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It is well known the differential equation —u""(¢) + Au(t) = f(t) (—oo <t < c0) ina general
Banach space E with the positive operator A is ill-posed in the Banach space C(E) =
C((—00,),E) of the bounded continuous functions ¢(¢) defined on the whole real line
with norm [|@llce) = SUP_ ;<o 1@(£) l|£. In the present paper we consider the high order
of accuracy two-step difference schemes generated by an exact difference scheme or by
Taylor’s decomposition on three points for the approximate solutions of this differential
equation. The well-posedness of these difference schemes in the difference analogy of
the smooth functions is obtained. The exact almost coercive inequality for solutions in
C(7,E) of these difference schemes is established.

Copyright © 2006 A. Ashyralyev and P. E. Sobolevskii. This is an open access article dis-
tributed under the Creative Commons Attribution License, which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is prop-
erly cited.

1. Introduction

The role played by coercive inequalities in the study of local boundary-value problems
for elliptic and parabolic differential equations is well known (see, e.g., [10, 11, 16]).

Coercivity inequalities in Holder norms with a weight for the solutions of an abstract
differential equation of elliptic type were established for the first time by Sobolevskii [12].
Further in [1, 2, 4, 7, 13] the coercive inequalities in Holder norms with a weight were
obtained for the solutions of various local and nonlocal boundary value problems for dif-
ferential and difference equations of elliptic type. Finally in [3, 5, 8, 14] the corresponding
coercivity inequalities in Holder norms without a weight for the solutions of some local
and nonlocal boundary value problems were obtained.

In the present paper we consider the differential equation

—u"(t)+Au(t) = f(t) (—o0<t< o) (1.1)
in an arbitrary Banach space E with positive operator A.
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2 Well-posedness of the difference schemes

A function u(t) is called a solution of the problem (1.1) if the following conditions are
satisfied:

(1) u(t) is the bounded twice continuously differentiable on the real line (— o0, 00);
(ii) the element u(t) belongs to D(A) for all t € (—co0, ), and the function Au(¢) is
bounded continuous for all t € (— o0, 00);

(iii) u(t) satisfies (1.1).

A solution of the differential equation (1.1) defined in this manner will from now on
referred to as a solution of the differential equation (1.1) in the space C(E) = C((—o0, ),
E) of all bounded continuous functions ¢(t) defined on (—o0,c0) with values in E
equipped with the norm

lollce = sup  [lo(t)]]g. (1.2)

te(—o00,00)
The well-posedness in C(E) of the differential equation (1.1) means that coercive inequal-
ity
o' o) + 1Auller) < Ml fllcr) (1.3)

is true for its solution u(t) € C(E) with some M, does not depend on f(t) € C(E). It is
known that from the coercive inequality (1.3) it follows the positivity of the operator A in
the Banach space E, that means the operator IA + A has bounded in E inverse (IA + A) ™!
for any A > 0, and estimate

M

[JAI+A)M|p_p < o1

(1.4)
holds for some 1 < M < 0. It turns out that this positivity property of the operator A in
E is necessary condition of well-posedness of the differential equation (1.1) in C(E). The
positivity of the operator A in E is not a sufficient condition for the well-posedness of the
differential equation (1.1). As it turns out, problem (1.1) is not well-posed for all such
operators.The counterexample given by Sobolevskii [14].

It is known (see, e.g, [9, 12]) that the operator A2 has better spectral properties than
the positive operator A. In particular, the operator AI + +/A has a bounded inverse for any
complex number A with ReA > 0, and the estimate

1

|ar+va) ™| =MA1+1)” (1.5)

is true for some M > 1. Thus, /A is a strongly positive in E operator, that is, the following
estimates hold:

le ™Al p =< Me ™, t][VAe A, p <M, t>0,8>0,

— M1© (1.6)
H(\/K)ﬁ(e”“‘ _e—(tw)ﬁ)H}%E < t: , 0<a,f<l,0<t=<t+7<l

That means if spectral angle ¢(A,E) of operator A in E equal 7, then spectral angle
¢(AV2,E) of operator AY? in E less than 7/2. If the function f(t) is not only continu-
ous, but also bounded continuously differentiable, it is known that (see, e.g., [14]) the



A. Ashyralyev and P. E. Sobolevskil 3

formula
u(t) = %B_l J, e 1T f(7)dr. (1.7)

(Here and in this paper we will put B = A'/?) gives a solution of differential equation (1.1)
in C(E).

