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One known theorem on the asymptotic behavior of solution of linear delay difference
equation is considered where a stability criterion is derived via a positive root of the cor-
responding characteristic equation. Two new directions for further investigation are pro-
posed. The first direction is connected with a weakening of the known stability criterion;
the second one is connected with consideration of negative and complex roots of the char-
acteristic equation. A lot of pictures with stability regions and trajectories of considered
processes are presented for visual demonstration of the proposed directions.
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1. Introduction: statement of the problem

There is a series of papers (see, e.g., [5-12]) where a similar method is used for investi-
gation of asymptotic behavior of solutions of difference equations [5, 7], and differential
equations [9, 10, 12], integro-differential equations [6, 8], and difference equations with
continuous time [11]. The basic assumption in this method is that the positive root of
the corresponding characteristic equation satisfies a special sufficient condition for as-
ymptotic stability of some auxiliary equation. Here on the example of Volterra difference
equation it is proposed to improve the results of these investigations in two directions.
Firstly it is shown that the basic assumption on the positive root of the corresponding
characteristic equation can be essentially weaken using different conditions for asymp-
totic stability. Besides of that it is shown that consideration of negative and complex
roots of the characteristic equation gives some new horizons for investigation. For vi-
sual demonstration of the proposed ideas, a lot of pictures with numerical calculations of
stability regions and trajectories of considered processes are presented.
Consider the Volterra difference equation

Axn:axn+szxn_j, n=0, (1.1)
j=1
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2 A new view on one problem

with the initial condition
xj=¢j j=0. (1.2)

Here Ax, = Xu11 — Xn, a and Kj, j = 1,2,..., are real numbers. The equation
A-1=a+>AK; (1.3)

is called the characteristic equation of difference equation (1.1).

TaeoreM 1.1. Let Ay be a positive root of characteristic equation (1.3) with the property
1l =, ).
A—OZAO jlK;| <1 (1.4)
j=1

Then for any initial sequence ¢;, j < 0, the solution of (1.1), (1.2) satisfies the condition

lim 15", = Qi (¢), (1.5)
where
Qi (¢) = L3,(9) Yo = 1 i/fij'
’ l+y/\o) 0 /\0 j=1 0 ’

) . (1.6)
Ly, (¢) = ¢ + )Tlo z/\ofk,( > )LorqS,).
j=1

r—j

The proof of Theorem 1.1 follows from [5] where, in particular, it is shown that the
sequence

Zn = /lanxn - QAO ((/5) (1-7)

is a solution of the linear difference equation

o0 . n—1
zn:—/\iZAojKj( > z,), n>0, (1.8)
021

r=n-—j

and by condition (1.4) z,, defined by (1.7), converges to zero that is equivalent to (1.5).
Two following questions arise here.
Firstly, it is clear that condition (1.4) is a sufficient condition for asymptotic stabil-
ity of the trivial solution of (1.8). But is condition (1.4) a unique or the best sufficient
condition?
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Secondly, why only a positive root of (1.3) is considered here? Which is a situation in
the case of negative or complex root?

Below it is shown that condition (1.4) of Theorem 1.1 can be weaken and the negative
and complex roots of (1.3) also can be useful for investigation of asymptotic behavior of
the solution of (1.1), (1.2).

2. Improvement of the known result

Rewrite equation (1.8) in the form
=zazzn,1, n>0, a-= ——Z/\O K;. (2.1)
I=1 Ao j=1

Different sufficient conditions for asymptotic stability of the trivial solution of difference
Volterra equation type of (2.1) were obtained in [1-4, 13] via the general method of
Lyapunov functionals construction.

In particular, if

S lal <1, (2.2)
I1=1

then the trivial solution of (2.1) is asymptotically stable [1]. Condition (2.2) is weaker
than (1.4). Really,

(o]
z|a1| <

1 e} ] . 1 [eY] i
Ao |1<|:—ZZAOJ|Kj|:—Z/\Of]|1<j|<1. (2.3)
Ao j=11=1 Ao j=1

=
[Me
M8

l

1j

Another sufficient condition for asymptotic stability of the trivial solution of difference
Volterra equation (2.1) has [1] the following form: if 2o — 1 < 8 < 1, where

> ajls (2.4)

j=l+1

B= Za;, a= ZBl
=1 =1

then the trivial solution of (2.1) is asymptotically stable.
So, the following theorem holds.

