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A class of nonlinear difference systems is considered in this paper. By exploring the re-
lationship between this system and a correspondent first-order difference system, some
permanence results are obtained.

Copyright © 2006 B. Dai and X. Zou. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

Consider the following system of nonlinear difference equations:

Xn1 = Axn+ f(@1yn = P1yn-1), Ynr1 = Ayn+ f (@2xn — Boxn-1), (1.1)

where A € (0,1), a;, i (i = 1,2) are given positive constants, and f : R — R is a real func-
tion. System (1.1) can be regarded as the discrete analog of the following neural network
of two neurons with dynamical threshold effects:

B et + flaay(®) iyt -,

% = —uy(t) + f (oox(t) — Box(t — 7)).

(1.2)

System (1.2) has found interesting applications in, for example, temporal evolution of
sublattice magnetization (see [3]). Recently, the dynamics of (1.2) and some related mod-
els have been discussed in [1, 2, 5].

System (1.1) can also be viewed as an extension to two dimensions of the equation

Xnt1 = AXy +f(xn 7xn71)) (1.3)
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2 Permanence for a class of nonlinear difference systems

which has been studied by Sedaghat [6] and other authors (see [4, 7]). By exploring the
relationship between (1.3) and the following first-order initial value problem:

Var1 = f (), Vi = X1 — X0, (1.4)

some sufficient conditions for the permanence of (1.3) are obtained in [6]. It is natural
to expect that similar results in [6] can be extended from (1.3) to system (1.1). This is the
goal of this paper.

As usual, system (1.1) is said to be permanent, if there exists a compact set Q in the
interior of R X R such that any solution of (1.1) will ultimately stay in Q.

The organization of this paper is as follows. In Section 2, we discuss the following
difference system:

Un+1 = f((xlvn)y Vil = f(‘xzun)a n= 1)2>~--) (15)

and give some propositions which address the permanence of system (1.5), and therefore
which themselves are of some interest and importance. In Section 3, by setting up a useful
relationship between systems (1.1) and (1.5), we obtain some sufficient conditions for the
permanence of system (1.1). An important example is given in Section 4.

2. Basic propositions

In this section, we discuss some properties of system (1.5). For convenience, we will adopt
some notations as follows:

gi=uf, hi=af, F?:=FoF, F':=FoF" !, n=23,.., (2.1)

where F o G(x) = F(G(x)).
It is easy to have the following proposition.

ProrosITION 2.1. Every solution {(u,,Vn)}nen of system (1.5) satisfies

fol(goh) loglauy), ifn=2k,
Up+l =
oot a@n),  ifn=2k+1,
(2.2)
fo(ho )k ! oglayvy), ifn=2k,
e fo(hog)(aru), ifn=2k+1.

ProrosITiON 2.2. Let f: R — R be a nondecreasing function. Assume that the following
condition holds.
(Hy) There exist 6; € (0,1) and M, > 0 such that for all x = M,,

flaix) <&ix, i=1,2. (2.3)

Then every solution of (1.5) is eventually bounded from above (independent of initial condi-
tions).
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Proof. Let {(t4y,vn)} be a solution of (1.5). We claim that there exists a positive integer m

such that

Mm<M1, Vm<M1.

(2.4)

First we can prove that there is an m; such that u,,, < M;. Otherwise, for any n >0, we

have u, > M;. Then
Va1 = f(oatn) < Srthy < thy,
Unsz = f1vp1) < farun) < 811y,
Vi3 = f((xzumz) < Grlhpsr < U2,
Uptq = f(Oéan+3) = f(“l”nu) < O1Upi2 < 5%14;1.
It follows, by induction, that
Uniok < 8{‘1,1,1, k=1,2,....
Now, fix n and take k — o in (2.6) and note that 0 < §; < 1, we then get

lim 421 = 0,
k— oo

which contradicts to u, > M; > 0.

Next we distinguish two cases.
Case 1. 1f v, < My, then (2.4) holds.
Case 2. 1f v,;, = M, we show that there exists k; such that

Vi 12k, < M.

(2.5)

(2.6)

(2.7)

(2.8)

Assume that (2.8) is not true, then v, 12k = M for all k. Similar to the proof of (2.6), we

have
0< M < Vpy12k < 8§vml — 0 (ask — )

which is contradiction.

