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This paper deals with the problem of delay-dependent stability criterion of uncertain periodic
switched recurrent neural networks with time-varying delays. When uncertain discrete-time recur-
rent neural network is a periodic system, it is expressed as switched neural network for the finite
switching state. Based on the switched quadratic Lyapunov functional approach (SQLF) and free-
weighting matrix approach (FWM), some linear matrix inequality criteria are found to guarantee
the delay-dependent asymptotical stability of these systems. Two examples illustrate the exactness
of the proposed criteria.

1. Introduction

Recurrent neural networks (RNNs) are a very important tool for many application areas such
as associative memory, pattern recognition, signal processing, model identification, and com-
binatorial optimization. With the development of research on RNNs in theory and applica-
tion, the model is more and more complex. When the continuous-time RNNs are simulated
using computer, they should be discretized into discrete-time RNNs [1-3]. Simultaneously,
in implementations of artificial neural networks, time-varying delay may occur due to finite
switching speeds of the amplifiers and communication time [4, 5]. Therefore, researchers
have considered that discrete-time RNNs with time-varying delay are incorporated in the
processing and/or transmission parts of the network architectures [6-9]. Parameter uncer-
tainties and nonautonomous phenomena often exist in real systems due to modeling inac-
curacies [4]. Particularly when we consider a long-term dynamical behaviors of the system
and consider seasonality of the changing environment, the parameters of the system usually
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will change with time [10-14]. In order to model those systems with neural networks, the un-
certain (or switched or jumping) neural networks with time-varying delay appear in many
papers [6, 15-24]. So in this paper we consider the stability of the following discrete-time
recurrent neural networks with time-varying delay:

utk+1) = (A+ AA(k))u(k) + (W1 + AW;(k))g(u(k)) 1)
1.1
+ (Wa + AW, (k)) f(u(k = d(k))) + (I + Al(k)),

where u(k) = {ui(k), uz(k),...,u,(k)} € R"is the state vector associated with n neurons, A =
diag{ai, as, ..., a,} is a diagonal matrix with positive entries, W; and W, are, respectively,
the connection weight matrix and the delayed connection weight matrix, I is input vector,
gu) ={g1(u),g(u),...,g.(u)} and f(u) = { f1(u), f2(u), ..., fu(u)} are the neuron activation
function vectors, and d(k) is nonnegative differential time-varying functions which denote
the time delays and satisfy

0<dy <dk) < dy. (1.2)

In most literatures it is required that parameter uncertainty matrices, such as AA(k),
AW (k), AW,(k), and AI(k), should be in the form

[AA(k) AWi(k) AW (k) AI(k)] = DF(k)[Ea Euwt Ew2 Eil, (1.3)

where E;, Ey1, Eu, and E; are given constant matrices of appropriate dimensions and F (k)
is an uncertain matrix such that

FI(k)F(k) <. (1.4)

In practice, however, AA(k), AW;(k), AW, (k), and Al(k) are generally difficult to have the
decomposition of matrices for D, E,, Ey1, Ewp, and E;. In addition, periodic oscillation in
recurrent neural networks is an interesting dynamic behavior as many biological and cogni-
tive activities require repetition [7, 10, 11, 25]. Simultaneously, periodic oscillations in recur-
rent neural networks have been found in many applications such as associative memories,
pattern recognition, machine learning, and robot motion control [25]. So, if (1.1) is an un-
certain periodic neural network in which the period is less than a constant b, then (1.1) can
be expressed as switched neural network for the finite switching state, that is, if (1.1) is a
neural network with period a (0 < a < b), then AA(k) = AA(k + a), AW;(k) = AW;(k + a),
AW, (k) = AW, (k + a), and AI(k) = AI(k + a), which is corresponding to a switched neural
network set: Q = Uﬁzl U,, where U, = {Sus = (A, W1ai, Waai, 1si) | 0 < i < a}, Ag =
A+ AA(k+l), Wlai =Wi+ AW, (k+1), W2a1‘ =Wr+ AWz(k+l), and Iai =1+ AI(k+l) Suppose
N is the number of elements of Q; then (1.1) is actually modified by

u(k +1) = Argyu(k) + Wi g(u(k)) + Wor) f (u(k — d(k))) + I, (1.5)
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where r (k) is a switching rule defined by (k) : N — Qwith Q = {51,S,,...,Sn}. Moreover,
r(k) = j means the sub-recurrent neural network (sub-RNN) S;, which is corresponding to
(Aj, Wl]', sz, I]), is active.