THEOREM 2.1. Let Ay be a positive root of characteristic equation (1.3) that satisfies the
property

1
= AOJKJ-

Ao

Me
Me

<1 (2.5)

1

1

—_
-

1
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or the property

2a-1<p<1,

(2.6)
1
a3

100
_A_Z

Z ~ DK,

Then for any initial sequence ¢;, j < 0, the solution of (1.1), (1.2) satisfies condition

(1.5), (1.6).
From (2.3) it follows that condition (2.5) is weaker than (1.4). To compare conditions
(1.4), (2.5), and (2.6) consider the following example.

Example 2.2. Consider the difference equation

Ax, = ax, + Kix,_1 + Kyx,_». (2.7)

Auxiliary difference equation (2.1) in this case has the form

Zn = — (K1A62 +K2/\63)Zn71 - K2/153z,,,2. (2.8)

Conditions (1.4), (2.5), and (2.6) are correspondingly

|K1|/162+2|K2|/163<1, (29)
|KiAg2 +KoAG? | + | Ky [Ag° < 1, (2.10)
—1<KiAg2 +2K0° < 12| Ky | Ay°. (2.11)

It is well known also [13] that the necessary and sufficient condition for asymptotic sta-
bility of the trivial solution of (2.8) is

|Kidg? + KoAg® | < 1+ Kadg®, | Ka|Ag® < 1. (2.12)

One can see that condition (2.12) follows from each of conditions (2.9), (2.10), and
(2.11). From each of these conditions it follows also that 1+ yy, = 1 + KjAg2 + 2KaA5° > 0,
s0 Qy, () in (1.6) is defined.
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Figure 2.1. Different stability regions.

On Figure 2.1 stability regions for (2.8) are shown constructed by conditions (2.9)
(region AECF), (2.10) (region ABCD), (2.11) (region GCD), and (2.12) (region GHD)
in the space (x1,x;), where x; = Ki1g2, x; = Kadg®.

3. Different situations with roots of the characteristic equation

To demonstrate the different situations of the use not only positive but also negative and
complex roots of characteristic equation (1.3) consider the simple difference equation

Ax, = ax, +bx,_1, n=0,1,...,

(3.1)
xj=¢j, j=*1,0.
The corresponding characteristic equation is
A—1=a+br7 L. (3.2)

The following theorem deals with behavior of the sequences x,, and y, = A" x,, where x,
is a solution of (3.1) and Ay is a root of characteristic equation (3.2).

TaEOREM 3.1. There are four different situations with a solution of (3.1).

(n) 1f
a+140, (a+1)*+4b >0, (3.3)

then

%ijg)/n = Qlo((b)) (3-4)
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where
Q)= 125 L@ = ht s b, (.5)
AO“E%%1(1+ 1—+(aii)2>. (3.6)
@I
a+1=0, b>0, (3.7)
then Ay = /b and
Yok =Gos  Yak+1 =Aop-1, k=0,1,.... (3.8)
3)If
a+1+0, (a+1)*+4b =0, (3.9)
then
Yo =¢o+nly(¢), n=01,.., (3.10)
where Ly, (¢) is defined by (3.5) and Ao = (1/2)(a+1).
(4)If
(a+1)*+4b<0, (3.11)
then
[yn = Qu(@)] = [¢o—Qu($)], n=0,1,..., (3.12)
where

Qu¢) = Lz Polat D200 (3.13)

2 2 |(a+1)2+4b|

and Ay is one of two conjugate complex roots

a+1=+iy|(a+1)2+4b
Yoo

2 >

0= (3.14)
of characteristic equation (3.2). It means that the values of the process y, are located in a
complex plane on the circle with the center Qy,(¢) and the radius r = [¢po — Q). ($)|. This
circle includes the points 0 and ¢y.
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Proof. (1) Let us suppose that condition (3.3) holds. Put
Zn = Yn— QAO(¢)> Yn = Aanxn) (315)

where x, is a solution of (3.1) and A is a root of characteristic equation (3.2).
By condition (3.3), (3.2) has two real roots

/11,2 =

atlx+(a+1)?+4b a+1 4b
5 = (li 1+(a+1)2>. (3.16)

From (2.1) it follows that sequence (3.15) satisfies the equation
Zy = —Agbz,1, n=0,1,.... (3.17)

The necessary and sufficient condition for asymptotic stability of the trivial solution of
(3.17) is

[Ag2b| < 1. (3.18)

From (3.2) it follows that condition (3.18) is equivalent to |1 — (a+ 1)Ag'| < 1 or
1
Mo(a+1) >£. (3.19)

It is easy to see that from two roots (3.16) of (3.2) root (3.6) only satisfies condition
(3.19). So (3.4) is proven.

