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1. Introduction

In this paper, we study a higher-order quasilinear equation with p-Laplacian
((pp(u("_l))), +g(t)f(t,u,u',...,u(”_z)) =0, O0<t<l,n=3, (1.1)
subject to the following three-point boundary conditions:

u(0)=0, 0<i<n-3,
agy (u"2(0)) = By (u" V(1)) =0, (1.2)
Y6, (u"=2 (1)) — 8¢, (u"" V(1)) =0,

where ¢,(s) is a p-Laplacian operator, that is, ¢,(s) = Is|?=2s, p > 1,7 € (0,1) is a given
constant,« >0,y >0,8>=0,8 >0, g:[0,1] — [0, c0) has countable many singularities on
(0,1/2).

In recent years, because of the wide mathematical and physical backgrounds [7, 8], the
existence of positive solutions for nonlinear boundary value problems with p-Laplacian
received wide attention. Especially, when p = 2, the existence of positive solutions for
nonlinear singular boundary value problems has been obtained (see [5, 6, 10]); when p #
2 and the nonlinearities are continuous, many results of the existence of positive solutions
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2 DPositive solutions of a three-point BVP

have been obtained [1-4, 9] by using comparison results, topological degree theorem,
respectively. Recently, on the existence of positive solutions of multipoint boundary value
problems for second-order ordinary differential equation, some authors have obtained
the existence results (see [5-8, 10]). However, all of the above-mentioned references dealt
with the case of the nonlinearity without singularities. For the singular case of multi-
point boundary value problems, to our acknowledge, no one has studied the existence of
positive solutions in this case.

Very recently, Kaufmann and Kosmatov [3] established the result of countably many
positive solutions for the two-point boundary value problems with infinitely many sin-
gularities of the following form:

(1.3)
u'(0) =0, u(l) =0,
where a € L?[0,1], p = 1, and a(¢) can have countably singularities on [0,1/2).
Lian and Ge in [4] investigated the following boundary value problem:
(¢p (" DN + g f(tuid ..., u™ D) =0, 0<t<]1,
u'(0)=0, 0<i<n-3,
(1.4)

where ¢,(s) = [s|?~%s, p>1,a,,9,8 = 0, ay + ad + y > 0 and obtained that the problem
has at least one positive solution by using the fixed point theorem of the compression and
expansion of norm in the cone.

Motivated by the results mentioned above, in this paper, we extend the results obtained
in [4] to the more general three-point boundary value problems (1.1)-(1.2) which are
generalization of problems (1.4). We would stress that the results presented in this paper
complement and improve those obtained in [3, 4], since we allow nonlinearity to have
infinitely many singularities and the boundary value conditions are more general. We
will show that the problems (1.1)-(1.2) have infinitely many solutions if g and f satisfy
some suitable conditions.

In the rest of the paper, we make the following assumptions:

(Hl) f € (C([O) 1] X [Or+°o)n_l> [Oa+oo))a

(H,) g € L'[0,1] is nonnegative and g() does not vanish identically on any subinterval

of [0,1],

(Hj3) there exists a sequence {t;};>, such that ti;; <t;, f; <1/2, lim;_t; = t* > 0,

limy_;, g(t) = 00 (i=1,2,...), and

1
0< J g(t)dt < oo. (1.5)
0
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It is easy to check that condition (H3) implies that

1 s
0<J0 ¢q<J0g(sl)dsl>ds<+00, (1.6)

where ¢; = ¢,' and 1/p+1/q = 1.

2. Preliminaries and lemmas

We denote

B={uecC"2[0,1]:4'(0)=0,0<i<n-3}, o
2.1
K={ueB:u"2(t) =0, u"?(t) is concave function, t € [0,1]},

and the norm ||ul| = max;e[o) [u=2 (). Set K, = {u € K : ||lu|| < r}, then it is obvious
that K is a cone. Our main tool of this paper is the following fixed point theorem of cone
expansion and compression of norm type.