(2.9)

Noting u,,, < M; implies that u,, 12k < M, for all k, then take m = m; + 2k, and (2.4)

holds.
Now, by (1.5), we have

Um1 = f(1vm) < f(a M) < 81 M; <M,
Vin+1 =f((x2um) < f((Xle) < 62M1 < M.

Thus, by induction, we obtain
u, < M, v, < M,

for all n > m.This completes the proof.

(2.10)

(2.11)
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Letting u;, = —uy,, v, = —vu, F(x) = — f(—x), we then have the following proposition
which comes directly from Proposition 2.2.

ProrosiTioN 2.3. Let f: R — R be a nondecreasing function. Assume that the following
condition holds.
(Hy) There exist §; € (0,1) and M, > 0 such that for all x < —Mp,

flax) = 8ix, i=1,2. (2.12)
Then every solution of (1.5) is eventually bounded from below (independent of initial condi-
tions).
Propositions 2.2 and 2.3 can be combined to give the following proposition.

ProprosITION 2.4. Let f : R — R be a nondecreasing function. If there exist §; € (0,1) such
that

lim M = 5,‘,

X—00 X

i=1,2, (2.13)
then (1.5) is permanent.

3. Permanence of (1.1)

In this section, we are concerned with the permanence of system (1.1). To this end, we
need to establish the following lemma which gives a useful link between the solutions of
(1.1) and (1.5).

LemMa 3.1. Suppose that f : R — R is a nondecreasing function. Let {(x,, y,)} be a non-
negative solution of the following difference inequalities:

X1 < Axy +f(051yn —,31)/1171), Yn+1 = A}’n +f(‘x2xn _ﬁzxnfl): (3.1)

with initial conditions (xo, yo) and (x1, y1), and {(u,,v,)} is the solution of (1.5) with the
initial values uy, v, satisfying

U = X1 — B2Xo, a1 v = a1 y1 — Piyo. (3.2)
If the following condition holds:

(H3) aii_ﬂi = 0) i= 1)27
then for alln > 1,

n n
X, < A Baxg + Z A Ko uy, ar Y, < A1Byo+ Z Ak vy, (3.3)
k=1 k=1

Proof. We first observe that

arx1 = Baxo + s, a1y = PBryo+aivi, (3.4)
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and that
a2 < ax (Axy + f (a1 y1 — Piyo))
= A(Baxo + aauy) + aa f (a1v1) = ABaxo + Aaauy + aaia,
a1y2 < a1 (Ayr + f (ex1 — Baxo))

= )L(/.;lyo + (X1V1) + (le(azul) = /lﬁl)/o +/10€1V1 + a1 v;.

(3.5)

Hence, (3.3) holds for n = 1,2. Next we assume that (3.3) holds for all integers less than

or equal to some integer #n. Then

0 Xni1 < 0 (Axy +f(oc1yn —/31yn-1))

< A"Baxo+ Z AR g g + o f (a1 yn—Pryn-1),
k=1

o1 Y1 < o1 Ay + f (02yn — Baxn-1))

n
<A"Biyo+ z AR v+ f (@ — BaXno1).
k=1

So it remains to show that
f(fxlyn _ﬁl}/n—l) < Up+ls f(azxn _ﬁanfl) < Vn+l.
To this end, we note that
o Yn = Pryn-1 < (A —ﬁl)yn—l +0€1f(052xn—1 _ﬂan72)
=< 0¢1f(0€2xn71 _ﬁan72) = g((xzxn—l _/—))an—Z))
02Xy — Paxn—1 < (2d = B2)xu—1 + o2 f (1 Y1 — P1Yn—2)
= (Xzf((xl)/n—l —ﬁu/n—z) = h((xl}/n—1 —ﬁl}/n—z)a

which, together with the assumption that f is nondecreasing, implies that

fleryn = Biyn-r) = fog(aaxn—1 — Paxn-2),
f(“zxn _/32xn—1) <fo h(“l}’n—l _ﬁl)/n—z)-

Following this fashion, we can get

flayn—p ) < folgoh*oglaam), ifn=2k,
1¥n 1Yn-1) = fo(goh)k(alvl)’ ifn=2k+1,

flaax, — Paxn-1) < fo(hog)toglav), ifn=2k
T e ot (), ifn=2k+1.