(2) By conditions (3.7) from (3.2) it follows that A;?b = 1. Equation (3.17) takes the
form z, = —z,_1. Therefore, z, = (—1)"zg, n = 1,2,.... Via (3.15), (3.5) from here we have

Yn = Qi () + (=1)"[¢o — Qi (9)]

= (—1)"¢0+%[1 —(=D"][¢o+ (A5°b) o1 ] (3.20)
Ao

- %[1 1) g+ 21 - (<1 ]¢

that is equivalent to (3.8).
(3) By condition (3.9) the solution of (3.2) is Ag = (1/2)(a+1). From here and (3.9)
it follows that 1+ Ay2b = 0 and, therefore, Q,\O(gb) in (3.5) is undefined. It means that

sequence (3.15) undefined too. Using y; = /\(;]xj,j =0,1,...,,(3.1),(3.2),and Ay 'b = — Ao,
we have

Axj—axj—bxj, = A(Aé)’j) - W\é}’j - b/\g;l)’j—l

= 10" [Ay; - Ayl =0,
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M N

Figure 3.1. Regions with different behavior of x, and y,.

From here via (3.5) it follows that
Ayj=Ayj-1=y0— y-1=x0—hox-1 = o +Ag'b¢-1 = Ly, (¢) (3.22)

or y; = yj_1 +L,(¢). Summing this equality with respect to j = 1,2,...,n, we obtain
(3.10).

(4) Let us suppose now that condition (3.11) holds. Then the conjugate complex roots
of (3.2) are defined by (3.14) and satisfy the condition [1¢|> = —b = |b] or [A2b] = 1.
From (3.17) it follows that process (3.15) satisfies the equation |z,| = |z,—1| or |z,| = |2o].
It is equivalent to (3.12). Now it is enough to show that Qy,(¢) defined by (3.5) equals
Qy, (¢) defined by (3.13). Really, putting § = +/[(a+ 1) +4b], from (3.14) we obtain 2, —
(a+1) = £id. Using (3.2), (3.5), and (3.14), one can transform Qy,(¢) by the following
way:

Qu(6) = Ly(@) ALy (¢) Aoy (@) 2idoLy, ()
W T @+ )  2h0—(a+1) 6 720
(3.23)
_i(go(a+1) £igod+2bd_1)  ¢o 1l,qbo(a+1)+2b¢>,1
a ¥28 2 28 '
The theorem is proven. U

Four regions described in Theorem 3.1 are shown on Figure 3.1: (1) at the left of the
curve KLM and from the right of the curve KLN’; (2) the line KL; (3) the curve MLN; (4)
under the curve MLN. The point L with the coordinates a = —1, b = 0 is excluded from
the consideration since in this point Ay = 0. The inside of the triangle ABC is the region
of asymptotic stability of the trivial solution of (3.1).

Below on Figures 3.2, 3.4, and 3.5 the first situation from Theorem 3.1 is shown.

On Figure 3.2 the trajectories of the processes x, and y, are shown in the point D (it
is shown on Figure 3.1) with the coordinates a = —1.5, b = 0.65. Here ¢_; = 2, ¢ = 0.5,
Ao = —1.094 (a negative root). The point P does not belong to the stability region (the
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Figure 3.3. Behavior of x,, and y, in the point E.

triangle ABC) of the trivial solution of (3.1), so the process x, (green) goes to + 0. The
process ¥, (red) enough quickly converges to Qy,(¢) = —0.446.

On Figure 3.3 the similar trajectories of the processes x,, and y, are shown in the point
E (Figure 3.1). Here a = —0.5, b = 0.65, ¢_; = =2, ¢y = 2.5, Ay = 1.094 (a positive root),
the process x, (green) goes to +oo, the process y, (red) quickly converges to Qy,(¢) =
0.850.