LemMa 2.1 [1]. Suppose E is a banach space, K C E is a cone, let 1, Q) be two bounded
open sets of E such that 6 € Qy, Q; C Q. Let operator T : K 1 (Q, \ Q1) — K be completely
continuous. Suppose that one of the following two conditions holds:

(1) ITx]l < llxll, for allx € K n oy, | Txll = lIx||, for all x € K N 0Q,,

(i) ITx]l = llxll, for all x € K n oy, I Tx|l < llx||, for all x € K N 9Q,.
Then T has at least one fixed point in K N (Q, \ Q1).

Now we define a mapping T : K — C"~1[0,1] N B,

(Tu®) = | jo - jo W (5u_2)dn_25n_s - - - dis, (22)

where w(t) is given by

' 6
¢q <§J g(S)f(s,u(S),u'(S))---a”(n_Z)(5)>ds)
n

t §
+J ¢q(J g(r)f(nu(r),u'(r),...,u(”‘”(r))dr> ds, 0<t<9,
w(t) =1 ’ S (2.3)

[ 606 s uts) (9ol 2 9)d
bq y agsfs,us,u S)yeesld s))ds

+J1¢q(rg(r)f(r,u(r),u’(r),...,u‘”2)(r))dr>ds, S<t<l,
L ¢ 8
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where 6 is a solution of the equation yy(x) = y;(x), here

yo(x) = ¢ (/é :g(s)f(s,u(s),u'(s),...,u(”2)(5))d5>

fE%(jﬂﬂﬂnmawu»wwnmmMO%,
(2.4)

1
y1(x) = ¢q (6 J g(s)f(s,u(s),u'(s),...,u(”2)(5))ds>

J%(Jﬂrﬂ (qu»M¢WMan¢.

Obviously, yo(x) is a nondecreasing continuous function defined on [0, 1] with y,(0) =
0 and y;(x) is a nonincreasing continuous function defined on [0,1] with y,(1) = 0.
Moveover, if 81,8, € [0,1] (§; < §2) are solutions of the equation yo(x) = y1(x), then we
have

g f(tyu(t),u (t),...,u"2(t)) = 0. (2.5)

Ast € [61,02], we choose § € [81,0,] and can have
)
gbq(j g(s)f(s,u(s),u’(s),...,u(”2>(s))ds) >0, 0<t<§$,
t
(Tw)" V(1) =w'(t) =

—‘Pq(J g(s ' (8),.. ,u(”‘z)(s))ds> <0, d<t<l.
(2.6)

Obviously, we can obtain the following results:
agp (w(0)) — B, (w'(17)) =0, y$p(w(1)) +8¢,(w'(1)) = 0. (2.7)

Let

f(t3u1)u23'~-3un—l)

fo= lim max — R
Up-1—00<u;<---<u, 2<(1/0)u,_1, t€[0,1] (un—l)P
(2.8)
. . f(t7u1)u27~")un*1)
fo = lim min = R
U1 =00 01y <+ <tty_2 <(1/0)tty_1, t€[0,1] (un—1)p

where 0 € (0,1/2) is a given constant. We can easily get the following lemmas.
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LEmMA 2.2. Letu € K and 0 € (0,1/2). Then
u"2(t) = 0lul, te[6,1-0]. (2.9)

The proof of Lemma 2.2 is similar to the proof of lemma in [9], so we omit the details.
LEmMMA 2.3 [4]. Let (Hy), (Ha), (H3) hold. Then T : K — K is completely continuous.
LemMA 2.4. Suppose condition (Hsz) holds. Then the function

t t -t s
A(t)=L¢q<Jg(sl)dsl)ds+t ¢q<Lg(sl)dsl)ds, telt,l—h],  (2.10)

is positive continuous functions on [t1,1 — t1], therefore, A(t) has minimum on [t,1 — t;],
and hence it is supposed that there exists L >0 such that A> L, t € [t;,1 - t1].

