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1. Introduction

There are good reasons to find “eventually periodic solutions” of difference equations of the
form

Xn=F(n, %01, Xn2,. .., Xn-m), n€{0,1,2,...}. (1.1)
For instance, the well-known logistic population model

Xp = Axp(L—xp-1), nef0,1,2,...} (1.2)

is of the above form, and the study of the existence of its periodic solutions leads to chaotic
solutions. As another example in [1], Chen considers the equation

Xn = X1+ §(xn-k-1), n€{0,1,2,...}, (1.3)
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where k is a nonnegative integer, and g : R — R is a McCulloch-Pitts type function

-1, ¢€(o,),

1, §€ (~co, G]/ (4

g(g) = {

in which ¢ € R is a constant which acts as a threshold. Chen showed that all solutions
of (1.3) are eventually periodic and pointed out that such a result may lead to more
complicated dynamical behavior of a more general neural network. Recently, Zhu and Huang
[2] discussed the periodic solutions of the following difference equation:

Xy =axp1+ (1 —a)f(xnk), ne€f0,1,2,...}, (1.5)

where a € (0,1), k is a positive integer, and f : R — R is a signal transmission function of
the form (1.9). In particular, they obtained the following theorem.

Theorem A. Letp,q€ {0,1,2,...}.If

al(1 - ak—l aq+l 1- ak+p
K€ <a’”1 ¥> N <1 —al+aP*1*k, 1 - # , (1.6)

’ (1 _ ak+p—1) 1 — g2k+pr+q
then (1.5) has an eventually (2k + p + q)-periodic solution {x,};._,.
In this paper, we consider the following delay difference equation:

Xpn = AnXp-1 + buf (xp-k), n€{0,1,2,...}, (1.7)

where {a,},-, and {b, },., are positive w-periodic sequences such that a, + b, <1 for n > 0.
The integer k is assumed to satisfy

k=lw+1, (1.8)

for some nonnegative integer I. The function f can be chosen in a number of ways. Here, f is
a filtering function of the form

1, x€(0,x],

0, x € (-o0,0]U(x,0), (19)

-

where the positive number x can be regarded as a threshold term. Therefore, if w = 1, then
a, =a, b, =b,and k =1+ 1 so that (1.7) reduces to

Xy = axp1 +bf (xp-121), (1.10)

which includes (1.5) as a special case.



C.Hou and S. S. Cheng 3

When [ =0, we have

Xy = axXp-1 +bf (xn-1), (1.11)

which will also be included in the following discussions.

Let € denote the set of real finite sequences of the form {¢_x, P_x+1,...,¢-1}. Given
¢ ={Pk,..., 91} € Q if welet x_x = ¢_k,...,x_1 = ¢_1, then we may compute xg, x1, ...
successively from (1.7) in a unique manner. Such a sequence x = {x,},._ is called a solution
of (1.7) determined by ¢ € Q. Recall that a positive integer 7 is a period of the sequence
{xn} e if X440 = x,, for all n > —k and that 7 is the least period of {x,},._; if 7 is the least
among all periods of {x,};._,. The sequence {x,},._ is said to be T-periodic if 7 is the least
period of {x,};. ;. In case {x,},._ is not periodic, it may happen that for some N > -k, the
subsequence {x,},-5 is T-periodic. Such a sequence is said to be eventually 7-periodic. In
other words, let us call {yj}]i,k a translate of {x,};>  if yj = xj ek forj € {=k, -k +1,...},
where N is some integer greater than or equal to —k. Then, {x,},._, is eventually 7-periodic
if one of its translates is 7-periodic.

We will seek eventually periodic solutions of (1.7). This is a rather difficult question
since the existence question depends on the sequences {a,}, {b,}, the “delay” k, and the
control term «.

Throughout this paper, empty sums are taken to be 0 and empty products to be 1.
We will also need the following elementary facts. If the real sequence {x,},._; satisfies the
recurrence relation

X, = ayxyq+b,, nef0,1,2,...}, (1.12)
then

X0 = apx_1 + by,

X1 =a1xp+ b1

al (aox_1 + bo) + bl
ajapx_1 + a1b0 + bl, (113)

arx1 + b2

X2

az(alaox_l + a1b0 + b1> + bz

draiapx-1 + azalbo + a2b1 + bz,

and by induction,

o, o,
"bo+ —Lby+--+

@0,0 X1 ao,n

by by b
=agu| x g+ —+—+-+ "),
aop  @oa aon

Xp = XopX-1+

(1.14)
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where

j
aoj =] Jan, j€{0,1,2,...}. (1.15)