On Figure 3.4 the trajectories of the processes x, and y, are shown in the point F
(Figure 3.1) with the coordinates a = —1.5, b = 0.25. Here ¢_; = 3, ¢ = —1.5, Ag =
—0.809 (a negative root). The point F belongs to the stability region (the triangle ABC)
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Figure 3.4. Behavior of x, and y, in the point F.
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Figure 3.5. Behavior of x, and y, in the point G.

of the trivial solution of (3.1), so, the process x, (green) converges to zero. The process y,
(red) quickly converges to Qy,(¢) = —1.756.

On Figure 3.5 the similar trajectories of the processes x,, and y, are shown in the point
G (Figure 3.1). Here a = —0.5, b = 0.25, ¢_; = 3, ¢p = 1, Ay = 0.809 (a positive root), the
process x,, (green) converges to zero, the process y, (red) quickly converges to Qy,(¢) =
1.394.

On Figures 3.6 and 3.7 the second situation from Theorem 3.1 is shown.

On Figure 3.6 the trajectories of the processes x, and y, are shown in the point U
(Figure 3.1) with the coordinates a = —1, b = 1.1. Here ¢_; = 1.5, ¢9 = —1, g = —1.049
(a negative root). The point U does not belong to the stability region (the triangle ABC)
of the trivial solution of (3.1), so the process x,, (green) goes to + 0. The process y, (red)
has two values: ¢ = —1 and g = —1.573.
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Figure 3.6. Behavior of x, and y, in the point U.
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Figure 3.7. Behavior of x, and y, in the point V.

On Figure 3.7 the similar trajectories of the processes x,, and y, are shown in the point
V (Figure 3.1). Herea = —1,b = 0.6, ¢_; = 1.5, ¢g = —1, Ay = 0.775 (a positive root), the
process x, (green) converges to zero, the process y, (red) has two values: ¢9 = —1 and
Aoy = 1.162.

On Figures 3.8 and 3.9 the third situation from Theorem 3.1 is shown.

On Figure 3.8 the trajectories of the processes x, and y, are shown in the point W
(Figure 3.1) with the coordinates a = 0, b = —0.25. Here ¢_; = 3.5, ¢p = 1.6, 10 = 0.5 (a
positive root), Ly, (¢) = —0.15. The point W belongs to the stability region (the triangle
ABC) of the trivial solution of (3.1), so the process x, (green) converges to zero. The
process ¥, (red) is a straight line.

On Figure 3.9 the trajectories of the processes x, and y, are shown in the point A
(Figure 3.1) with the coordinates a = =3, b = —1. Here ¢_; = 1.2, ¢g = —1, Ao = —1
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Figure 3.8. Behavior of x, and y, in the point W.
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Figure 3.9. Behavior of x, and y, in the point A.

(a negative root), L), (¢) = 0.2. The point A does not belong to the stability region (the
triangle ABC) of the trivial solution of (3.1), so the process x, (green) goes to + 0. The
process ¥, (red) is a straight line.

On Figures 3.10 and 3.11 the fourth situation from Theorem 3.1 is shown.

On Figure 3.10(a) the trajectory of the complex process y, is shown in the point P
(Figure 3.1) with the coordinates a = —0.5, b = —0.6. Here ¢_; = —3, ¢y = 3. One can
see that the values of the process y, are located in the complex plane on the circle with
radius r = 2.297 and the center Q) (¢) = 1.5 —i1.739 (green) if Ay = 0.25+i0.733 and
Qi (¢) = 1.5+i1.739 (red) if Ay = 0.25 — i0.733. On Figure 3.10(b) the trajectory of the
process x, is shown in the same point P (Figure 3.1). This point belongs to the stability
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Figure 3.10. (a) Behavior of y, in the point P; (b) behavior of x, in the point P.
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e e a P

e et
5

4

+
°
+
n
°
B

@
+

@
+

|

I
1
-+
1
1
- o ! o -
- .".2 .
B -
. - I = =
= - I - -
- Fl»
- ] -
P
1
1
R e Bl e e e e ittt Lok il Bl ol
g n e, N N — [ ~ RN n
—= > - ! .l | [ | |
a T 1 * By
L=
|
1
1
1
T
'

-2

)
= /
=

0—\!—}

20

\
\

|

4-
10

(b)



L. Shaikhet 15

region (the triangle ABC) of the trivial solution of (3.1), so the process x, converges to
Z€ro.