Then (3.7) follows from Proposition 2.1 and thus the proof is complete.

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Similar to the proof of Lemma 3.1, we have the following.

LemMA 3.2. Suppose that f : R — R is a nondecreasing function. Let {(x,, y»)} be a non-
positive solution of the following difference inequalities:

Xni1 = Axn + f (@1 Y0 — P1Yn-1), Y1 = Ayn + f (2% — Paxn—1), (3.11)

with initial conditions (xo, yo) and (x1, y1), and {(u,,v,)} is the solution of (1.5) with the
initial values uy, v, satisfying (3.2). If the condition (Hs) holds, then for alln > 1,

n n
Xy = A" Boxg + D" A" Kapu, iy = A" Bryo + D> A Ry vy (3.12)
k=1 k=1

We are now able to state and prove our permanence results for system (1.1).

THEOREM 3.3. Let f be nondecreasing and bounded from below on R. Suppose that (H;)
and (Hs) hold. Assume further that

(H4) o = /3,‘, i=1,2.
Then (1.1) is permanent.

Proof. 1f we define X, = f (a2, — Paxn-1), Yu = f(a1yn — Pi1yn—1) for all n = 1, then it
follows inductively from (1.1) that

n—1 n—1
Xp = A"y 4+ > ARy, Yo = A"y > AR (3.13)
k=1 k=1

Let Ly be a lower bound for f(¢) and without loss of generality we assume that Ly < 0. As
Xi > Lo and Yi > L for all k, we conclude from (3.13) that for all n,

(1-A""1)L,
1-1

(1-A""1)Ly
1-1

X = ANl + Yn = )L”_lyl + (3.14)

and therefore {(x,,y,)} is bounded from below. In fact, it is clear that there is a positive
integer ng such that for all n > ny,

X, =L, Yo =L, (3.15)

where L = Ly/(1 —A) — 1 < 0. We next show that {(x,, y,)} is bounded from above as well.
Define

(pn = Xn+ng — L, Pn = Yntng — L (316)
for all n = 0, so that ¢, > 0, ¢, = 0 for all n. Now for each n > 1, we have

¢r1+1 = /lxt’l'*'?’lo +f((x1yn+n0 —/31)/7,+n071) - L = /\(/)n +f(“1yn+n0 _ﬁlyn+ngfl) - (1 _A)L)

Pn+1 = A)’nﬂlo + f(“an+n0 - /3)2xn+no—1) -L= /\(Pn +f(‘x2xn+no - ﬁan+no—l) —(1- /\)L
(3.17)
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Note that
&1 Yning = PrYning—1 = 019n — f1@n-1+ (@1 = 1)L < 419 — f1@n—1, (3.18)
M2 Xn+ng _ﬂan+n0—l = 052¢n _/52(/51171 + ((X2 _/3)2)L =< 052(/);1 _ﬁ2¢n71> ’
which, together with the assumption that f is nondecreasing, implies that
f(‘xlyn+no _ﬁl)’rﬁnofl) =< f(“lgon _/3)1‘,01171)7 (3 19)
f(“an+n0 _ﬁz-xwrno—l) =< f(‘XZ(Pn _ﬁ2¢n—1)~ .
Define F(x) := f(x) — (1 —A)L. By (3.17) and (3.19), we get
¢n+1 < A(pn +F(“1§0n - ﬂl(Pn—l)) Pn+1 = /1¢’n +F((x2¢n - ﬂ2¢n—l)~ (320)

Let 6/ € (8;,1),i= 1,2, and M} = max {M;,—(1 —A)L/(8] —&1),—(1 —A)L/(8F — 82)}.
It is readily verified that for all x > M{,

Flaix) <6fx (i=1,2). (3.21)
Consider the following initial value problem:

0d1 — Pado /32¢0

(4%}

_%af - Bigo
[24] ’

