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1. Introduction

In recent years, there are several papers concerned with the existence of positive solutions of
BVPs for differential equations with nonhomogeneous BCs. Kwong and Wong in [1] studied
the following BVP:

y'(t) =-f(ty®), 0<t<l,

sin 0y (0) — cos Oy’ (0) = 0, (1.1)

m-2
y(1) - Daiy(&) =b>0,
i=1

where ¢ € (0,1), a; >0, 6 € [0,3/4], f is a nonnegative and continuous function. Under
some assumptions, it was proved that there exists a constant b* > 0 such that
(i) BVP(1.1) has at least two positive solutions if b € (0, b*);
(ii) BVP(1.1) has at least one solution if b = 0 or b = b*;
(iii) BVP(1.1) has no positive solution if b > b*.
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2 Boundary Value Problems

Sun et al. in [2] studied the existence of positive solutions for the following three-point
boundary value problem:

W' () +alt)f(u(t) =0, 0<t<1,

u'(0) =0, (12)

u(l) - mz_zaiu(éi) =b>0,
i=1

where ¢ € (0,1), a; > 0 are given. It was proved that there exists b* > 0 such that BVP(1.2)
has at least one positive solution if b € (0,b*) and no positive solution if b > b*. To study
the existence of positive solutions of above BVPs, the Green’s functions of the corresponding
problems are established and play an important role in the proofs of the main results.

For the following multipoint boundary value problems
x"(t) + f(t,x(t),x'(t) =0, te(0,1),

x'(0) - ilxix,(gi) =\,
in1

x(1) - Zﬂix(éi) =1y,

)+ F(Lx(®), ¢ (1) =0, te (1), (13)

x(0) - i“z’x(éi) =1y,
io1

x(1) - Zﬁix(éi) =\,
o1

in papers [3-5], sufficient conditions are found for the existence of solutions of BVP(1.3)
based on the existence of lower and upper solutions with certain relations. Using the obtained
results, under some other assumptions, the explicit ranges of values of A; and A are presented
with which BVP has a solution, has a positive solution, and has no solution, respectively.
Furthermore, it is proved that the whole plane for A; and A, can be divided into two disjoint
connected regions AE and AN such that BVP has a solution for (A1,1;) € AE and has no
solution for (11,1;) € AN.

In a recent paper [6], Liu, by using the Schauder fixed point theorem and imposing
growth conditions on f, obtained at least one positive solution of the following BVPs:

[p(x' ()] + f(t,x(t), X' (1) =0, te(0,1),
x'(0) = iaix’ &)+ A,
i=1

x(1) = 3 pix(8) + B,
i=1

(1.4)
[p(x'M)] + f(t,x(t),x'(t)) =0, te(0,1),

x(0) = iaix(gi) + A,
i=1

x'(1) = > pix' (&) +B.
i=1
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Motivated by the results obtained in the papers, this paper is concerned with the
following BVPs for differential equation with p-Laplacian coupled with nonhomogeneous
multipoint BCs, that is, the BVPs

[ ®)] +at) f (b x(t), X)) =0, te (1),
x(0) = ;aix(éi) + A, (1.5)
X(1) = S (&),
i=1

where0 < ¢ <~ <¢gu <1, A€ER a; >0, f; >0foralli=1,...,m, f:[0,1] xR* - R
is continuous and nonnegative, g : (0,1) — [0, +o0) is continuous with fé q(u)du < +oo, ¢ is
called p-Laplacian, ¢(x) = |x|P~2x with p > 1, its inverse function is denoted by ¢! (x).

Suppose

(Hy) f :[0,1] x [0,+00) x [0,+00) — [0, +00) is continuous with f(¢,c + h,0)#0 on
each subinterval of [0,1] for all ¢ > 0, where h = A/1 - 3" a;;

(H2) A>0;

(H3) a; >0, p; > Osatisfy >./" a; <1, 3", fi < 1 and there exists a constant o > 0 such
that 71 (1+ (1/0)) X", B < 1.

