=FX).

A point X is called an periodic point of Eq. (1.2), if there
exists a positive number m such that

Fi®#x i=1,...m—1,

and

F™x) = x.

DerFINITION 1.2 An orbit {x,} (n=0,1,...,) with the
initial condition xy = x is said to be stable, if it satisfies
the following conditions:

For every € > 0, there exists 8> 0 such that if |x —
yl < 8, then |x, — ya| < & for every orbit {y,} with the
initial condition y.

DEerINITION 1.3 An orbit {x,} (n=0,1,...,) with the
initial condition x, = x is said to be asymptotically stable,
if it is stable and the following conditions hold:

|%, — yu| = 0, asn— o0,

DErINITION 1.4 An orbit {x,} (n=0,1,...,) with the
initial condition xy=x is said to be uniformly
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asymptotically stable, if it is stable and the following
condition holds:

(1) Foreache > 0 and integer n > 0, there exists 8 > 0
such that if |x, — y| < 9§, then

|xm+n - yml = |Fm(xn) - Fm()’)| <e

for every orbit {y,} with the above initial condition y.
Furthermore, the following holds
) |Xmin = yml = [F"(x) = F"0)| — 0, as m — oo.

STABILITY OF THE SECOND ORDER
DIFFERENCE EQUATION

THEOREM 2.1 Suppose that the function f(x,y) satisfies
the following condition
If(5,9) = fCe, | = amax{|x — x|, [y -y}, (2.1

where a <1 is a positive constant. Then Eq. (1.1)
possesses a asymptotically stable equilibrium point.

Proof Let {y,} be an orbit of Eq. (1.1) with initial
conditions y, and y,. First it is easy to see that

[y2nt1 = yaul = 1f32n, Y20-1) = F@2n—1, Y202
= amax{lyzn = yan—1l, [y2n—1 = yan—2l}.
In case of max{lyZn - y2n—1|> |y2n—1 - y2n—2|} =
[y2n = y2n—1l, one has
[y2nt1 = yaul = alyan — yan—1l

= a?max{lyzm—1 — Yan—2l, ly2n—2

In case of ma—i{)l%zd_}y%—lla |y2n—l - y2n—2|} =
[y2n—1 — Y2n—2|, one has

[Y2nt1 = Y2nl = alyan = yan-1l
= a’ max{lyzn-2 = yan-3l, [y2n-3
— yan-al}.

From these expressions it follows that
[y2ne1 = y2ul = @" max{ly> = y1, Iy1 = yol}

Similarly one can show that

Iy2ns2 = Yont1l = 1 fG2ns1,Y20) = FG2ns Yan—1)l
= amax{|yznt1, =Y2nl, [y2n, yon-1}

= a"max{ly> — yil,ly1 — yol}.

It is easy to see that {y,} is a Cauchy sequence,
accordingly converging to finite point y which is clearly an
equilibrium point of Eq. (1.1).

Now in view of Eq. (2.1) and the above arguments it is
easy to show that every orbit {y,} satisfies

[F2nt1 — 31 = a”" max{|y, — 3, |31 — 3},
and
[¥2n42 — 31 = a”" max{ly, — 3I, 31 — 3I}.

Therefore ¥ is an (globally) asymptotically stable point
of system (1.1). [
As the consequence of the above theorem one has the
following result.

COROLLARY 2.2 Iff(x,y) satisfies
|f(&,5) — fO, 0| < alx — x| + bly — yl,

where a>0, b>0, and a+b <1. Then Eq. (1.1)
possesses an asymptotically stable equilibrium point.
The following result is a consequence of linear analysis.