n=0
Since {a,} and {b,} are positive w-periodic sequences, we see further that

A0 meori = (@w-1)"a0;, i€{0,...,w-1}; me(0,1,2,...}, (1.16)
that
mw+i b b b g 5
Z _]: <_O++w_l> +<b_‘”+...+m>
=0 %0,j 0,0 a0,w-1 0,0 a0,2w-1
+ <b(m—1)w+'”+ bmw—l >+ ( bmw 4o+ bmw+i >
aO,(m—l)w X0, mw-1 X0, mw X0 mw+i (1 17)
=<ﬁ+...+ bw—l>{1+ 1 +...+;}
@X0,0 ®0,0-1 ®0,0-1 (@00-1)™"
. 1 { by . b; }
(!Xo,w—l)m X0,0 o0,
forie {0,...,w—-1}and m € {0,1,2,...}, and that

mw+i b]'
Xmw+i = X0 mew+i | X-1 + Z —

= aO,j
=0 (1.18)
m 1 - a(r]nW*l
= (aow-1)"0,ix_1 + A 0-1 mao,iﬂo,w—l + a9, fo,i
W=
forie{0,...,w—-1}and m € {0,1,2,...}, where
L by .
Poj=> —, je{01,...,w-1} (1.19)

2. Convergence of solutions

The filtering function f will return 0 for inputs that fall below 0 or above the threshold
constant x. For this reason, we will single out some subsets of € as follows:

Q ={{¢pr,..., 1} Q[P <0, ~k<i<-1},
Q. ={{pk,.... P11} €Q|0<pi <Kk, —k<i<-1}, (2.1)
Q ={{pk,. P} €Qdi>K, —k<i<-1).
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Let x = {x,},._ be the solution of (1.7) determined by ¢ € Q_. By (1.7),

Xo = apxX-1 + bof(x_k) =agx-1 <0,

(2.2)
x1 = a1Xg + by f (X_ga1) = a1x0 = arapx— <0.
By induction, we may see that
Xp = apanq---a1a9x-1 <0, nef0,1,2,...}. (2.3)
Since
0 < lim agay -+~ ap-1a, < lim (max {ag, a1, ..., Gw-1 })"Jr1 =0, (2.4)
n— oo n— oo

we see that lim,, . ,x, = 0.
Next, let x = {x,},._ be the solution of (1.7) determined by ¢ € Q,. If x > 1, then by
(1.7),

0<xg=apx1+by<apk+by=apk—ag+apg+by<ap(x-1)+1<x,

0<xi=a1xo+b1 <ar(apk +by) +br1 = a1k + by < k. 29
By induction, we see that
O<x,=ayxy,1+b,<ayk+b,<x, nef0,1,2,...}. (2.6)
By (1.7), we see that
Xp = ApXp-1 + bnf (Xn-k) = AnXn1 + by, n€{0,1,2,...}. (2.7)
In view of (1.18), we see further that
"}iinooxmmi:Ai, ief{0,1,...,w-1}, (2.8)
where
Aizao,i<“0'Lﬁ°'“‘1 +ﬁ0,i>, ic(01,...,w-1). (2.9)
1-agw

Next, let x = {x,},._; be the solution of (1.7) determined by ¢ € Q.. Then, by (1.7),

Xo = adpX-1 + bof(x,k) = apX-1, (210)
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and by induction,

Xy = ayan-1---agx-1, n€{0,1,2,...}. (2.11)

Although x_; > x, since (2.4) holds, we see that {x,} is a strictly decreasing sequence tending
to 0. Hence, there is a nonnegative integer j such that x;_; > x but x; < «. Then, x > x; >
Xj41 > Xj2 > > Xjap-1. f we let ¢ = {xj, xj41,..., Xjsk-1}, then ¢ € Q.. If x > 1, then by what
we have shown above, the solution {X,} of (1.7) determined by ¢ satisfies lim,, _, oo Xpw+i = Ai
forie {0,1,...,w—1}. By uniqueness, X,, = Xu+;+k for n > 0. In other words, the translate {x,,}
of the solution {x,};._, satisfies im,, _, o Xmw+i = Ai forie {0,1,...,w —1}.

We summarize the above discussions by means of the following result.

Lemma 2.1. A solution x = {x,},._; determined by ¢ € Q_ will tend to 0; and if x > 1, then a
solution x = {xy} . _, determined by ¢ € Q,UQ, will satisfy (2.8) or one of its translates will satisfy
it.

Lemma 2.2. If 0 < ¥ < min{1l, max{Ay, A1,..., Aw-1}}, then for any solution {x,} of (1.7)
determined by a ¢ € Q,UQ,, there exists an integer m € {0,1,...} such that {xpk, ..., Xm-1} € Q.
and x,, € (x,1).