The purpose is to establish sufficient conditions for the existence of at least three
solutions of BVP(1.5). It is proved that BVP(1.5) has three monotone solutions under the
growth conditions imposed on f for all A € R. These solutions may not be positive. The
proofs of the main results are proved by using fixed point theorem in cones in Banach spaces,
Green’s functions and the existence of upper and lower solutions are not used in this paper.

The remainder of this paper is organized as follows. The main results are given in
Section 2 and an example to show the main results is given in Section 3.

2. Main Results

In this section, we first present some background definitions in Banach spaces and state an
important three fixed point theorem. Then the main results are given and proved.

Definition 2.1. Let X be a semi-ordered real Banach space. The nonempty convex closed subset
P of X is called a cone in X if ax € Pforallx € Pand a > 0 and x € X and —x € X imply
x=0.

Definition 2.2. A map ¢ : P — [0,+00) is a nonnegative continuous concave or convex
functional map provided ¢ is nonnegative and continuous and satisfies

gtx+ (1 -ty) > te(x) + 1 -Hgy), (2.1)
or
g(tx+ (1 -ty) <tex) + (1 -Hey), (2.2)

forallx,y € Pand t € [0,1].
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Definition 2.3. An operator T; X — X is completely continuous if it is continuous and maps
bounded sets into relative compact sets.

Definition 2.4. Let aj, ay,a3,a4,as > 0 be positive constants, a;, a, be two nonnegative
continuous concave functionals on cone P, pi, p,, f; be three nonnegative continuous
convex functionals on cone P. Define the convex sets as follows:

P.={xeP:||x| <as},
P(pr,a1;a2,a5) = {x € P:ay(x) > ay, fi(x) < as},
P(p1, B3, a1;a2,a3,a5) = {x € P: ay(x) > az, f3(x) < a3, fi(x) < as}, (2.3)
Q(p1, fo; a1, a5) = {x € P: fr(x) < a1, Pi(x) < as},
Q(B1, P, az; a4, a1,a5) = {x € P: ay(x) > ag, Po(x) < ay, pi(x) < as}.

Lemma 2.5 (see [7]). Let X be a semi-ordered real Banach space with the norm ||-||, let P be a cone
in X, let a1, ay be two nonnegative continuous concave functionals on cone P, let 1, P, P3 be three
nonnegative continuous convex functionals on cone P. There exists constant M > 0 such that

a(x) < Pa(x), |lx|l < Mpi(x) VxeP. (2.4)

Furthermore, suppose that ay, as, as, as, as > 0 are constants with a; < ap. Let T : P_a; — P_a5 bea
completely continuous operator. If
(C1) {y € P(B1, B3, 15 a2, a3, a5) | a1(x) > ap} # @ and

a1(Tx) > a, for every x € P(py, B3, a1; az, as, as); (2.5)
(C2) {y € Q(B1, B3, 25 as, ay, as) | fo(x) < a1} # @ and
Po(Tx) < ay for every x € Q(f1, Bs, a2; as, a1, as); (2.6)

(C3) a1(Ty) > as for y € P(P1, aq; az, as) with p3(Ty) > az;
(C4) Po(Tx) < ay for each x € Q(P1, Po; a1, as) with ar(Tx) < ay, then T has at least three
fixed points y1, Yo, and y3 such that

Ba(y1) < ai, a1(y2) > ay, B2(y3) > ai, a1(y3) < ap. (2.7)
Choose X = C1[0,1]. We call x < y for x,y € X if x(t) < y(t) for all t € [0,1], define
the norm ||x|| = max{maxeo17|x(t)|, maxeoy|x'(t)|} for x € X. It is easy to see that X is a

semi-ordered real Banach space.
Choose k € (0,1/2). Fora cone P C X of the Banach space X = C'[0, 1], define the functionals
onP:P — Rby