Proof. At first, it is easily seen that A(t) is continuous on [f;,1 — #;]. Next, let

t t 1-t; s
Al(t)zL ¢q<Jg(sl)dS1>ds, A = | gbq(Lg(sl)dsl)ds. (2.11)

Then, from condition (Hj3), we have that the function A, (#) is strictly monotone increas-
ing on [t,1 —#;] and A;(#;) = 0, and that the function A,(¢) is strictly monotone de-
creasing on [t,1 — ;] and A,(1 — ;) = 0, which implies L = minses,,1-1]A(¢) > 0. The
proof is complete. O

LemMa 2.5. Suppose that conditions (Hi), (Hz) hold. Then the solution u(t) of problem
(1.1), (1.2) satisfies

ut) <u' () < --- <u" (@), telo1], (2.12)
and for 6 € (0,1/2) in Lemma 2.2,

un=3(t) < %u(nfz)(t), te[6,1-0]. (2.13)

Proof. 1f u(t) is the solution of problem (1.1), (1.2), then u"~?)(¢) is a concave function,
and u/(t) 20,i=0,1,...,n — 2, t € [0,1]. Thus we have

t
u'(t) = J u ™V (s)ds < tu ™V () < u™V(1), i=0,1,...,n—4, (2.14)
0

thatis, u(t) < u/(t) < - - - <u"3(t),t € [0,1]. Next, by Lemma 2.2, for t € [0,1 — 0], we
have 12 (t) > 8]lu"~2||. Then by u"=3(t) = [; u™ 2 (s)ds < ||u~2) ||, we have

LI (f) < %u("_z)(t), te[6,1-0]. (2.15)

The proof is complete. O
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3. The main result

In this section, we present our main results, and also provide an example of family of
functions a(t) that satifies condition (Hj3). For convenience, we set

9, = ! (3.1)

- =2 o, : .
L (1+¢q(B/2)) g ( Jo g(r)dr)

TueoreMm 3.1. Suppose conditions (H,), (Hz), (H3) hold. Let {6k}, be such that i €
(tke1>tx) (k= 1,2,...), let {re} i, and {Ri} ., be such that

Ris1 <Ori<ri<mri<Re, k=12,..., (3.2)

and for each natural number k, assume that f satisfy

(A1) f(tur, vy stin—) = (mr)PL, for Okri < uy—y < 1, where m € (6%, ),

(A2) f(t,ur,tg,... tiy—1) < (MR)P™Y, for 0 < u,—y < Ry, where M € (0,0y).
Then, the boundary value problem (1.1), (1.2) has infinitely many solutions {ux}y_, such
that

re < luell <Rk, k=1,2,.... (3.3)

Proof. From (2.6), we have (Tu)"2(8) = maxse(o,)(Tu) "2 (t) = || Tull. Because ty <
te <Ok <t <1/2,k=1,2,...,for any k € N, u € K, by Lemma 2.2, we have

uD(t) = Ollull, t€ [6k,1— 6] (3.4)
We define two open subset sequences {Qx};7; and {Q,};2, of B,
Qup={ueK:llull<n}, k=12,.., Qr={ueK:|lull <R}, k=1,2,....
(3.5)
For a fixed k and u € 0Q, by (3.4), we have

e = llull = u"2(t) = Ocllull = Okrv,  t € [6k, 1 — O] (3.6)

Fort e [t1,1 —t1] € [0k, 1 — O], we will discuss it from three cases.
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(i) If § € [t1,1 — 1], then for u € 9Q k, by (A;) and Lemma 2.3, we have

20| Tull = 2(Tu)"2(8)

J ¢q<J g(r (r),..., u<”_2)(r))dr)ds

(3.7)

= L ¢q<L g f (t,u(r),u’(r),...,u“2>(r))dr) ds

+ 51tl¢‘f(J;g(r)f(t,u(r),u’(r),...,u<"—2>(r))dr>d5

> mriA(8) = mriL(t;) > 2rx = 2ull.
(i) If § € (1 — 11, 1], thus for u € 9Q k, by (A;) and Lemma 2.3, we have

| Tull = (Tu)"=2(8)