On Figure 3.11(a) the trajectory of the complex process y, is shown in the point R
(Figure 3.1) with the coordinates a = —0.5, b = —1.2. Here ¢_; = —3, ¢p = 4. One can see
that the values of the process y, are located in the complex plane on the circle with radius
r = 2.941 and the center Q),(¢) = 2 —i2.157 (green) if Ay = 0.25+i1.067 and Qy,(¢) =
2+142.157 (red) if Ay = 0.25 — i1.067. On Figure 3.11(b) the trajectory of the process x; is
shown in the same point R (Figure 3.1). This point does not belong to the stability region
(the triangle ABC) of the trivial solution of (3.1), so the process x, goes to +oo.

4, Conclusion

In this paper it is shown that the known results type of Theorem 1.1 (see [5-12]) can be
improved similar to Theorem 2.1 by virtue of different stability conditions obtained via
general method of Lyapunov functionals construction [1-4, 13]. On the other hand, it
is noted that the results of the papers [5-12] in general case can be essentially extended
similar to Theorem 3.1 via consideration of not only positive but also negative and com-
plex roots of the corresponding characteristic equation. These ideas can be applied both
for difference and for functional-differential equations.

References

[1] V. Kolmanovskii and L. Shaikhet, General method of Lyapunov functionals construction for sta-
bility investigation of stochastic difference equations, Dynamical Systems and Applications, World
Sci. Ser. Appl. Anal,, vol. 4, World Scientific, New Jersey, 1995, pp. 397—439.

, Some peculiarities of the general method of Lyapunov functionals construction, Applied

Mathematics Letters 15 (2002), no. 3, 355-360.

, About one application of the general method of Lyapunov functionals construction, Inter-

national Journal of Robust and Nonlinear Control 13 (2003), no. 9, 805-818, special issue on

time-delay systems.

(2]

, About some features of general method of Lyapunov functionals construction, Stability and
Control: Theory and Applications 6 (2004), no. 1, 49-76.

[5] L-G.E.Kordonis and Ch. G. Philos, On the behavior of the solutions for linear autonomous neutral
delay difference equations, Journal of Difference Equations and Applications 5 (1999), no. 3, 219—
233.

, The behavior of solutions of linear integro-differential equations with unbounded delay,
Computers & Mathematics with Applications 38 (1999), no. 2, 45-50.

[7] 1.-G. E. Kordonis, Ch. G. Philos, and I. K. Purnaras, Some results on the behavior of the solutions of
a linear delay difference equation with periodic coefficients, Applicable Analysis 69 (1998), no. 1-2,
83-104.

, On the behavior of solutions of linear neutral integrodifferential equations with un-

bounded delay, Georgian Mathematical Journal 11 (2004), no. 2, 337-348.
[9] Ch. G. Philos, Asymptotic behaviour, nonoscillation and stability in periodic first-order linear delay
differential equations, Proceedings of the Royal Society of Edinburgh. Section A 128 (1998),
no. 6, 1371-1387.
[10] Ch. G. Philos and I. K. Purnaras, Periodic first order linear neutral delay differential equations,
Applied Mathematics and Computation 117 (2001), no. 2-3, 203-222.




16 A new view on one problem

[11] , An asymptotic result for some delay difference equations with continuous variable, Ad-
vances in Difference Equations 2004 (2004), no. 1, 1-10.
[12] , Asymptotic properties, nonoscillation, and stability for scalar first order linear autonomous

neutral delay differential equations, Electronic Journal of Differential Equations 2004 (2004),
no. 3, 1-17.

[13] L. Shaikhet, Necessary and sufficient conditions of asymptotic mean square stability for stochastic
linear difference equations, Applied Mathematics Letters 10 (1997), no. 3, 111-115.

L. Shaikhet: Department of Higher Mathematics, Donetsk State University of Management,
Chelyuskintsev street 163-A, Donetsk 83015, Ukraine
E-mail addresses: leonid@dsum.edu.ua; leonid.shaikhet@usa.net


mailto:leonid@dsum.edu.ua
mailto:leonid.shaikhet@usa.net

	1. Introduction: statement of the problem
	2. Improvement of the known result
	3. Different situations with roots of the characteristic equation
	4. Conclusion
	References