Up+1 = F(“lvn)) Uy =
(3.22)
Var1 = Foauy),

From Proposition 2.2 we know that there exist integer m > 0 and constant M, > 0 such
that for all n = m, u,, < My, v, < My. Applying Lemma 3.1 to (3.20), we obtain that for
all n > m,

m—1 n
“2(/)11 S/lnilﬂngo'l' z /\nikazuk‘l' z Anfkoczuk
k=1 k=m

n—m
< /vl_erl (Am_zﬁz(ﬁo +Am_2(x2u1 +-t 0621/1,,,_1) + OCzM() Z Ak

k=0
— An—erlM* +(X2M0(1 _A)—l(l _/\n—erl)’
. ) (3.23)
A Pp < A"‘lﬁl(po + Z A"k vy + z Ak o v
k=1 k=m
n—m
<\roml (Am_zﬁlgﬁg +Am_2(X1V1 +--- +0£1me1) + a1 My Z Ak
k=0

— /ln—erlN* + 061Mo(1 —A)_l (1 _An—mﬂ))
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where M* = A2, + A" 2aquy + + - - + aatly—1, N* = A" 2100 + A" 2aqvy + - - - +
a1 Vm—1. Thus there exists n; > m such that for all n > n;,

M M
o< ——+1,  gn< T —+ 1. (3.24)

Hence, for all n = ng + 17, we have

(X yn) € [L,M] X [L,M], (3.25)

where
M_l—/\+1+L' (3.26)
This shows that (1.1) is permanent. The proof is completed. O

Similarly, we have the following.

THEOREM 3.4. Let f be nondecreasing and bounded from above on R. Suppose that (H,),
(H3), and (Hy) hold. Then (1.1) is permanent.

From the proof of Theorem 3.3, we can easily establish the following assertion.

CoROLLARY 3.5. Let f be bounded from below (from above) on R. Then every solution of
(1.1) is bounded from below (from above). In particular, if f is bounded, then every solution
of (1.1) is bounded.

4. An example

Consider the following system of two difference equations:
Xn+1:AXn‘l'alf(Yn)_ﬁlf(Yn—l)) Yn+1 :/\Yn+a2f(Xn)_ﬁ2f(anl)) (41)

where A € [0,1), a;, Bi (i = 1,2) are given positive constants with , and f: R — R is a real
function.
Let {(X,,Y,,)} be a solution of (4.1), and for n > 1, define

n n—1 n—k—1

1

Xn = (&) Xo+ > <&> — Y,
(¢%] ko \ 2 [¢%]

. (4.2)

,Bl)n n1<ﬁ1>n_ 1
n=\_ + —_ —X| 5
% (061 70 k%) 44} o g

for some real numbers xo, yo. We will show that {(x,, y,)} satisfies (1.1) for some choice
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of (x0, ¥0). Note that

X = o1 Yns1 = P1Yn> Y, = aaxpi1 — Baxn, (4.3)

Xy = </52> X0+&Y0+*Y1,
az

a

V2= (ﬁ ) }/0+ﬁ1XQ+—X1

In order for {(x,, y,)} to satisfy (1.1), xo and y, must be chosen such that

(4.4)

1
/lxl +f(061)/1 —[31)’0) = A<&x0 + —Yo> +f(X0),
(%) [2%)
5 . (4.5)
)Lyl +f((X2X1 —ﬂsz) = A((x—iyo + (X_1X0> +f(Y0).
Solving for xy and y, we obtain
PR A A - ST
TR BBw) T BB —Aa) 16
1 28] Oéi '
=—— X1+ Y
R Iy AR DY (R PR EASC
Thus,
X = Ax1 +f(6¥1y1 — ﬂl}/o), Y2 = /1}/1 +f(oc2x1 — /32.960). (4.7)
Now, for any n > 1, from (4.1) and (4.3), we have
@ [Xn2 = Mnrr = f(@1yner = Bryn) | = Balxnes —Axn — f(1yn = Bryn-1) ], 48

ar[Yni2 = Aynir — f(@xnir = Baxn) | = Bilyner = Ayn — f(@2x0 — Poxn1) |-

By (4.7) and (4.8), we can get inductively that {(x,,y,)} is the solution of (1.1). From
(4.3), we know

| Xu| <ar|ynr [ +B1lynls [ YVal <@fxwer | +B2 |5l (4.9)
Therefore, by Theorems 3.3 and 3.4 , we obtain the following result on permanence in
system (4.1).

CoROLLARY 4.1. Let f be nondecreasing and bounded from below (or from above) on R.
Suppose that conditions (H,) (or (Hz)), (H3), and (Hy) hold. Then system (4.1) is perma-
nent.
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