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1. Introduction

A part-metric related (PMR) inequality chain is a chain of inequalities of the form

1 1
inda, — < < ,— :
glilgr;{az, " } <f(ay,...,a,) < @gﬁ{al, @ } (1.1)
which is closely related to the well-known part metric [1] and has important applications in
the study of difference equations [2-13]. Below are three previously known PMR inequality
chains:

. 1 a] + ax + asay 1
ming a;, — < ——————— <max{ a;, — (see [5]), (1.2)
1<i<4 a; aijap +asz + as 1<i<4 a;
. 1 ay+ -+ ax-p + ax_1ax 1
minj a;, — ¢ < < max{ a;, — (see [11]), (1.3)
1<i<k a; ajap +as+ -+ ag 1<i<k a;

. 1+w)ajarasz + ag + as 1
ming a;, — ¢ < ( ) <maxja;,—y, 1<w<2 (see[l3]). (14)
1<i<5 a; aijap + ayasz + azasz + wagas 1<i<5
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In this article, we establish the following PMR inequality chain:

. 1 1
min {a,-, — t $hy(ay,...,ap1) < max {a,—t, (1.5)
1<i<2p-1 a; 1<i<2p-1 a;

where h,, will be defined in the next section, p —2 < w < p — 1. When p = 3, chain (1.5) reduces
to chain (1.4). On this basis, we prove that the difference equation

Xn = Mo (Xn-2pst, - Xn1), n=12,..., (1.6)

with positive initial conditions admits a globally asymptotically stable equilibrium c = 1.

2. Main results
This section establishes the main results of this paper. For a function f(ay,..., azp,l), let

f(al, ey azp_1>|i1~ir = f(a1, ey azp_1>| (21)

aj;=m,1<j<r’

Lemma 2.1. Let ay,...,a,,by,...,by > 0. Then minici<y{a;/b;i} < (a1 + --- + a,)/(b1+

-+ + by) <maxicicy{ai/bi}. One equality in the chain holds if and only if a1 /by = --- = a,/by,.

For p > 3 and w > 0, define a function hy, : (9%)2” 1, as follows:

2p-1 2p-1
(1+w)TTL, ai + Hiprrlai x Zifp+1(1/ai)

hw(a1 . azp_l = . (22)
7 7 p 14 2;771
[Tioyaix Xy (1/ai) + wHi:p+1ai
Below are two examples of this function:
1+w)araas +as+a
hw(a1/-~~/a5)= ( ) 14243 4 5 ,
ajap + ajas + aasz + wagads (2 3)

(1 +w)arazazay + asag + asa; + agay

hw(al,...,a7)= .
ajazasz + ajazay + ajasas + araszag + wasaegay

For brevity, let hy, = hy(ay, ..., as-1). Note that, for each a,, hy, is linear fractional in a,.
As a consequence, h,, is monotone in a,. Through simple calculations, we get the following
two lemmas.
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Lemma 2.2. Letp >3, ay,...,a42p1 >0, m = min1<l~<2,,_1{ai}, 1<r<p.

(1) If hy_y is increasing in a,, then hy < (p— 1)/ 37
if hy 5 is constant in a,.

iz1,izr(1/ ai). The equality holds if and only

(2) If hy— is strictly decreasing in ay, then hy» < hp|, _ . The equality holds if and only if
a, = m.

Lemma23. Letp >3, ay,...,a2p-1 >0, m= minlsiszp,l{ai}, p+1<r<2p-1

(1) If hy-» is increasing in ay, then hy 5 < Z
only if h,_» is constant in a,.

il p+1 #r(l/ai)/(p — 2). The equality holds if and
(2) If hy—s is strictly decreasing in ay, then hyp < hp|, _ . The equality holds if and only if
a, =m.

Theorem 2.4. Let 14 > 3 ai, ..., a2p-1 > 0. Then minlsiszp,l {ai, 1/(11‘} < hp,z <
maxi<i<op-1{ai, 1/a;}. One of the two equalities holds if and only if ay = --- = azp 1 = 1.

PTOOf. Letm = minlgigzp,l { a; }, M = maxi<i<2p-1 { a; }

We prove only hp,z < max{M,1/m} because min{M,1/m} < hp,z can be proved simi-
larly. We proceed by distinguishing two possible cases.
Case 1. There is a permutation iy, ...,i 1 0f 1,2,...,2p — 1 such that foreach 1 < k < 2p -1,
either a; = mor hy|, , is strictly decreasing in a;,. Then

1 1 1 1
hy2 < hP‘2|i1 << hy 2|11~12 L z(m + E) < max {m, E} < max {M, E} (2.4)

Case 2. There is a partial permutation iy,...,i, of 1,2,...,2p =1 (1 < r < 2p — 2) such that (a)
for each 1 < k < r, either alk = mor hy_ 2| i is strictly decreasing in a;,, and (b) for each
te{l,...,2p-1} - {i1,...,i,}, a;#m and h,, 2|1 i, is increasing in a;. Then

m<M, o <hol <hpol, <y (2.5)