The dynamic behaviors of those models are foundations for applications. Under (1.5)
most papers discuss the stability of uncertain neural networks with the common Lyapunov
function approach [5, 6, 15-23, 25]. To the best of the authors” knowledge, up to now, there is
scarcely any paper that studies the uncertain periodic neural networks using the SQLFE. This
situation motivates this research.

Motivated by the above discussions, the authors intend to study a problem of the
delay-dependent stability criterion of uncertain discrete-time recurrent neural networks with
time-varying delays that the uncertain recurrent neural networks have a finite number of sub-
RNNs, and the sub-RNNs may change from one to another according to arbitrary switching
and restricted switching. The contributions of this paper are the following. (1) Using a
switching graph, uncertain periodic recurrent neural networks with time-varying delays are
transformed into switched recurrent neural networks; (2) the derivative of the SQLF (3.7) of
the literature [8] is improved in (3.11), please see Remark 4.3 and Table 3; (3) based on the
switching graph, the delay-dependent stability criteria of switched recurrent neural networks
are studied by FWM and SQLEFE. Then an effective LMI approach is developed to solve the
problem.

This paper is organized as follows. In Section 2, we give some basic definitions. We
analyze the stability of the system (2.2) with the SQLF and FWM in Section 3. Some examples
are given in Section 4. Section 5 offers the conclusions of this paper.

2. Preliminaries

In many electronic circuits, nonmonotonic functions can be more appropriate to describe the
neuron activation in designing and implementing an artificial neural network [7]; hence, we
have the following assumption.

Forany j € {1,2,...,n}, there exist constants g].‘, g}r, f ].‘, and f ].* such that

80 -g(@)

g] _ng;/ VGLGZGRI
(2.1)
(01 — f:(O
fi < % <fi, V61,6,€R

Under the assumption, the equilibrium points of UDNN (1.1) exist by the fixed point
theorem [1]. In the following, let u® = {uj,us,...,u;} be the equilibrium point of (1.1); then
x(-) = u(-) — u°. The systems (1.1) and (1.5) are, respectively, shifted to the following form:

x(k+1) = (A+AA(K))x(k) + (Wi + AW (k))g(x(k)) + (W2 + AW, (k)) f (x(k = 7(k))),

x(k+1) = Aygox(k) + Wingo g (x(k)) + Wapgo f (x(k — d(k))), (k) € Q.
(2.2)

For convenience, the switching graph is defined.
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Definition 2.1. LetI' = (€, W) be a switching graph, where Q is the set of sub-RNNs S; and W
is the set of weighted arcs w;; € {0,1}. w;; = 1 (or 0) represents the sub-RNN S; switches (or
does not switch) to the sub-RNN S;.

Remark 2.2. When w;; = 1, if Zf\zjlw]-l = 0, that is sub-RNN S; cannot switch to any other
sub-RNN, we suppose that the uncertain neural networks will always stay in the sub-RNN
S that means w;; = 1 and w;; = 0.

Throughout this paper, the superscript T stands for the transpose of a matrix, P > 0
means that the matrix P is positive definite, and the symmetric terms in a symmetric matrix

are denoted by *, for example,
M O M O
« N| |o’ N/

Gi =diag{g,81,8:8 -+ 88}/

- 4ot -4 oot -4 ot
G2=diag{—g1 231’_82 282,...,——g"28"}, 2.3)

Fy=diag{f{ f{, 2 f3,---/ fu fu ),

-4+ f* N 2 -4 ft
F2=diag{—f1 2f1’_f2 2f2,-~-,—fn an }

3. Asymptotical Stability of Uncertain Periodic Switched
Recurrent Neural Networks

Theorem 3.1. Let dy and d; be positive integers such that 0 < dy < dy. Based on a switching graph
[, the system (2.2) is asymptotical stable if, when wij = 1 (S;, Sj € Q), there exist the corresponding
symmetric matrices P; = PT >0, Q1 = QI >0, Qo =Qf >0, R=RT >0, z, = ZT >0,
Z, =7V >0, X = (X" >0, Ui = U >0, HI = diag{h!,h},...,h)} >0, OV =
diag{o},03,...,0,} > 0, and any appropriate dimensional matrices N', M, and T' such that the
following LMISs hold:

(@), @), o, o, ¢ @
« oL ol o) 0 0
ij ij
oio | >, cp?4 0 0 <0 31)
x % *x @ 0 -FROV
)
| * * * * * CD16]6 )

s [X9 N
A = >0, (3.2)
* Zl
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. uii Tii
A = [ ] >0,

* ZZ
o[ eui M
Al = >0,
* 1+ 72>

where

(3.3)

(3.4)

@) = ATPA - P+ Q1 + Qo + (da — dy + )R + (A; - E) (daZyj + (dy - d1) Zs;) (A; - E)

+ (NV) + NY +doX]) + (da - U, - GiHY,
i (N T+ X+ (d ij
Dy, = <N2> + T + o Xy, + (d2 — di)Uyy,
o i\T ij ij ij
137 <N3 ) = My +da X5 + (da = di)U,
oy = =Ny + (N]) 4 MY =17 + do X, + (da - d)ULY,
O = ATPWy + (A - E)' (doZy + (da — dy) Zo) Wy — G HY,
®) = ATP,Wai + (A; — E) (daZy + (d — di) Z) W,
o, =-Qi - R+ (TV) + T + X2, + (dy — dy) U
2~ 1 2 2 2899 2 1)Uz,
i gl ii\T ij ij
ol = -MJ + <T3 ) + do X+ (dy - dy)U,
0, = =Ny + (T]) + M] =T + do X3, + (b - d) U,
ij ij i\T ij ij
O = -Qo - R-M] - (MJ) +d X, + (dr - di)U,

®f, = -N3 - (M) + M3 ~ T + do X3, + (dr — d)UI3,

oy =-NJ - (NJ) + My + (M) =) = (1)) + X)), + (- di) U, - F1OY,

O = WEPWy; + W(daZy + (dy — dv) Zo) Wy — HY,
(Dge = WlTPjW2i + W(daZy + (da — d1) Z2)Woy,

i i

@ = WIP Wy + W (dy Zy + (da — dy) Zo)Wa; — O

(3.5)

Proof. Suppose that y(I) = x(I + 1) — x(I); then we have x(k + 1) = x(k) + y(k) and x(k) =

x(k=d(k)) + S5 a0y D).
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We consider the following SQLF:

Vo (k) = Virgy (k) + Varg (k) + Varg) (k) + Var) (k),

Virgy (k) = xT (k) Pry x (k),

(3.6)
k-1 k-1
Vorgiy (k) = xT(DQurax(l) + xT (D) Qoriox (1),
I=k—dh I=k—dy
k=di k-1
Vary (k) = D DxT (DRrx(D), (3.7)
O=k-d, 1=0
-1 k-1 ~di-1 k-1
Vi) = D Sy D) Ziray D) + D, D y" (D) Zoroy (). (3.8)
0=—d, I=k+6 0=—d, I=k+0
It is clear that the following equations are true:
k-1 k—d(k)-1 k-1
2V D ZuwyD = X, Yy D) Zuwyd) + y' () Zarayy (),
I=k~d, I=k~ds I=k—d(k)
(3.9)
k—di-1 k—d(k)-1 k—di~1
S YV D ZuwyD) = D Y D ZuwyD)+ D, ¥ () Zorwyy (D).
I=k~dy I=k~d, 1=k~d (k)

Firstly, we prove that under w;; = 1 the SQLF is less than 0. Suppose that r(k) = i and
r(k +1) = j, that means the sub-RNN S; switches to the sub-RNN S;; we obtain
AVyi(k) = Vij(k +1) = Vii(k) = (Aix (k) + Whig(x(k)) + Waif (x(k - d(k))))T
x P;(Aix(k) + Wiig(x(k)) + Waif (x(k — d(k)))) — x" (k) Pix(k),

AVoi(k) = Vaj(k +1) = Vai(k) = x" (k) (Quj + Qaj) x(k) — x" (k — dy)Quix (k — dy)

= (3.10)
- (k=) Qur(k—d) + 3 T (1)(Qij - Qu)x()
I=k+1-d;
k-1
+ > X (D(Qy - Q)x(),
I=k+1-ds