Aly) = max|y'®)], yeP,

te[0,1]

po(y) = max|y(t)|, yeP,

te[0,1]
ps(y) = Jnax yeP (2.8)
a1 (y) = ﬁulnk yEP
a(y) = min yeP

telk, 1-k]
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It is easy to see that ay, ay are two nonnegative continuous concave functionals on the cone
P, B1, P, Ps are three nonnegative continuous convex functionals on cone P and ay(y) < Pa(y)
forally € P.
Lemma 2.6. Suppose that x € X, x(t) >0 forall t € [0, 1] and x'(t) is decreasing on [0,1]. Then

x(t) > min{t, 1 —t} maxx(t), te[0,1]. (2.9)

te[0,1]
Proof. Suppose that x(tg) = maxejo,11x(t). If t € (0, tg), we get that there exists 0 <7 <t < ¢ <ty
such that
x(t) = x(0) x(to) = x(0) _t[x(to) —x(t)] = (to—t) [x(t) — x(0)]

t-0 to -0 ttO
_ ! _ _ !
_ b —H)x'(§) - (to - )tx'(n) (2.10)
tty
N t(to = 1)x'(n) = (to — £)Ex' (1) 0
- tto ’
Then
x(t) 2 Lx(to) + (1 - tix(0)> > Lx(o) 2 x(t), te (0,). (2.11)
0 0 0
Similarly we can get that
x(t) > (1-t)x(ty), te (to,1). (2.12)
It follows that x(¢) > min{t, 1 — t}max,co,1jx(¢) for all t € [0, 1]. The proof is complete. O

Consider the following BVP:
[p(y'1))] +h(t)=0, te(0,1),

y(0) - thxiy(éi) =0, (2.13)

v - DBy (&) =0,
i=1

Lemma 2.7. Suppose that h is a nonnegative continuous function, (Hy) and (Hz) hold. If y is a
solution of BVP(2.13), then y is increasing and positive on (0,1).

Proof. Suppose that y satisfies (2.13). It follows from the assumptions that y' is decreasing on
[0,1]. Then the BCs in (2.13) and (H>) imply that

y'() = Zﬁiyl(éi) > Zﬁiy'(l). (2.14)
i=1 i=1
It follows that y'(1) > 0. We get that y'(f) > 0 for f € [0, 1]. Then
y(0) = D aiy (&) > D aiy(0). (2.15)
i=1 i=1

It follows that y(0) > 0. Then y(t) > y(0) > 0 for ¢t € (0,1) since y'(t) > 0 for all t € [0, 1]. The
proof is complete. O
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Lemma 2.8. Suppose that h is a nonnegative continuous function, (H,) and (Hz) hold. If y is a
solution of BVP(2.13), then

t

y(t) = Bn + J (jb‘1 <Ah + J‘:h(u)du> ds, (2.16)

0

and Ay € [0, ofolh(u)du] satisfies

¢ (An) = Zpl ! (Ah + L h(s)ds) (2.17)
and By, satisfies
By = Zz y l;alf (A;, + J:h(u)du>ds. (2.18)

Proof. 1t follows from (2.13) that

y(t) = y(0) + f;cpl () fh(u)du) ds, (2.19)

and the BCs in (2.13) imply that

¥y (1) = iﬁiq‘b‘l <¢(y'(1)) + fh(s)ds)

i (2.20)
y(0) = ST Zl“f ¢! <¢(y (1)) + f h(u)du)
Let
G(e) = (l)’l(c) - gﬂid)l <c + f;h(s)ds>. (2.21)

(1/0)) X" Bi <1, one sees that

It is easy to see that G(0) < 0. On the other hand, it follows from (H;) that ¢~'(1 +

! m "h(s)d
M - 1_Zﬁi¢_1<1 . fgil (s)ds >
¢~ (o), h(u)du) i1 of,h(u)du

>1- gﬁ@—l <1 + é)

> 0.