In the papers [8, 14] the well-posedness of the differential equation (1.1) was estab-
lished in the Banach space C*(E) = C*((—o0,),E) (0 < a < 1) obtained by completion
of the set of E-valued smooth functions ¢(t) on (-0, ) in the norm

t+1)— @t
Iplo = lglam+  sup 12EFD =0l

o
—co<t<tHT<00 T

(1.8)

and in the Banach space C(E,) = C((—o0, ), E,). Here, the Banach space E,, = E,(E,A"?)
(0 < a < 1) consists of those v € E for which the norm (see, e.g, [6])

vlig, =supz'~*||[A*exp { — zAV}v||, + IvIE (1.9)

z>0

is finite. Moreover, in the paper [14] the difference scheme second order of accuracy
_Tiz(ukﬁ-l —2up +ug_1) +Aug = O Q= f(t), ti=kt, —0<k<o (1.10)

for the approximate solutions of (1.1) was studied. The exact almost coercive inequality
for solutions in C(t, E) of this difference scheme was established.

In the present paper we consider two-step difference schemes of the high order of accu-
racy generated by an exact difference scheme or by Taylor’s decomposition on three points
for the approximate solutions of (1.1). The well-posedness of these difference schemes in
the difference analogy of the smooth functions is obtained.The exact almost coercive in-
equality for solutions in C(7,E) of these difference schemes is established.

2. Difference schemes generated by an exact difference scheme

The construction of two-step difference schemes of an arbitrary high order of accuracy
for the approximate solutions of the differential equation (1.1) is based on the following
theorem.

TaeoreM 2.1. Let u(ty) be a solution of the differential equation (1.1) at the grid points
t = tr. Then {u(ty)}%,, is the solution of the following second order difference equations:

=1 2 (ultknr) = 2u(te) +u(ter)) + 772 (I — exp{—7B}) (u(trr1) +ultc1))
+77%(exp{—27B} =) u(tx) = v,
Yk = (21B) " (Yik + Y2 k1) — (27B) " exp{—7B} (W1 ks1 + Y2k

tk
et e = (-9)Blf9ds

k-1

(2.1)

bk

Yok =1" L exp{ — (s—txk_1)B} f(s)ds, tx=kt, k€ (—c0,00).

k-1



4 Well-posedness of the difference schemes

The proof of Theorem 2.1 is based on the formula (1.7) for the solution of the differ-
ential equation (1.1).

From (2.1) it is clear that for approximate solutions of the differential equation (1.1)
it is necessary to approximate the expressions exp{—7B} and

tr tk
! L exp{ — (tx —s)B} f(s)ds, ! L exp{ — (s—txk—1)B} f(s)ds. (2.2)

k-1 k-1

Let us remark that in constructing difference schemes it is important to know how to
. L .
construct a right-hand side y;” that satisfies

27B) ™ (14 + Vaxs1) — 27B)  exp{—1B} (Vigss + Vi) — vy =o(7"),  (2.3)

and is sufficiently simple. The choice formula l//]l(’j is not unique. Let fW(t) € D(B")
for0 <A <m, 1 <m <[+ j. Using Taylor’s formula, we obtain

tr Hj m mm
T—lj exp{ (tk—S)B}f s)ds = Z]: Z( )Bm’\f()‘)(tk)(_l)‘[+o(‘rl+j)>

o1 m=1 1=0 (m+1)!

T—lfk exp | — (s—te_1)B) f(s)ds = zji MY By D (4 ) o(e)
o P - 2o\ U 1) ’
(2.4)

Applying the exact difference scheme (2.1) and formulas (2.4), we obtain (/+ j)-order of
accuracy two-step difference schemes

- - - Lj
—7 7 (1 — 2w +u1) + 72 (1 = Rjy(7B)) (g +u1) +772 (RS (1B) = D = vy,

Lj 1 Lj L - Ly Lj
‘//kJ = (27B) 1(‘/fl,Jk +‘//2,]k+1> - (27B) 1RJ'J(TB)(l//l’JkJrl -H//Z’]k)’

»\

i M\_

i<> BY" A 0 (1) —— +o(z), k& (—o0,0).

(m+1)!
(2.5)
Here, the function R;(z) is constructed on the base of Padé’s fractions
Rj(z) = g’]’l (é)) (2.6)
respectively
Piy=1+aiz+---+a;7, Qji(z) =1+biz+---+b;2, (2.7)

where the coefficients a;, a; = 1,...,j, and b;, i = 1,...,], are uniquely defined from the
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condition
|Rji(z) —e % | = o(|z|/™") (2.8)

for |z| — 0.