11~12 - i1~y

Sincer < 2p -2, thereist € {1,...,2p -1} - {iy,..., i, }. lft € {1,...,p} = {i1,..., 1, }, it
follows from (2.5) and Lemma 2.2 that

-1 1
> P-1) max {a;}i~, <M < max {M, —}. (2.6)
S (e, 19 m

Whereasift € {p+1,...,2p -1} - {iy,..., i}, it follows from (2.5) and Lemma 2.3 that

2 1

1pp+1 1#(1/(11) 1 1
L A T
1~1r (p 2)|i1~i, p+1<i2p-1,i#t | a; m

Hence, h, > < max{M,1/m} is proven.

hP 2<h P 2|11~1,

hp 2< hp 2|

<m { M%} 2.7)

Second, we prove that a; = -+ = a1 = 1if h, » = max{M,1/m}. The claim of “a; =
<+ = a1 =1if h,» = min{M, 1/m}” can be treated similarly. To this end, we need to prove
the following. O

Claim 1. If hy = max{M,1/m}, then there is a permutation i1, ..., dop1 of 1,...,2p — 1 such
that for each 1 < k <2p -1, either a; = mor hy,|; , is strictly decreasing in a;,.
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Proof of Claim 1. On the contrary, assume that Claim 1 is not true. Then there is a partial permu-
tation iy,...,i, of 1,2,...,2p -1 (1 < r <2p —2) such that (a) for each 1 < k < r, either a;, =m

or hP‘2|i1~ik is strictly decreasmg in a;, and (b) foreach t € {1,...,2p -1} = {iy,...,i,}, aj,#m
and hy,_ 2|1 i, is increasing in a;. One of the following two cases must occur.
Case 1. There is t € {1,...,2p -1} - {i1,...,i,} such that hP—2|i1~i, is strictly increasing in a;. If
tefl,...,p}-1{i1,... ,1,} it follows by (2.5), (2.6), and Lemma 2.2 that
(p-1) 1
hpo <hyal. < max {a; |-~~,§max{M,—}. (2.8)
p- p=2li i, Zf:l,i#(l/ai)li1~i, 1slsp,z¢t{ i} i~ m

A contradiction occurs. Whereasift € {p +1,...,2p -1} - {iy,...,i,}, it follows by (2.5), (2.7),
and Lemma 2.3 that

2p-1
Zi* (1/ai) 1 1
=p+1,i#t
< — < i < — 3. 2.
ba sl < SR e {2l sman{M ) @9

Again a contradiction occurs.
Case 2. Foreachte {1,...,2p -1} - {i1,...,ir}, hP‘2|i1~ir is constant in ay.
First, let us show that {1,...,p} C {i1,...,i,}. Otherwise, there is t € {1,...,p} — {i1,
,i,}. By Lemma 2.2, we have

r-1)
hpeal -, = < (2.10)
Zz 11#(1/“1)' i1~iy

If thereis s € {1,...,p} - {i1,...,ir t}, it follows from (2.10) that hp_2|1.1N1. is strictly increasing

inag a Contradlctlon occurs. So, {1,...,p} - {i1,..., i} = {t} and thus

1

max {M, E} = hp2 < hpoali~i, = hpa(ay, ..., 02p—1)|ai1:4..:air:m =m<M, (2.11)
from which a contradiction follows. So, {1,...,p} C {i1,...,i,}. O

According to the previous argument, there is t € {p +1,...,2p — 1} - {iy,...,i,}. By
Lemma 2.3, we get

Zp 1 (1/(1)
ho o = Ll‘ 212
P 2|l1~1r (r- 2)|i1~i1 ( )

If thereis s € {p+1,...,2p = 1} - {i1,..., i, t}, it follows from (2.12) that hp_2|i1~i is strictly
decreasing in as, a contradiction. So, {p+1,...,2p -1} - {i1,...,i,} = {t} and thus

ay=--=0a-1=0ap41 =+ = azp_l =m. (213)
By (2.13) and (2.2), we get

-1)mP+m+(p-2)a
By =yl , = (-1 (p-2)a;

pm? + (p - 2)may (2.14)
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- ((p = D(p - 2ym*(1 - m?))/
[pm? + (p - 2)ma;]?, we derive m = 1. From (2.12) and (2.13), we get hp_2|i1~i, = 1/m. Since
h,> = max{M,1/m}, all equalities in chains (2.5) and (2.7) hold. These plus m = 1 yield
hp_2|i1~i, =1/m =1 > M, from which we derive M = m = 1.So, a; = 1 = m. This is a
contradiction. Claim 1 is proved.