B

>¢, (& L g(r) f(tu(r),u'(r),... u(”z)(r))dr>
5 5
0 s

1-4 1-4
= ¢q (f g(rf (t,u(r),u’(r),...u<"—2)(r))dr) ds

> mrA(1 —t1) = mril > 2rg > 1y = ||ul|.
(iii) If 6 € (0,t,), then for u € dQ x, by (A;) and Lemma 2.3, we have

| Tull = (Tu)‘"*”(a)

..... u"2(r))dr (3.9)

\%
-
B~

/N
I
oq
—
3
—
~
—
S+
<
<
—~
3
—
5
S}
—~
3
SN—
SN—"
N—————

> 1“%(] OV () (1) u<“><r))dr)ds
3| t

> mriA(t) = mriL > 21k > i = |lull.
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Therefore, no matter under which condition, we all have
ITull = lull, Yue Q. (3.10)
On the other hand, when u € 0Q,k, we have u(t) < |lull = Rk, and by (A;), we know

I Tull = (Tu)"=2(8)

B ,
=008 [ st et 0 )ar)

+j: ¢q(fg(r)f(t,u(n,u'(r),...,u<"2)<r>>dr) i Ot
< [1+¢q<§)]MRk¢q<ng(r)dr) = Ry = Ilull
Thus
ITull < llull, Yue Q. (3.12)

For 0 € Q1% C Q14 C Qax, by (3.10), (3.12), and Lemma 2.1, operator T has a fixed
point ux € (Qox \ Q1k), and 7 < |lukll < Ry. By the randomness of k, we know that The-
orem 3.1 holds. This completes the proof of Theorem 3.1. O

THEOREM 3.2. Suppose conditions (Hy), (H,), (H3) hold. Let {6k}, be such that 0, €
(tee1>tk) (k= 1,2,...). Let {rx};_, and {Ri}_, be such that

R <Okt <re<mri <Ry, k=1,2,.... (3.13)

For each natural number k, assume that f satisfies
(As) fu = A€ ((26%/6,)71,0),
(A4) fo=9 € [0,(05/4)P71).
Then, the boundary value problem (1.1), (1.2) has infinitely many solutions {ux};_, such
that

e < ||lukl]| <Rk, k=1,2,.... (3.14)
Proof. First, by fo = ¢ € [0,(0+/4)P71), for € = (04/4)P~! — ¢, there exists an adequately

small positive number p such that, as 0 < u,—; < p, u,—; # 0, we have

f(tu < (0N e (B )
ity tnm) < (94 €)(ua)™ < (7)) p P (3.15)

Then let Ry = p, M = 6,./4 € (0,0%), thus by (3.15),

Ftouy .. tn1) < (MRO)P™, 0<u,y <Ry (3.16)

So condition (A;) holds.
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Next, by condition fe = A € ((26*/6)P7!, ), for € = A — (26*/6)P~!, there exists an

adequately big positive number rx # R such that, as u,_; > Ory, we have

*\ Pl
Fltyuninetin1) = =€) (1) = (%) Ber)? " = (26°1)"". (3.17)

Let m = 260* > 0*, then by (3.17), condition (A;) holds. Therefore, by Theorem 3.1, we
know that the result of Theorem 3.2 holds. The proof of Theorem 3.2 is complete. O

THEOREM 3.3. Suppose conditions (Hy), (Hz), (H3) hold. Let {6k}, be such that 0, €
(tee>tk) (k= 1,2,...). Let {rx};_, and {Ri} ., be such that

Rij1 <Ori<re<mri <Ry, k=1,2,.... (3.18)

For each natural number k, assume that f satisfies
(As) fo=9 € ((20%/6)P~1, 00),
(As) foo =1 €[0,(05/4)P71).
Then, the boundary value problem (1.1), (1.2) has infinitely many solutions {ux};_, such
that

re < |lul| <Re, k=1,2,.... (3.19)