Let F(7,E) be the linear space of mesh functions ¢* = {¢k}~_ with values in the
Banach space E. Next on F(7,E) we denote C(7,E) and C*(t,E) Banach spaces with the
norms

||(PTHC(T,E): sup ||gx|[z>

—oo<k< oo
|lprsr — il (29)
I = || + su —_—
o7 llc (1.E) Il ||C(T,E) _ngrw (r7)e

We say that the difference scheme (2.5) is stable in F(7, E) if we have the inequality

|| p e p) < M||V/]T,l||F(r,E)’ (2.10)

where M is independent not only of y}, but also on 7.
We say that the difference scheme (2.5) is coercively stable (well-posed) in F(7,E) if
we have the coercive inequality

172 e = 2+ )2y = MW e (2.11)

where M is independent not only of y}; but also of 7.

It is known that if A is a positive operator, then A"? is a strongly positive operator.
Since, difference schemes (2.5) are constructed by using an operator A2, instead of A.
Therefore, we have the following theorem.

THEOREM 2.2. Let j =1 — 1,1 — 2. Then two-step difference schemes (2.5) are stable in C*(r,
E),O0=<a=<l.

Since the differential equation (1.1) in the space C(E) of bounded continuous func-
tions defined on the real line with values in E is not well-posed in the case of general
positive operator A, then the well-posedness of the difference schemes (2.5) in C(7,E)
norm does not take place uniformly with respect to 7 > 0. This means that the coercive
norm

e ) = H{T_z(ukﬂ —2ug+ uk—l)}ioooHC

e ) (2.12)
21 = Rua(eB) (s + i) + 72 (R (2B) ~ D |

tends to o as 7 — +0. The investigation of difference schemes (2.5) permits us to establish
the order of growth of this norm to .

THEOREM 2.3. Let j =1— 1,1 —2. Then for the solution of the two-step difference schemes
(2.5) we have almost coercive inequality

. 1
ey < Mmm{ln ;,1+ | In||Bllg-g| }HV/J‘T,IHC(T,E)- (2.13)
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Note that if B is the unbounded positive operator in E, then

min{ln%,1+ |ln||B||EaEl}:1n%. (2.14)

THEOREM 2.4. Let j =1—1,1— 2. Then two-step difference schemes (2.5) are well-posed in
CY(1,E) and C(1,E,), 0 < a < 1.

3. Difference schemes generated by the Taylor’s decomposition

Let f@)(t,) € D(A™") for 0 <i<m, 0 <m<1—1. We consider two-step difference
schemes

2T2m

Ay =g, —o0 <k < oo,
Qmion® MO T *

-1
77 (1 — 2uk + wimr) + D
m=0

3.1
-1 szm m ( )

- LA m—i £(2i) _ _
Pk mZ:O 2m+2)! i:Z(:)A f (tk)a te = kT, —00 <k < 00

of 2/-order of accuracy of approximately solving (1.1). Difference schemes (3.1) generated
by an exact difference scheme

-1

5 2T2m
—1 2 (W(tir1) = 2v(8) +v(te1)) + >

—, 2m+ 2)!Am+1"(tk) =V,

-1

2 2m
V= 2 o : zA’” O (1) +

2m+2)!

t t t— 21-1
x [LH (t—tey) L 7((21 i)l)! v (5)dsdt

(3.2)

et ! (t*S)Zl p21+2)
+Lk (=0 | ()dsdt]

This exact difference scheme generated by the Taylor’s decomposition on three points.
This difference equation is uniquely solvable, and the following formula holds

we = (I+7B)(2I+7B)"'B™" > R*(zB)g;r, (3.3)
i=—o
where
B=B(r,A)= " (—T2A1)2+A A —li 20y (3.4)
) 2 b A Qm+2)1" '
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Actually, the difference scheme (3.1) can be rewritten as the equivalent system of the first
order linear difference equations

77 (ug — ug_1) + Bug = wy,
4 (3.5)
=7 ' (Wks1 — wk) + Bwi = (I + TB) gy,

with operator B = B(r,A). Note that B(r,A) # A? but then B(r,A) — AY? as T — 0 and
it has same spectral properties of A2 under the strong positivity assumption for A. From
the last system it follows the system of recursion formulas

ur = R(tB)uy_1 + tR(rB)wy,

3.6
Wi = R(TB)Wks1 + @k, (36

where R(7B) = (I +tB)~!. Hence

k
ue= > R<H(TB)Tw;,

i=—o0

(3.7)

wi = > RK(1B)g,r.
s=k

From that it follows that

k (o)
we= > RFM(2B)T> RI(TB)gst. (3.8)

i=—o00 s=i

Since

k w
> RFHU(B)T Y RT(1B)gsT

j=—c0 s=i

k s 0 k
_ Z T Z Rk+s+1—2i(TB)(PST+ Z T Z RkH_ZiH(TB)(pST

§=—00  j=—o0 s=k+1 i=—o0
k
= (I-R*tB))”" > TRFH(1B)gcr (3.9)

s=—00

(o)