By Claim1 and h,, = max{M,1/m}, all equalities in (2.4) must hold. This plus

Since hP‘2|i1~i is constant in a;, and (d/da;)h,-;

Lemma 2.2 yields a; = -++ = az,-1 = mand hy 2(m,...,m) = (m+1/m)/2 = m. This implies
ay = =axpy-1= 1.
Theorem 2.5.Let p > 3, ay,...,a5p1 > 0. Then, minigop1{a;,1/a;} < h,1 <
maxici<op-1{ai, 1/a;}. One of the two equalities holds if and only if ay = --- = a, = 1/
Apyy = = 1/‘12;7*1'

Proof. By Lemma 2.1 and (2.2), we get

1 1 1
hy-1 <maxjyay,..., ap, —,..., < max yai,— ¢,
Ap+1 @p-1 1<i<2p-1 ai

. 1 1 . 1 (2.15)
hy-1 >2minqay, ..., ap,—,..., > min {a;,— .
ap+1 a2p_1 1<i<2p-1 a;
The second claim follows immediately from Lemma 2.1.
We are ready to present the main result of this paper. O
Theorem 2.6. Letp >3, p-2<w<p-1,ay,...,a31>0. Let
ak = ho(ak-aps1, .., ak-1), k=2p,2p+1,.... (2.16)

Then mini<jcop-1{a;, 1/a;} < ax < maxicicop-1{ai, 1/ai}, k =2p,2p+1,....If k > 2p + 1, then one
of the two equalities holds if and only if ay = - -- = agp1 = 1.

Proof. Regard hy, as a linear fractional function in w, which is monotone in w. By Theorems 2.4
and 2.5, we obtain

. . 1
azp > min {hy_5(ay, ..., a0p-1), hp-1(ay, ..., azxp-1)} > 1;2%;1_1{%, o },

1
azy <max {hy(ai, ..., ayp-1),hp1(ai,..., a3p-1)} < 1;2%3(_1{111‘, o },

(2.17)
. . 1 . 1
ap1 2 min {hpo(az, ..., az), hp-1(az,..., az)} > 22}-5}7 ai, o > 1;}31%;1_1 ai, L
1 1
azp1 < max {hpa(az,..., az), hp-1(az,..., az)} < zrgg;;{ai, Z-} < 1;};3;51{«11-, E}'
Working inductively, we conclude that for k =2p, 2p +1,.. .,
. . 1
ai > min {hy_s(ax-ops1, -, ak-1), hp-1 (Ak-2ps1, .-, ax-1) } 2 1<Ii1<1§£1 %7 (2.18)
<1<2p— i
1
s < max {21zt 050, By @izt o)) < max fas ) 219
<i<2p— i
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Claim 2. If azp,1 = max {a;,1/a;}, thenay =---=ay,1 =1
1<i<2p-1

Proof of Claim 2. By (2.19), we get

aope1 = max {hp_o(a,...,a), hp-1(az, ..., az)} = 151}3;(_1{111-, ali } (2.20)
Here, we encounter two possible cases.
Case 1. aspy1 = hpa(ay,...,a) = maxicop-1{a;,1/a;}. By Theorem 2.4, we get ap = -+ =
ay = 1 and, hence, az.,1 = 1. Then 1 = ayu = maxopi1ia,1/a;} = max{a,
1/a,}, implying a; = 1.
Case 2. azps1 = hp-1(ay, ..., az) = maxi<i<zp-1{ai, 1/a;}. By Theorem 2.5, we get

1 1
Ay==ap = == —, (2.21)
ap+2 @p
and consequently,
a1 = hp1(az, ..., azy) = a. (2.22)
Then,
{ 1 } 1 < 1
max aj, — = dyp+1 = — S N
1<i<2p-1 a; Pt azp min {hp_z(al, ey azp_l), hp—l ((ll, ceey azp_l) } (2 23)
1 .
< max {a,-, — }
1<i<2p-1 a;
Hence, all equalities in this chain hold. In particular, we have
1
in{h,_ eve,Qop_1), Hy e, op1) ) = i i, — t- 2.24
min {hy,2 (a1 azp-1), hp-1(m azp-1)} 1;2;?—1{[11 ai} (224
If hyo(ai,...,azp-1) = minicop-1{a;, 1/a;}, it follows from Theorem 2.4 that a; = --- =

a1 = 1. Now, assume that h, 1(ai, ..., azp-1) = minici<p-1{a;, 1/a;}. By Theorem 2.5, we
get

1 1
a=---=a,= == . (2.25)
ap+1 a2p—1
Equations (2.21) and (2.25) imply that a; = --- = a3,-1 = 1. Claim 2 is proven. O
By Claim 2 and working inductively, we get that if ax = maxi<i<p-1{ai,1/a;} for some
k>2p+1,thena; =---=ay 1 =1
Similarly, we can show that a; = -+ = ay,-1 = 1if ax = mini<i<op-1{a;, 1/a;} holds for

some k > 2p + 1.
As an application of Theorem 2.6, we have the following theorem.

Theorem 2.7. Let p >3, p —2 < w < p — 1. The difference equation
Xn = o (Xn-2ps1, - Xn1), n=1,2,.., (2.26)
with positive initial conditions admits the globally asymptotically stable equilibrium ¢ = 1.

The proof of this theorem is similar to those in [11, 13], and hence is omitted.
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