Proof. First let {x,},._; be the solution of (1.7) determined by a ¢ € Q.. If x,, € (0,«] for all
ne{-k,-k+1,...}, then

Xn = AnXp-1 + buf (Xp—k) = anxn + by, ne€{0,1,2,...}, (2.12)

so that by (1.18), we see that

M Xperi = A, i€{0,1,...,w—1}. (2.13)

m— oo

But, this is contrary to our assumption that 0 < x < min{1, max{Ao, A1,..., Aw-1}}. Hence,
there is some nonnegative integer m such that x, € (0,«] forn € {-k,-k+1,...,m -1} but
X € (—o0,0] U (k, 00). Note that

Xm = AmXm-1 + b f (Xm-k) >0, (2.14)

which implies that x,, € (x, o). Moreover, since x,,-1 € (0,x] C (0,1), we then have

X = QX1 + by < A + by <1, (2.15)

so that x,,, € (x,1).

Next, let {x,},._; be the solution of (1.7) determined by a ¢ € Q.. As seen in the
discussions immediately preceding Lemma 2.1, there is a nonnegative integer j such that
{xj, Xjs1, .-, Xjik-1} € Q. If x, € (0, %] foralln € {j,j+1,...}, then as we have just explained,
a translate {X,} of {x,} will satisfy

M Xpeosi = A;, i€1{0,1,...,w0—1}. (2.16)

m— o
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This is again a contradiction. Hence, we may conclude our proof in a manner similar to the
above discussions. The proof is complete. O

From the proof of Lemma 2.2, we see that if x € (0, min{1, max{Ag, A1,..., Aw-1}}),
then to study the limiting behavior of a solution {x,};._, determined by ¢ in Q, U Q,, we
may assume without loss of generality that ¢ € Q, and xp € (x,1). As an example, let us
consider (1.11), where we recall that a,b >0and a+b < 1.

Example 2.3. Let ab/ (1 — a*) < x < b/(1 - a?). Then, (1.11) has a 2-periodic solution {x,}7>_;
with x_; € (0,x] and xy € (x,1). Indeed, let us choose x_; = ab/(1 — a?) (and hence, xg =
b/(1-a?)). Then,

ab
O<xq= ZSK,
1- (2.17)
< = _+b: <1.
K < Xp ax_1 1_a2
Furthermore,
b
x=ax =2 e (0x,
-a (2.18)
X, =ax;+b=a ab +b= b =X
2 = ax R 1o g Yo
sothatx; =x3=x5=--- and x, = x4 = x4 = - -+ and x1 # xy.

3. Existence of eventually periodic solutions

Recall that GI%(u) = u, GM(u) = Gu), G®(u) = (Go G)(u) = G(Gw)),...,Glil(u) =
G(GU(u)) are the zeroth, first, second, and so forth and the jthiterate of the function G(u).
Also, recall the fact that if {u,},_, is a sequence that satisfies

Up1 = G(un), nef0,1,2,...}, (3.1)

then {u,} is a T-periodic sequence if and only if

uo = Gl (uy),
0= G () (32)
uo#G[’](uo), i=12,..., 71
For convenience, denote
n n b]
an=]la, Bu=D - mnef{l2..} (3.3)
j=1 =1 %

Since

apfp+a,=ar---ay+ay---asby+az---abr+---+b, <1, (3.4)
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we see that

AP

1-a,

<1, ne{l,2,...}. (3.5)

Theorem 3.1. Letk =lw+1, p=Tw -1,and g =ow -1, wherel, 7,0 € {1,2,...,k —1}. Let

1-al, a,(1-a)) P
Li(p) = |ag, afg"’%“a}ﬁw , p< 7 ) P ,
w (1-apa,)(1-ay,)
(3.6)
a1 - k) + (1-a)
L (p, =M, AwPw |,
2(p q) [ (1 _ LIZ,+G+2I) (1 _ aw) ﬂ
where
o
M = max {anaz,” <¢fo + 1_ Z"’awﬂw> +apfn:nef0,1,...,q} } (3.7)
Ifx € hip) N LIx(p, q) and
0<x<mm{1‘xf€: :ne{1,2,...,k—l}}, (3.8)

then (1.7) has an eventually (2k+p+q)-periodic solution {x, },. . (which can be explicitly generated).

Proof. From the condition that/, 7,0 € {1,2,...,k—1}, wehave k-1 > w. By (3.5), we see that

1> A
B a0 00-1P0,w-1
. bo-b
“ 1 o, (ao@eofow-1 + bo — boa,) (3.9)
1 b b b-
= (aoaw<—0+—l+-~-+“’—l>+b0—b0aw>
1-ay apg  aom agp: -+ Aw-1
_ Aawbo > K
1-a,

Hence, k < max{Ao, A1, ..., Aw-1}. Thus, 0 < ¥ < min{1, max{Ao, Aj,..., Aw-1}}. By Lemmas
2.1 and 2.2, we may look for our desired eventually periodic solution {x,},._, determined by
¢ € Q, such that xp € (x,1).