+(I - R*(zB)) " > TRF(zB)g,r

s=k+1

-1

= (I-R*zB))" > r(R*¥="(zB) - R**(1B))¢.7
s=1

we have that

we = (I-R*(1B))~ z TR (7B) g, (3.10)

s=—00

From this formula it follows the formula (3.3).
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As above, let us give the definition of the stability and coercively stable of the difference
equation (3.1).
The difference equation (3.1) is said to be stable in F,(E) if we have the inequality

|l p e ey =< M9 |l pr (3.11)

where M is independent not only of ¢” but also of 7.
The difference equation (3.1) is said to be well-posed (coercively stable) in F,(E) if we
have the coercive inequality

H{T_z(ukﬂ—Zuk+uk—1)}°jw‘ < Mll¢"|p(r 5>

F(1,E)
(3.12)

+ +1
F(rE) H{Z_ 2m+2)! ”k}m

where M is independent not only of ¢” but also of 7.

From the formula (3.3) it follows that the investigation of the stability and well-
posedness of difference schemes (3.1) relies in an essential manner on a number of prop-
erties of the powers of the operator (I + 7B)~!. We are not able to obtain the estimates
for powers of the operator (I +7B)~! in the general cases of operator A. However, for
the investigation of (3.1) it is necessary to construct an operator B = B(7,A) and to give
estimates

IR(tB)||pp < M(1+87)7%, k=1

3.13
||kBR¥(zB)||z_p < M(1+87) %, k=1 (3-19)

The proof of estimates (3.13) is based upon three theorems.

THEOREM 3.1 (a real criterion for strong positivity [13]). A necessary and sufficient con-
dition for B to be strongly positive is that the estimates (3.13) are satisfied.

TaEOREM 3.2 ([13]). If A is a strongly positive operator, then the operator B denoted by

B= %TAJr i(T2A)2+A (3.14)

is a strongly positive operator.

TareoreM 3.3 ([2]). If A is a strongly positive operator with spectrum angle ¢(A,E) < /2l
then the operator A; denoted by formula (3.1) is also a strongly positive operator.

We have the following results.

THEOREM 3.4. Let A is a strongly positive operator in a Banach space E with spectral an-
gle §(A,E) < /2l Then difference problem (3.1) is stable in C*(1,E), (0 < a < 1). For the
solutions of the difference problem (3.1) satisfy the stability inequalities

|l ooy = MI@7 | coe (3.15)

where M does not depend on ¢*, o and 7.
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THEOREM 3.5. Let A is a strongly positive operator in a Banach space E with spectral angle
¢(A,E) < n/2l. Then the solutions of the difference problem (3.1) in C(t,E) obey the almost
coercive inequality

-1

l [
_ o 272m
R AN T s N

Cn.p) (3.16)
. 1
<M, mm{ln o 1+ |[In||Bllg-g| }”(PTHC(T,E)’

where M, is independent not only of 7, but also of 7.

THEOREM 3.6. Let A is a strongly positive operator in a Banach space E with spectral angle
¢(A,E) < /2l Then the solutions of the difference problem (3.1) in C*(1,E) and C(t,E,),
0 < a < 1 obey the coercive inequality

-1 2T2m . ©
+ . s
C¥(1,E) {mz—:O 2m+2)! uk}w

H{T_z(ukﬂ — 2w+ up-1)}

C%(1,E)

M,
= ™ cate >
a(l—a) (r:E)
L N (3.17)
H{T_Z(uk+1 —2up+up 1)} H + ﬂA”‘“uk
—llc(r,Ey) — (2m+2)!
m=0 =00 e(r,Eq)
M;
bt (X(l _ “) ||¢T||C(1,Ea)’
where M, is independent not only of 97, o, but also of T.
It is clear that
|AATY |, < M. (3.18)

From this estimate and Theorems 3.5-3.6 it follows that the following theorem.

THEOREM 3.7. Let A is a strongly positive operator in a Banach space E with spectral angle
@(A,E) < 7r/2l. Then the solutions of the difference problem (3.1) in L, . (E) obey the almost
coercive inequality

H{T_Z (uk+1 —2ui + uk—l) }O—OooHC(T,E) + H{Auk}i"’ C(r.E)

. (3.19)
<M min{ln;,u |lnuBuH|}||¢f||c<T,E),

where M, is independent not only of ¢7, but also of 7.