(2.22)

Hence G(O‘fg h(u)du) > 0. Since G(x) is increasing for x € R, we get that there exists unique
constant A, = ¢(y(1)) € [0, ofol h(u)du] such that (2.17) holds. The proof is completed. O
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Note h = A/1 - X" a;, and let x(t)

following BVP:

[Py )]+ fF(Ly®) +hy' () =0, te(0,1),

Let

\

Then P is a cone in X.

yeX:

]/(O) - Z“i]/(@i) = O/
i=1

Y1) - DBy (&) =0.
i=1

y(t) >0, Vvte[0,1],
y'(t) > 0 is decreasing on [0, 1],

y(t) > min{t, (1 -t)}maxy(t), Vte][0,1],
te[0,1]

y(0) - Dlaiy(&) =0,
i

y'() - 2By (&) =0
i=1

Since
Zzni ai éi - Zzni a; (O) 1m “1§1 1 1§1
y(o)] = | UG “ZEV O BLks ) - Dt
- > 1->Ma teOl 1- lel
we get that

1 m o
max|y ()] = y(1) = f Y (s)ds +y(0) < <1 + Zi;%)r(y)-
€[0,1] 0

It is easy to see that there exists a constant M > 0 such that ||y|| < My(y) forall y € P.

1-35a

Define the nonlinear operator T : P — X by

¢ 1
(Ty)(t) = B, + qu‘l <Ay + j f(u, y(u)+h, y'(u))du> ds, yePp,

where A, satisfies

m 1
4)’1 (Ay) = Zﬁi(;b’l <Ay + J‘ f(sly(s) +h, y,(S))dS>,
i=1 &
and B, satisfies
By = 1- Z L IzlalJ‘ _1 (A +f f(” y(u)+h,y (M))ds>

Then

(Ty)(t) = ft¢‘1 <Ay + flf(u,y(u) +h, y’(u))du) ds

m
o
1 Zl 1% ;

f —1<A +ff(uy(u)+h y(u))ds> s, yeP

7

= y(t) + h. Then BVP(1.5) is transformed into the

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Lemma 2.9. Suppose that (H1), (H>), and (H3) hold. It is easy to show that

(i) y is a solution of the BVP

[P(Ty) )] + f(Ly) + by (1) =0, te(0,1),
(Ty)' (1) - D pi(Ty) (&) = O;
i=1

(ii) Ty € P for each y € P;

(iii) x is a solution of BVP(1.5) if and only if x = y + h and y is a solution of the operator
equation y = Ty in cone P;

(iv) T : P — P is completely continuous.
Proof. The proofs are simple and are omitted. O

Theorem 2.10. Suppose that (H1), (Hy), and (Hs) hold and there exist positive constants e1, e>, ¢
and Q, W, and E given by

1 m &i
L:J ¢ (o+1-s)ds+ aif ¢ (o +1-s)ds;
0

1
1-30a i1 J0

Q= min{fi)(%)’ f(f)l };
W= ¢<00 P (612— k- S)ds>;
E=¢<6_L1>‘

c23>e2>e—1>e1>o, o>w. (2.33)
(o)) (o)

(2.32)

such that

If
(A1) f(t,u,v) <Qforallt € [0,1], ue [h,c+h], ve[-ccl;
(A2) f(t,u,v)>W forallt € [k,1-k], u€lex+h,es/00+h], vel[-ccl;
(A3) f(t,u,v) <Eforallt€[0,1], u€[h,e1/0p+h], v e[-cc],
then BVP(1.5) has at least three increasing positive solutions x1, X, x3 such that

x1(1) <e+ h, X2(k) >ep+ h, .X'3(1) >e1+ I’l, .X'3(k) <ey+ h. (234)
Proof. To apply Lemma 2.5, we prove that all conditions in Lemma 2.5 are satisfied. By the

definitions, it is easy to see that a;, a, are two nonnegative continuous concave functionals
on cone P, p1, B,, P3 are three nonnegative continuous convex functionals on cone P and
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a1(y) < Pa(y) for all y € P, there exist constants M > 0 such that ||y|| < Mpi(y) for all
y € P. Lemma 2.9 implies that x = x(t) is a positive solution of BVP(1.5) if and only if
x(t) = y(t) + h and y(t) is a solution of the operator equation y = Ty and T : P — P is
completely continuous.