Define

gn(u) =au+a,p, forne{0,1,2,...},

(3.10)
h,(u) =a,u forne{0,1,2,...},
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and the mapping g by
g(x) = <gq+1 o (hwo--oh)™o gk_1> (x). (3.11)
We will show that
g(x) = alioH (afux + “wﬁ;{la;lxiy)) + awﬂ;;(_la—waf,), (3.12)

and that g maps Dy = (x, 1) into Dy with a fixed point x* € Dy, where

ot (1 - ) + (1 - ) \is
X = (1 _ az}+a+2l)(1 _ aw) : ( ' )

The first assertion is easy to show. Indeed, since

8k-1(X) = A1 + g1 fr,
(hw 0.-:0 h1>[T+l] (x) = (aw . a1>”r+lx _ aZflx, (3.14)

8g+1(X) = agux + agafga,
we see that

<(hw 0---0 hl)[T+l] o gk—l) (x) = al (ar_1x + ag1fr-1),

gy (e 1X + a1 fro1) + g1 Pgat (3.15)

T+O+] <le x+ awﬂw(l - afu) ) n ‘xwﬁw(l - 0(2,)
w .

@ 1-a, 1-a,

g(x)

=Q

We now show the second assertion. Note that the linear maps g, and h,, satisfy

1-a
gmw(u) = Opwl + “mwﬁmw = az;qu + (:l—a))awﬁw/ me {0/ 1/21 . -}/
— 0w (3.16)

B © A1 © -~ ohy(u) = alu, me{0,1,2,...}.

Let g,(Do) = D, forn € {1,...,k — 1}. Since ¢ € Q, and xy € Dy, it is clear that the solution
{x,} of (1.7) satisfies

Xn = gn(x0), mnefl,...,k-1}. (3.17)

Moreover, it is easy to prove that

D, = (gn(x),gx(1)), ne{l,... k-1}. (3.18)



10 Discrete Dynamics in Nature and Society

Indeed, we have
K< ayK+ayfy = gn(K) <ap+ayfy=9.(1) <an+p, <1, nef{l2,... k-1}. (3.19)

That is, D,, C Dy holds for all n € {0,...,k —1}. Let ny be the largest integer such that x,, > x
forne{0,1,...,n1 + k—1}. Then, from (1.7), we can obtain

L FePo(l-ag) )

Xpoko1 = Auek_1 - Ak <awxo + ne{1,2,...,m +k}, (3.20)
1-a,

which implies that x,1x-1 € Dy+k-1 forn € {1,2,...,n; + k}, where
Dyik-1 = ay - a18k-1(Do)
a 1-al a 1-al (3.21)
- <zxn <afu1c + —“’ﬂ;’(_ o w) >,txn (afu + —“’ﬂi’s - w)>>

Since « € I; (p), we have

_ Al
K < (1~ @) @b (3.22)

(1-apal,)(1-ay) ’

that is,

(1 - )awﬂw>

K<(XP<LX K+

(1-aw)

(1-al,)awPo
<ap <a K+ W) s
<--<al 1c+< “’)awﬁw,

(1-aw)

1-a 1-a (1 al,)
ap<afu+1_ wawﬂw><ap,1<afu+1_a:awpw) < (1_ Z) AP <1,

which shows that Dy,x—1 C Dy forn € {0,1,...,p}. Thus, n; > p and

Xn+k-1 € Dysk1 € (0,x] forme{p+1,...,p+k}. (3.24)
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In fact, from x € I; (p), we have

Xp+k = Ap+kXp+k-1 t bp+kf(xp)

Ap+kXp+k-1

Ap+k Ap+k-1Xp+k-2

1-al
1 w
---——ap+k---ak<a ,x0+1 AP

w
1_4 (3.25)
= 0pi <(XL)JC() + 1= ZW awﬁw>
w

1-a

=a], <ocfux0 + - zxw awﬂw>
w

<K,

Xp+k+1 = Ap+k+1Xprk + bp+k+1f(xp+1) = Qpik+1Xprk < K,
and, by induction,

Xpa2k-1 = Ap2k-1Xps2k-2 + bprok-1f (Xpek-1)

(3.26)
= Api2k+1Xp2k-2 < K.
Then, it is easy to see that n; = p.
Taking n = p + k in (3.20), we have
Xok+p-1 = A2k+p-1 """ Ak k-1 (xo)
= Qjesp -+~ A1 8k-1(X0) (3:27)

1
— a-r+l<al xo + “wﬁw(l_“a})>
w w .