THEOREM 2.3 Let y be an equilibrium point of system
(Eq. (1.1)). Suppose that at the point y the function f(x,y)
satisfies the following conditions:

of 1/2

ax

., @ i <0, 3 }%‘ <1.
ay

9y

of

ey 3

2

Then y is asymptotically stable.
Proof Rewrite system (Eq. (1.1)) as
Xnt1 = fXn, Yn)  Ynt1 = Xn 2.2)

Let F(x,y) denote the map

fx,)
F(x,y) = . )

then one has

¥ _ )\ ¥
0 0
VF — Al = | oYY
- ox ay

where JF is the Jacobian matrix of F(x,y). The
corresponding eigenvalues are

L@+
Np=2— 8 W

Because of |(3f/ax)| = 2|(df /ay)|"/? and (3f/ay) < O
at the equilibrium point y, it is easy to see that

f i [ (af\Z_40f
Lriy/— () 4%
A1,2 = D) )
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and at the point y,

2 LI\ L of  (of\| e

This shows the y is (locally) asymptotically stable. [J

FURTHER RESULTS ON DIFFERENCE SYSTEMS

Consider a two-dimensional difference system

Xpp1 = F(x,), x€R*> x€R? (3.1

where F is a C"(r > 0) function.
One can obtain the following result without difficulty.

THEOREM 3.1 Let A be a connected compact invariant
set of Eq. (3.1). If there exists a constant 0 < & < 1, such
that

|F(x) — F(D)| = 8lx — (3.2)

for every pair points x and X of A, then A is simply
connected.

THEOREM 3.2 Let A be a compact invariant set of Eq.
(3.1). Suppose that an orbit {x,} CA (n=0,1,...,) of
Eq. (3.1) is uniformly asymptotically stable, then Eq. (3.1)
has an asymptotically stable periodic orbit.

Proof Because of the compactness of the invariant set A,
there exists a sequence n; — o0 such that

limx, = X.

—00

Therefore, for the § > 0 in Definition 1.4, there exists a
J > 0, such that in case of j > J, one has

[y, — x| < 8.

Because of the uniform asymptotic stability of the orbit
{x,}, it is easy to see that
|xm+n,-+1 - xm+nj| - 07 asm— 0.

Particularly, one has for the sequence n; that

|xni+nj+1 - xﬂi+nj| - 07 asi— oo,
This implies that
[F" (x,) = F"(x)| =0, asi— oo

i.e.
[Fri(x) — F(x)| = 0,

showing that X is a periodic orbit of period of n;y; — n;. It
is apparent that ¥ is asymptotically stable. O

COROLLARY 3.3 Suppose that for a nontrivial orbit {x,,}
of Eq. (3.1), the condition that there exists a constant
0 < 8 < 1, such that |F(xpr1) — F(x,)| = 8lxup1 — x4l is
satisfied, then Eq. (3.1) has an asymptotically stable
period (equilibrium) orbit.

THEOREM 3.4 Let A be a compact subset of R* which is
invariant under F in Eq. (3.1). Suppose that F is
continuously differentiable on A and every eigenvalue
Ax) of JF satisfies

A <1, x€EA, (3.3)

where JF is the Jacobian matrix of F. Then system (Eq.
(3.1)) has an asymptotically stable (periodic) equilibrium
point in A.

Proof First it is easy to see that A(x) is continuous on A
by virtue of the conditions given. Now because of
inequality (Eq. (3.3)), and by means of theory of linear
systems, there exists a positive continuous function
n(x) < 1 and a metric function (Riemannian metric) K,(,)
with

K.(V,V) = (V'Q()V),

xEA. 3.4

where Q(x) is a positive symmetric matrix (continuous)
function of x, such that for any vector V € R 2,
Kry(UF()V) = n°K(V, V) 3.5)

From the compactness of A, it is easy to see that there is
positive number 8 < 1 such that n(x) = 6 < 1.

It follows that every orbit {x,} CA (n=20,1,...,) of
Eq. (3.1) is uniformly asymptotically stable. Therefore, in
the same manner as in the proof of the Theorem 3.2, we
get the conclusion that system (Eq. (3.1)) has an
asymptotically stable periodic (equilibrium) point in
A, O

COROLLARY 3.5 Let A be an invariant compact set of
system (Eq. (2.2)). Suppose that at every point (x,y) € A
the function f(x,y) satisfies the following conditions:

o <o
ox dy

1/2 of

i)
(1)| L @<, (3)’81;\«.

Then system (Eq. (2.2)) has an asymptotically stable
periodic (equilibrium) point.
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