AVsi(k) = Vaj(k +1) = Vai(k) < (d2 = di + 1)x" (k)R;x(k)

- x"(k — dy)Rix(k — d) — x" (k = dy) Rix(k — dp) — x" (k — d(k))Rix (k — d(k))

k-1 k-di k-1
+ > XOR-R)x()+ D DxTD(Rj - Ri)x(l),
I=k+1-d; O=k+1-d, 1=0

(3.11)
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AVyi(k) = Vaj(k +1) = Vai(k) = day” (k) Zajy (k) + (dy — da)y" (k) Zajy (k)

k—

—

k—di-1

- D> Y DZuy) - D, v (D Zay(l)

I=k—-d (k) I=k—d(k)

k-d(k)-1 -1 k-1 (3.12)
= > Y O@u+ ZayyD+ D, Sy (2 - Za)y (D)

I=k-d, 0=—d, I=k+1+6

—-d;-1 k-1
+ > D Y ()(Zy - Za)y (D).

0=—d, I=k+1+6

In order to strictly guarantee AV5;(k) <0, Zfz_klﬂ_ & xT (1) (Q1j — Q1i)x(1) should be less
than 0. In the switching graph I'if there exists sub-RNN S; (S; € ), which satisfied Zﬁlwij =
0, which means the S; cannot switch to any other sub-RNN, the equation Qy; = Q;; can be
grounded, otherwise the switching sequence must be p = {S,, — Sa, —,..., = S5 —

+, = Sap = Su,} (Sa; € Q), and there exist [ such that Sy, = Sy (1 <1 < L). Because
the affection of the sub-RNNs S4,5,...,5.1 and S; on the whole system is before time ay,
after a; the f changes to a periodic sequence ' = {S,, — -+, — Sa — Sa,..}. Suppose that
i = a; = ap41; then in switching sequence ' the following LMIs all hold:

Qia; — Qiay 20 (Qii — Qi) 20),
Qlum - Q1a1+2 >0,

(3.13)
Qiay = Qe 20 (Qury — Qui 2 0);
then the solution of (3.13) is Q1; = Qg = Qiay, = -+ = Qia, - Thus, we suppose that
Q1= Q1 = Q. (3.14)

Similar to Z;(:_l<1+1—d1 xT(1)(Q1j — Qui)x (1), together with Z;‘:_,:H_dsz(l) (Q2j— Qai)x (1), Z;:klﬂ—dl
XT(D)(R; - R)x(D), Tpoit oy e xT (D(R; = R)x(l), Spl g T ,0v" (D(Z1; - Z1)y (1) and
Sor Sy ()(Zo - Zai)y(1), we suppose that

Q2 = Qi = Qyj,
(3.15)
R=R; =R,
7y = Zyi =2, (3.16)

Zy = Zoi = Zs;. (3.17)
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On the other hand, for any appropriately dimensioned matrices N/, M/, and T% the follow-
ing equations are true:

k-1

2¢T (k)N [x(k) — x(k - d(k)) - y(l)] =0, (3.18)
(k)

I=k-d

k-d(k)-1
2¢" (k)M [X(k —d(k)) - x(k-dy) - D y(l)] =0,
I=k—d,
(3.19)
k—d;-1

22T (k)T [x(k —dy) —x(k-d(k)) - Z y(l)] =0,

I=k-d(k)

where ¢(k) = [x7 (k), xT (k — di), X" (k - d), x" (k - d(k))]".
In addition, for any semipositive definite matrix X7/ = (X¥)" and U = (U)", the fol-
lowing equations hold:

B k—d(k)-1 - k-1 -
dpdT (k) XUé(k) = D, & (k) XTe(k) - (k) Xé(k) =0,
I=k—d, I=k—d(k)
(3.20)
B k—d(k)-1 - k—di—1 -
(dy - dn)dT ()UTe(k) - > &TUTek) - D) & (kUY(k) =0.
I=k—d, I=k—d(k)
From the assumption, we have

(gi(x(k)) = gy xi(k)) x (gi(x(k)) - g x1(k)) <0, 1=1,2,...,m,

(3.21)

(fi(x(k = di)) = fx(k = di)) x (fi(x(k = di)) = fix(k—di)) <0, 1=1,2,...,n

Similar to the conclusion in [8], for HY = diag{hy, ha,..., h,} > 0,07 = diag{os,
02,...,04} 2 0 the following inequalities are also true:

T ii ij
_[ x(k) ] [GlHl GZI_-I.]:H: x(k) :IZO’ (3.22)
g(x(k)) * HY || g(x(k))

_[ x(k - (k) ]T[Flo"f oni]]l: x(k - d(k)) ]>0 (3.23)
) N |

f(x(k-d(k) * O || f(x(k-d(k)))
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Then we add the terms on the right side of (3.16)—(3.23) to yield
AVi(k) = AVi(k) + AVyi(k) + AVsi(k) + AVyi(k)

k-1 B
< ()@ (k) = >, 13 (k, A 7a(k, 1)
I=k—-d(k) (3.24)
k-di-1 - k—-d(k)-1 .
- > m DA, - >y (kDAY (K, D),
I=k-d(k) I=k-d,

where 17 (k) = [¢7(K), g7 (x(K)), fT (x(k - d(O)TT, 5 (k,1) = [T (K), 4 ()]

And ¢ (k) is defined in (3.18). @7, A/, AJ, and A] are defined in (3.1)—(3.4). Therefore,
when the corresponding LMIs satisfy D7 < 0, Allj >0, Alz] > 0, and A;] >0, 5,5 € Q,
AVi(k) <0.

Secondly, based on the switching graph T, when w;; = 1 (5;, S; € Q), all corresponding
AVj(k) are less than 0 that means the system (2.2) is asymptotical stable. This completes the
proof of Theorem 3.1. O

Remark 3.2. Using the method in [8], it is easily to know that the system is the globally ex-

ponentially stable.

Remark 3.3. In Vs (k) of the literature [8], -3,° % xT () Rix(1) < —x" (k - d(k)) Rix(k - d(k))

may lead to considerable conservativeness. Then, it is improved as —Zf:_kd_(sz)xT(l)Rix(l) <

—xT(k - dy)Rix(k —dy) = xT (k= d(k))Rix(k — d(k)) — xT (k — d1)Rix(k — d;). Please see Table 3.
Combined with Theorem 3.1, we consider the common Lyapunov function approach;

then we have the following.

Corollary 3.4. Let dy and d, be positive integers such that 0 < dy < dp. The system (2.2) is asym-
ptotical stable if there exist symmetric matrices P = PT >0, Q = QlT >0, Q; = Qg >0,R =
RT >0, 7z, = ZlT >0, Zp = ZZT >0, X=XT>0, U=UT >0, H=diag{hy, hy,..., h,} >0,
O = diag{o1,0y,...,0,} 2 0, and any appropriate dimensional matrices N, M, and T such that the
following LMIs hold:

(@1, @, D3 Dy D5 Dy |
_ * * (I)33 (I)34 0 0
O, = . . + Oy 0 -FO <0, S,eQ,
* * * * CD55 ®56
| * * * * * Dge ]
X N
A = S0, (3.25)
* 7
urT
Az = >0,
* 22

X+u M
Az = >0,
* 1+ 2>
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where

@y = ATPA; ~ P+ Qi+ Qo+ (dy —di + )R+ (Ai ~ E)' (2 Z1 + (d2 ~ ch) Z5) (A; ~ E)
+N{ + Ni + doXq1 + (da — di)Un - GiH,

@y = NI + Ty + daXip + (da — di)Una,

@13 = N3 — My + doXaz + (do — di) U3,

@1y =-N1+ N} + My - Ty + da X4 + (dp — di)Una,

D15 = ATPWy; + (A - E) (o Zy + (da — d1) Zo)Wh; — GoH,

D15 = ATPWy; + (A; — E)' (daZy + (da — d1) Z2)Wai,

@y =-Q1 — R+TY + Ty +daXop + (dy — di)Un,

@ = My + T +doXos + (do — d1)Uas,

Doy = —Np + T} + My —Tr + doXos + (da — di) U,

@33 =-Qr — R— Mz — M +dr X33 + (dp — d)Uzs,

@34 = —N3 — MI + M3 —Ts + dy Xz4 + (da — d1) U4,

@y =-Ny— N} + Mg+ M} ~Ty =T} = F10 + doXus + (do — d1)Uss - R,
®s5 = WLPWy + W(daZy + (da — d1) Z2)Whi — H,

D56 = W,PWoi + W(daZy + (da — di) Zo) Way,

D5 = WLPWo; + Wi(daZy + (da — d1) Z2)Wa; = O.