1-a,

Let n, be the largest integer such that x,.2x4p-1 € (0,%] forn € {0,1,...,n2}. Then, it follows
from (1.7) that

n+2k+p-1 n+2k+p-1  n+2k+p-1 b:
j
Xn+2k+p-1 = I | ajXok+p-1 + | | aj Z Toier e s
Ak a
j=2k+p j=2kip  j=2k+p 2k i
= apXok+p-1 t+ anﬁn (328)
1-a
+1 1 w
= ayal; <awxo + AP ) + AP
1-a,

8n (x2k+p—l)

forn € {1,2,...,ny+k}. This implies that x,42x4p-1 € Dysoksp-1 forn € {1,2,...,n+k}, where
Dyioksp-1 = (gn(hwo---o hl)[T+l]gk—1)(D0).
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Substituting (3.21) with n; = p into (3.28), we have

Dyssksp-1 = (gn © (hw o0 hl)[T+l]gk—1(K), gn(hwo---o hl)[T+l]gk—1(1))

1-a 1-a
T+l 1 w T+l 1 w
= (anaw (zwa + - AP ) + P, anay” | ay, + -2 AP ) + anPn
w

w
(3.29)
forne {1,2,...,ny + k}. Since k € I(p,q), we have
Y “fu
apol " a, + T2 AP ) +anfn <x forne{0,1,...,q}. (3.30)
— Qw
From (3.29), we further have
xn+2k+p—1 € Dn+2k+p—1 - (0/ K] forn € {0/ 1/ KRy q} (331)
By (3.8), (3.24), (3.28), and (3.31) as well as x € I,(p, q), we have
Xok+p+q = A2k+p+qX2k+p+g-1 T b2k+p+q
=+ 1 1- “fu
= Wk+p+q\ X%y | XXo + mawﬂw +agPq ) + bokapeg
w
1 1- “fu
= ag ( aga,” ( a,xo + 1= AP ) + agriagPy ) + by
w
1-a 1-ac°
— a:}+o+l ([X(IA}XO + 1 — aZ awﬂw> + ﬁawﬁw
—a 1-a°
> aL+a+l (anK + 1= (XZ awﬁw) + —1 — “Z awﬂw > K,
Xok+p+q+l = Mk+p+qr1 X2k+p+qg + b2k+p+q+1
> a1K + bl > K, (332)

Xok+p+q+2 = Mk+p+q+2X2k+prg+l T b2k+p+q+2

\Y

az(a11< + bl) + bz > K,

Xok+p+qrk-1 = A2k+p+q+k-1X2k+p+g+k-2 + b2k+p+q+k—1

2k+p+q+k-1 2k+p+q+k-1  2k+p+q+k-1 b:

S R § R e
] p*q ] a e

j=2k+p+q+1 j=2k+p+q+l  j=2k+ptgel “2krpral ]

A1 X2k sptq + Ak-1Pk-1
> ap 1K + g1k

> K.
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Hence,

Xn+2k+p-1 € Dn+2k+p—1 cDy forme {q +1,.. gt k}, (3.33)

which implies that n, = g. In particular, taking n = g + 1 in (3.33) and (3.28), we have,
respectively,

Xok+p+q € D2k+p+q C Dy,

T+0+l 1 awﬂ“’(l B [Xi]) > + aw:ﬁw(l B CXGW) )

(3.34)
x2k+p+q = g(xo) = ‘xw (awxo + 1 —a, l —a,

Since g is a linear map sending Dy into Dy, then it is easy to see that it has a unique
fixed point x* in Dy which satisfies (3.13).

Next, we assert that there is a ¢* € Q, such that the solution {x,} determined by ¢*
satisfies xg = x*, and that {x,} is a periodic solution of (1.7) with minimal period 2k +p + g.
To see this, we choose ¢_1 = (x* — by)/ap and arbitrary ¢_»,...,$_r € (0,x]. Then, clearly, the
solution {x,} of (1.7) determined by ¢_, ..., $_1 will satisfy xy = x*. Furthermore, we may
show that x_; = ¢_; € (0,x]. Indeed, from

alf o ay, > ad + aly ot (3.35)

we have
a;+a+l(l _ ai}) + (1 _ ag}) >1-— A — az]+a+21 + a;+a+21+1’
at ol (1= gl )+ (1-ad) AoPo(1-ay)  bo(1-ay) (3.36)
. >(1-a,) = > ,
1- aZ;rCHZ awﬂw aw,ﬁw
hence,

v Boal o (1-ay,) + o (1 - af)
X" = (1 a) > by. (3.37)