THEOREM 3.8. Let A is a strongly positive operator in a Banach space E with spectral angle
¢(A,E) < t/2l. Then the solutions of the difference problem (3.1) in C*(,E) and C(t,Ey),
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0 < a < 1 obey the coercive inequality

M;
a(l —«a)

H{r’z(ukﬂ — 2uy +uk_1)}°_°w‘ . H{Auk}iocha(nE) < o™l cer.)>

H{T_Z(”kﬂ_2”k+uk—1)}o_owH +H{Auk}°_°ooH ||¢T||C(1,Eu)’

(3.20)

<
C(r,Eq) crk (1l — @)

where M, is independent not only of ¢7, o, but also of 7.

4. Application

We consider 2m-order multidimensional elliptic equation

u ITly
+ Z ar(x)irn +0u(y,x) = f(y,x), —co<y<oo,xeR", (4.1)
By ricam 0xy

where a,(x) and f(y,x) are given sufficiently smooth functions and «, (x) >0, § > 0 is the
sufficiently large number. Here r € R” is a vector with nonnegative integer components,
[rl=r 4. +71,

Now, the abstract theorems given from above are applied in the investigation of dif-
ference schemes of higher order of accuracy with respect to the set all variables for ap-
proximate solution of the differential equation (4.1). The discretization of problem (4.1)
is carried out in two steps. In the first step let us give the difference operator Aj by the
formula

Asult = > b*Dhul+8ul. (4.2)

2m<|r|<S

The coefficients are chosen in such a way that the operator A}, approximates in a specified
way the operator (see [2])

ol
Z (Zr ﬁ‘f’é. (43)
ax - le

|r|=2m

We will assume that for |§h| < 7 the symbol A(Eh, h) of the operator Af — § satisfies the
inequalities

(—1)"A*(&h,h) = M, |E]*™, |argA*(Ehh) | < p < ¢p < 2% (4.4)

With the help of Aj, we arrive at the infinite system of ordinary differential equations

A2vh(y,x
_# V(y,x) = fM(px), —o<y<ew, xER] (45)
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In the second step we replace differential equation (4.5) by the difference scheme

I o
L ) - 20+l () + (A7) T2l () = (),
i=1

T
(4.6)

2m m
Ph(x) = Z G T+2 A" PG (3 %), yk = kT, —00 <k < o0, x € RIL

Let us give a number of corollaries of the abstract theorems given in the above.

THEOREM 4.1. Let T and h be a sufficiently small numbers. Then the solutions of the differ-
ence schemes (4.6) satisfy the following stability estimates:

[[Z3n

5 SMH{(th}O—ooo‘

cruct 0<a<l,0<p<l, (4.7)

ca(zchy
where M does not depend on {(pkh}"foo, o, B, hand 1.
The proof of Theorem 4.1 is based on the abstract Theorem 3.4 and the positivity of

the operator A}, in Cf [6].

THEOREM 4.2. Let T and h be a sufficiently small numbers. Then the solutions of the differ-
ence schemes (4.6) satisfy the following almost coercive stability estimates:

(4.8)

"{772(”Z+1 - 2”Z+”2—1)}f°°)'c(r,ch) = Mlnﬁ”{% }O:)OOHC(T’C‘*))

where M does not depend on {gokh}°_°oo, hand t.

The proof of Theorem 4.2 is based on the abstract Theorem 3.7, the positivity of the
operator Ay, in Cy, and on the almost coercivity inequality for an elliptic operator Ay in
Cy and on the estimate

(1 .
mln{ln;,1+ |ln||Bh||Ch~Ch|} MlnTh (4.9)

TueoreM 4.3. Let T and h be a sufficiently small numbers. Then the solutions of the differ-
ence schemes (4.6) satisfy the coercivity estimates:

[{r2 iy, — 20+ )}

< M(a, )| {9} .|

C(r,Cy)

0=<a<l1l,0<fB<1,

(4.10)

ca(r,cly
where M (a, 3) does not depend on {gokh}i"oo, hand 7.

The proof of Theorem 4.3 is based on the abstract Theorem 3.8 and the positivity of
the operator Aj in Cf and the coercivity inequality for an elliptic operator Ay in o
0 < B < 1 and on the fact that for any 0 < 8 < 1/2m the norms in the spaces Eg(Aj,Cy,) and

C;mﬁ are equivalent uniformly in 4 [6] and on the following theorem on the structure of
the fractional spaces Eq((A})"?2,Cp).
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THEOREM 4.4 [2]. Let A is a strongly positive operator in a Banach space E with spectral
angle ¢(A,E) < /2. Then for 0 < a < 1/2 the norms of the spaces E(A"?,E) and E,,(A,E)
are equivalent.
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