Proof. First, by condition fy = ¢ € ((26*/6;)P!, ), for € = ¢ — (20%/60))P~1, there exists
an adequately small positive number 7, such that, as 0 < u,_; <y, u,—; # 0, we have

*\ p—1
F(tuninessin1) = (0= = (B5) )™ G20
thus when 6yry < u,—1 < i, we have
Pl -1 -1
f(t,ul,uz,...,un,l)z<f> ()" = (207 1) " (3.21)

Let m = 20* > 0*, so by (3.21), condition (A;) holds.
Next, by condition fo = A € [0,(04/4)P71), for € = (0/4)P~! — A, there exists an ade-
quately small positive number p # r¢ such that, as u,—1 = p, we have

1 Pl 1
f(t,ul,uz,...,un_l) < (/1+e)(un_1)p7 < <—> (un_l)k . (3.22)
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If f is unboundary, by the continuation of f on [0,1] X [0, 00)" 1, there exist constant
Ry (# i) = p, and a point (to, Uo1, Uoa,- . - to(n—1)) € [0, 11X [0, 00)"~! such that p <ug(,—1) <
Riand f(t,u1,uzs...,tn—1) < f(to, to1,Uo2s- .. » Uo(n-1))> 0=ty—1 < Rg. Thus, by p <ug-1) <
Ry, we know

f(tur, v sun—1) < f (to, Uor, tozs. . > Uo(n—1))

0, \"! _ 6 Pl
(%) < ()

(3.23)

Let M = 0,/4 € (0,04), we have f(t,u1,uz,...,up—1) < (MRk)?™1, 0 <uy_y <Ri. If f is
bounded, we suppose f(t,u1,uz,...,Up—1) < Mp_l, u,_1 € [0,00), and there exists an ad-
equately big positive number Ry > 4/6, M. Then letting M = 0,./4 € (0,0, ), we have

0,

p-1
1 Rk) = (MRk)pfl, 0<u,_1 <R (3.24)

f(tur, e tiy—1) < < (

So, condition (A;) holds. Therefore, by Theorem 3.1, we know that the result of Theo-
rem 3.3 holds. The proof of Theorem 3.3 is complete. O

Remark 3.4. We can check that there exists a function g(t) satisfying condition (A;). In
fact, let

2 9 5 (e
AZ\/E(———>, = — tn:to—Zm, n=12,.... (3.25)
i=1

Consider function g(t) : [0,1] — (0,+00), given by g(¢) = >, gu(¢), t € [0,1], where

1 lnt1 Tty
s O0<st< ———,
”(”+1)(tn+l+tn) 2
1 ths1 Tt
71/2) M St<tn,
A(t, —t) 2
gn(t) =1 . i (3.26)
—1/2, tnsts M,
At —ty) 2
2 th—1+
, by,
nn+1)2—t, —t,_1) 2

Itis easy to know t; = 1/4 < 1/2, ty, — tys1 = 1/(n+2)* (n=1,2,...), and

1 2 ot 1
=22 52 3.27
(i+2)* 16 90 5 (3.27)

5
Xk o 1: _ -
£ = limtn = 70—

[o+]
i=1
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where > 1/n* = 7%/90. From Y., (1/n?) = n%/6, we have

%J@ gn(Hdt = ; nn+1) * A Z

ty 1 (tn_tn—l)/z 1
—dt+J > dt
|:J(tn+1+tn)/2 (ta—1)" b (t—tn)12 }

Therefore,

:2+% i (b= tae) 2+ (0 —tn)m]
n=1 -

2 1 1
_2+T%_(n+2)2+(n+1)2]

Vo[ (nt 5 n?
=2+A§1_(6‘4)+(6‘1)}
e 9]
—“X[?‘z]—3

(3.28)
1 1 ® 0 1
L g(t)dt = L S o= 3 L gu(B)dt < oo, (3.29)

Then we know that g(¢) satisfies condition (H;).
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