Thus, ¢_1 = (x* — by)/ap > 0. Next, from

0< “Z,+a+2l _ “ZJ+G+3I/ (3.38)
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we get

aZ;rl -1< alz;rzl + a;”(l _ ai}) 1= ai]ﬂr+o+4l _ ai}r+o+31(1 _ ai}) + az}+o+21, (3_39)
so that

a1 21 I I
m SaZ;' +0{Z,+ (1—(Xw) —1,
w
1 aZ)+U+l B (ng < o+1+21 o+T+] 1 1 1 o
+W_txw +(Xw ( —aw)+ — Xy
w
+ +l+1( 1 ) ( ) (340)
a o (1-ag,) +ap(l-ag ols1 41 !
. 1- ZT+0+21 == <ag T+ alm (1 - ay,) +aw(1-ag),
w
(1) van () _agmH api(1od) (1)
(1-aZ o) (1 - ) T l-ay, 1-a, l-a,
On the other hand, by (3.5), we have
Ay 1
<, (3.41)
1-apy = Pw
so that
T (L= al) + a1 =0 riy, 28T (1= al) | aopu(1-a7)
(1-af o) (1 - ay) - 1-a, 1-a,
_ az}+r+l afu 4 1- afu ‘xwﬁw n awﬂw<1 B ag])
1-a, 1-a,
(3.42)

1-a
+7+1 1 w
= ag} T (aw + 1—a aw,ﬁw + aowﬂo‘w

w

1-a
1 1
= agaga;, <1xw + 7 a“’ Ao ) + aoagPy + bo.

—Uw

In view of our assumption that x € I(p, q), we may now see that x_; < «.
In view of the above discussions, we see that 0 < x,, <k forn € {-k,...,-1}, x, >«
forne {0,...,p+k-1},and 0 < x, < x forn € {p+k,...,p+ 2k + g — 1}. Since x* is the
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unique fixed point of g(x) in Dy, we have g(x*) = x*, gl?(x*) = x*,...,¢!"(x*) = x*, and so

forth, and hence,

Xok+p+q =

X2k+p+g+l =

Xp+2k+q+k-1 =

Xp+2k+q+k =

Xp+2k+q+k+1 =

Xp+2k+q+k+p-1 =

Xp+2k+qrk+p =

X2k+p+q+2k+p+q-1

X2(2k+p+q)

and so forth. Thus,

g(x7) =7,
Aok+p+q+1X2k+p+gq T b2k+p+q+lf(xk+p+q+1)
a1x*+by=x1 >k,

Ap12k+q+k-1Xp+2k+q+k—2 T bp+2k+q+k—1f(xp+q+2k—1)
Ak-1Xps2k+grk-2 + b1

ax-1Xk—2 +br_1 = X1 > K,
Ap12k+q+kXp+2k+q+k-1 T bp+2k+q+kf(xp+q+2k)
AiXk-1 = Xk > K,

Ap12k+q+k+1Xp+2k+q+k T bp+2k+q+k+1f<xp+q+2k+l)
Ap+2k+q+k+1Xp+2k+q+k

A1 Xk = Xk+1 > K,

Ap2k+q+k+p-1Xp+2k+q+k+p-2 T bp+2k+q+k+p—1f(xp+q+2k+p—1)
Ap+2k+q+k+p-1Xp+2k+q+k+p-2

Ak+p-1Xk4p-2 = Xk4p-1 > K,

Azp+2k+q+k+pXp+2k+q+k+p-1 T bp+2k+q+k+pf(xp+q+2k+p)
ApkXpsk-1 + bpsr f (Xp)

Ak+pXk+p-1 = Xkap S K,

= Wok+p+q-1X2k+p+q+2k+p+g-2 T bp+2k+q—1f(x2k+p+q+k+p+q—l)

Aok+p+q-1X2k+p+q-2 T b2k+p+q—l
Xok+pq-1 S K,

8P (x*) = g(akipsq) = 8(x) = x7,

x,>x formne(0,...,p+k-1},

O<x,<x forne{p+k,...,p+2k+qg-1},

{
{

x, >k forne{p+2k+q,...,p+2k+gq+p+k-1},
{

O<x,<x forne{p+2k+q+p+k,....2(p+2k+q)-1},

and so forth.

(3.43)

(3.44)

By induction, we may see that x, > x forn € {m(p+2k+q),... m(p+2k+q)+p+k—-
1}, 0<x, <k forne {m(p+2k+q)+p+k,...,(m+1)(p+2k+q) -1}, wherem € {0,1,2,...},
and Xn(2k+p+q) = x*, Xn2k+p+q)+1 = X1, -, Xn(2k+p+q)+2k+p+q-1 = X2k+p+q-1- This shows that {x,}
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is an eventually periodic solution of (1.7), whose minimal period is 2k + p + q. The proof is
complete. 0

We remark that in the above result, I cannot be 0. We may, however, show the following
by similar considerations.