(3.26)
4. Examples
Example 4.1. Consider the discrete-time recurrent neural network (2.2) with
07 0 0 0.1 -02 0.1 -03 01 -02
A=]10 02 0], Wy =103 -01 0 |, Wy=102 -01 01|,
0 0 05 0 -0.1 -04 0 -0.02 0.07
01 0 O 04 -02 0 -03 01 -02
A=10 02 0], Wp=102 -02 0 |, Wy=1 0 =003 0 [,
0 0 04 -0.3 -0.1 -0.5 05 -02 05
01 0 O 02 0 03 -0.08 0.1 -02
As;=1]10 04 0], Wiy =10.04 =03 0 |, Wy=1 02 -04 -0.05],
0 0 04 -0.1 -0.6 -0.1 0 -02 -01
010
r=100 1y,

100



Discrete Dynamics in Nature and Society 11

g1(x) = tanh(0.4x), 2 (x) = tanh(0.2x), 23(x) = tanh(-0.8x),
fi1(x) = tanh(-0.6x), fa2(x) = tanh(0.4x), f3(x) = tanh(0.2x).

(4.1)
Then we have
000 02 0 O 03 0 0
Gy =F, =100 0}, G=10 01 0 |, F,b=10 -02 0 |. (4.2)
000 0 0 -04 0 0 -01

Employing the LMIs in Theorem 3.1 yields upper bounds on d, that guarantee the
stability of system (1.1) for various lower bounds d;, which are listed in Table 1. When d; =1
and d, = 3, it can be seen from Figure 1 that all the state solutions corresponding to the 10
random initial points are convergent asymptotically to the unique equilibrium x* = {0, 0,0},
and according to Theorem 3.1, LMIs (3.1)—(3.4) are solvable in Matlab 7.0.1.

Example 4.2. Consider the discrete-time recurrent neural network (2.2) with

01 0 O 05 -02 02 -02 0.1 02
A=|0 02 0], Wy=|(01 -01 0 |, W= 0 -03 0.1],
0 0 03 -04 -0.1 -0.3 0 -03 0.03
g1(x) = fi(x) = tanh(0.6x), 2(x) = fa(x) = tanh(0.4x), 23(x) = f3(x) = tanh(0.2x).
(4.3)
Then we have
000 03 0 0
Gi=F,=|000], G,=F,=10 02 0]. (4.4)
000 0 0 01

Employing the LMIs in [8] and those in Corollary 3.4 yields upper bounds on d, that
guarantee the stability of system for various lower bounds d;, which are listed in Table 2. It is
clear that the obtained upper bounds of this paper are better than those of [8]. It can be seen
from Figure 2 that, when d; = 1 and d, = 3, all the state solutions corresponding to the 10
random initial points are convergent asymptotically to the unique equilibrium x* = {0, 0, 0}.

Remark 4.3. Employing the LMIs in [8] and those in Corollary 3.4 yields upper bounds on d;
that guarantee the stability of system (1.1) of the Example 1 of [8] for various lower bounds
dy, which are listed in Table 3.
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Figure 2: Global convergence of states x1, x», and x3 in Example 4.2, when d; =1and d, = 3.
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Table 1: Allowable upper bound of d, with given d;.

d; 0 2 4 6 8 20
Theorem 3.1 9 11 13 15 17 29

Table 2: Allowable upper bound of d, with given d;.

dy 0 2 4 6 8 10 20
Reference [8] 20 22 24 26 28 30 40
Corollary 3.4 38 40 42 44 46 48 58

Table 3: Allowable upper bound of d, with given d;.

dy 0 2 4 6 10
Reference [8] 11 13 15 17 21
Corollary 3.4 12 14 16 18 22

5. Conclusions

This paper was dedicated to the delay-dependent stability of uncertain periodic switched
recurrent neural networks with time-varying delay. A less conservative LMI-based globally
stability criterion is obtained with the switched quadratic Lyapunov functional approach
and free-weighting matrix approach for periodic uncertain discrete-time recurrent neural
networks with a time-varying delay. One example illustrates the exactness of the proposed
criterion. Another example demonstrates that the proposed method is an improvement over
the existing one.
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