Theorem 3.2. Let k =1,

[ ai;ﬂw aZwlawﬂw)
I = ,

(1-a)) 1-a

(3.45)
I = [M aZw—l“wﬁw)
2 4 1_a2) 7
where
a B,
M:max{anl‘” 3 +anﬂn:ne{0,1,...,w—1}}. (3.46)
—Aw
Ifke 1 NIy and
0<K<min{1“"i:ne{1,2,...,w}}, (3.47)

then (1.7) has an eventually 3w-periodic solution {x,},._, (which can be generated explicitly).

Proof. Similar to the proof of the Theorem 3.1, set (3.10) and define the mapping g by
g(x) = 8w o (hy o by q0---0hy)P (x). (3.48)
We may show that
g(x) = ap (a2 x) + awPu, (3.49)
and that ¢ maps Dy = (%, 1) into Dy with a unique fixed point x* € Dy, where

. OwPu

= =
1-a,

(3.50)

Let us choose

X = l(f‘_“i“; - b0>. (3.51)

w
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By
bo bo
ap > a,(1-ad) > awﬂwaw(l -a)) = ﬂ_w(l -al),
we have
awﬁw > b()
(1-a3, ’
and hence,
1/«
x 1=—< wﬁa; —b0> >0
ap\1-ay,
Since
3 _ 4
xa, (bO + aw,ﬁw—l) = awﬁlﬂl
then
oo ag P
-by = + awPuw-1,
1- di, 0 1- ai, wﬁw 1
and hence,

1 3
X_1 = —< awﬁu; - b0> = aw_1< ol u; > + aw—l,ﬁw—l <k
1-«a

ap \1-a, -,
awﬂw
Xg = 3 > K,
1-ay,
alawﬁw
X1 = ai1Xg = 3 ’
AP
X2w-1 = Aw-1 " A1 3 ’
—-al,
3
ap
wlrw
Xow = —— <K,
1-a,

3
a
wlrw
X3l = Fo1 5+ Ap-1Puw1 <K,
4
awﬁw
3

w

X3w = + awﬁw = Xo,

so that {x,} is an eventually 3w-periodic solution of the system (1.7).

17

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
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4. Examples and remarks

Let {a,}, {b,} be 2-periodic sequences, k =3,p=1,g=1,and

L = [az(cxz +mp), @222 >,

1- [251%%)
4.1
5 a+1 5 a+1 (1)
I, = a2(a2 + dzﬂz), —4a2ﬂ2 N alaz(az + azﬂz) + Dc1ﬁ1, —4d2ﬂ2 .
1-a; 1-a;
Suppose k € Iy N I, and
0 < x < min { - flal B, %pz}' (4.2)
Consider the following “delay” difference equation:
Xp = AnXp-1 + buf (x5-3), n€{0,1,2,...}. (4.3)
We can check that (4.3) has an eventually 8-periodic solution {x, },._5 with xy € (%, 1).
In fact, as in the proof of Theorem 3.1, let
. Gpr+aps
Y ETI A
% (4.4)
x* - bo
4)—1 - a() 7

and ¢_p, ¢_3 be arbitrary numbers in (0, x]. Then, as shown in the proof of Theorem 3.1, the

*

solution of (4.3) determined by ¢_3, ¢_», ¢_1 satisfies x_; = ¢_1 € (0,x] and xp = x™*.
Since x € I, we have xy > x. On the other hand, by (3.3), and (a3+1) / (1+a3) (1+a) < 1,
hence

K<xp<l1,

x1=axg+bif(x2) = aixo+ by > ek + by >k,

Xy = ayx1 + by f (x21) = apxy + by = ax(a1xp + br) + by
= a1aX0 + axb1 + by = arxg + A > ok + axfr > K,

x3 = azxy + by f (x0) = azxz > a1 (ark + ax ) > x,

X4 = agxz + baf (x1) = asxs = arar (axxp + axfp)
= ay (arx0 + o fn) < ax(az + af) <k,

x5 = asxg + bs f(x2) = asaz (axx0 + az32)
= a1z (axx0 + o) < (a2 + ) < K,

X6 = aeXs + bs f(x3) = asXs5 = araraz (axx0 + az32)

= ol (axxo + a2fn) < b (a2 + aafr) <k,
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X7 = arxe + by f (x4) = azas (axxo + o) + by
= leag (a2x0 + azfr) + by = 0110(% (a2x0 + a2fp2) + a1 fhr
<aay(a +afo) +a1fy < &,

xg = agxy + bgf (x5)

agxy + bg = dasg (d10£§(0£23€0 + azﬂz) + d1ﬂ1) + bg

ag (azxo + leﬂQ) + azﬂz

(w2 ) v

=a,( ar
2
1—a§

a%ﬂz + azﬂz
= —4 = xOI
1-aj

X9 = AgXg + bgf(JCé) = d9Xg + bg = a9xg +bg = ayxg + b1 = X1,

X109 = a10X9 + bio f (x7) = a10x9 + big = arx9 + by = arxy + by = x3,

x11 = anxio + b f (x8) = anxip = agxy = x3,

(4.5)

so that {x,} is an eventually 8-periodic solution of the system (4.3).
Next, leta, =aand b, =1 - ain (1.7). We have

ay a b b b
— — — PN J— :1
1—anﬂ" 1—an<a+a2+ T !

1= 1
az,<ai)+awﬁllﬂ( . “w)> :ap+1(ai)+1_a5‘)) ="l
—bw

aptoPeo(1—al) _ab(1- ak1)
(1-apal,)(1-ay) ©1-gprkl

a 1-al . .
ai“ﬂl<“fu+ %> +a;fi = AP L gl <agPt R 4109, de {0,...,9-1},
—Ulw

ag o (1-ap,) + (1-ag)
(1 _ a(‘z;roJer) (1 _ aw)

aq+1(1 _ ak+p)

1= ap+q+2k

AP =1-
(4.6)

Hence,

L ar(1-a<T) ¢ o art(1-a"r)
Lp)=(a, 5222, Lpgo(1-at+arak -2 ) (47

’ (1 _ ak+p—1) 1- a2k+p+q

Form the above, we can see that Theorem A is just a special case of Theorem 3.1, hence
Theorem 3.1 is an extension of Theorem A.
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Further, if k = 1in (1.7), then the intervals I; and I, in Theorem 3.2 are, respectively,

2

N ) (4.8)

L =1 =
l+a+a? " 1+a+a?

Corollary 4.1. Let a,=a, by=1-a, and k=1. If

@ a ) (4.9)

€(0,1)n
e 1) l+a+a?" 1+a+a?

then (1.7) has an eventually 3-periodic solution {x,},._, (which can be generated explicitly).

As our final remark, note that under the conditions of Theorems 3.10r3.2if {x,} isan
arbitrary solution of (1.7) with xik, e, x_z, x_1 € (0,«] such that xO (x,1), then in view of
the proofs of Theorems 3.1 or 3.2,

lim gl (x,) = x* = xo. (4.10)

j—oo

This shows, by means of the contmmty propert1es of the maps g, and hy, that lim,, _, .. |x,, —
Xy| = 0. Note that the requirement x e x72,x 1 € (0,x] with xO € (x,1) is the same as
requiring

) 1, . 1 1
Xy = (xy-b) € (—(K “by), L (1- b0)> A (0,x]. (411)
ao ao ap
In other words, let {x,} be a solution determined by ¢k, ..., -1 € (0,x] such that
1 1
(I)_l € (—(K—bo),—(l—bo)) ﬂ(O,K], (4.12)
ap ap

then {x,} will be “attracted” to the periodic solution {x,} in the proofs of Theorems 3.1 or
3.2. We remark that (1 — by)/ap > 0. Thus, if

1
—(k-by) <k, (4.13)
ap
then the above intersection is nonempty. And, if
1
K —by <0, a—(l -by) >k, (4.14)
0

then

(alo(x-bo)r alo(l—bo)> N (0,x] = (0,x]. (4.15)
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Since ag and by can be chosen in arbitrary manners in Theorems 3.1 and 3.2, such additional
conditions can easily be achieved once « is determined.

We may illustrate the above discussions by the following example. Let k = 1 and
a,=1/2=0b,foralln e {0,1,2,...}. According to Corollary 4.1, if

x€(0,1)n [;;) = [;;) (4.16)

then the solution {x,} of (1.7) determined by x¢ = x* in (3.50), that is, x_; = 1/7, is eventually
3-periodic. Furthermore, let {x, } be the solution determined by x |, = ¢_1. If ¢_; < 0, then by
Lemma 2.1, lim,ﬁoox/n =0.1If

¢ € (2c-1,1) N (0,x] = (0,x], (4.17)

then the solution {x;l} will satisfy limn_,wlx’n - xu| = 0. If g1 > x, then by Lemma 2.2, a
translate {y,} of {x'n} will satisfy lim,, _, o0 [y — x| = 0.
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