Corresponding to Lemma 2.5,

€2
a; =eq, a, = e, as = o as = opey, as = c. (2.35)
0

Now, we prove that all conditions of Lemma 2.5 hold. One sees that 0 < a; < a,. The
remainder is divided into four steps.

Step 1. Prove that T : P, — P,,.
Fory € P_HS, we have ||y|| < as. Then 0 < y(t) < as for t € [0,1] and —as < y'(t) < a5 for
all n € [0,1]. So (A1) implies that

ftyt)+hy' 1) <Q, tel[o,1]. (2.36)
It follows from Lemma 2.9 that Ty € P. Then Lemma 2.9 implies that

0< Ty < fldfl (Ay + ff (,y000) + 1,/ ) e ) s

Z“lf (Ay + ff(u,y(u) +h, y’(u))du) ds

1a111

< Ll¢—1 (o-L flu,yu) +h,y' (u)du + Ilf(u,y(u) +h, y’(u))du) ds

Zaf (o jf(u y(w) + h,y () du

11“111

(2.37)

1
+f f(uwy(u) + h,y'(u))du>ds

f‘i’_l (0Q+Q(1~8))ds + Zalf i¢‘1(oQ+Q(1—s))ds

11111

1
_ g1 - _
=¢ (Q)I:J;(‘b 1(o'+1 s)ds+1 Z 3

alf ¢ o+1- s)ds]

< as.

On the other hand, similarly to above discussion, we have from Lemma 2.9 that

1
[Ty O] < @9 © =7 (A, + [ FGn ) + by

1 1
<¢! <0L f(u,y(u) +h,y' (u))du + fo f(u,y(u) +h, y’(u))du> (2.38)
< (])‘1((0 +1)Q)

< as.

It follows that || Ty|| = max{maxc[o 1)|(Ty)(t)|, maxeo1]|(Ty) ()|} < as. Then T : Py, — Pa..
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Step 2. Prove that

{y e P(B1,Ps,a1;a2,a3,a5) | a1(y) > ar} = {]/ € P<ﬂ1,ﬂ3,a1;€z,z—z,c> | ai(y) > 62} 3]

(2.39)
and a1 (Ty) > e, for every y € P(f1, B3, a1; €2, €2/ 0p, as).
Choose y(t) = ex/20p forall t € [0,1]. Then y € P and
ar(y) = 57— - > e Ps(y) = 5= < 0—, Pi(y) =0<as. (2.40)
It follows that {y € P(1, B3, a1; a2, a3, as) | a1(y) > a2} # 2.
For y € P(p1, B3, a1; a2, a3, as), one has that
a(y)= min y() >e2,  fo(y) = max y(b) < 0—0 F1(y) = max ly'(t)] < as.
(2.41)
Then
er<y(t) < 2—2 telk1-kl, |y®)|<as (2.42)
0
Thus (Az) implies that
fty®)+hy'@®)>W, nelk1-k]. (2.43)
Since
> .
a(Ty) = rlgulnk (Ty)() > opmax (Ty)(®), (2.44)
we get from Lemma 2.9 that
>
a1 (Ty) > opmax (Ty)(t)
1 1
=0y U (i)_l (Ay + j f(u,y(u) +h, y’(u))du) ds
0 s
+ ! S a J‘gi(;b‘1 (A + Jlf(u y(u)+h y’(u))ds)ds]
Pa—— i h ’ ’
1-ha s ) s
! ! 245
> 0y U ¢! <I f(u,y(u)+h, y’(u))du) ds] (2.45)
0 s
1-k 1-k
>op| ¢! (I f(u,y(u)+h, y’(u))du)ds
k s

1-k
>00| ¢H(W(-k-s))ds
k

= éen.

This completes Step 2.
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Step 3. Prove that {y € Q(B1, B3, a2;a4,a1,a5) | fo(y) < a1} = {y € Q(p1, Pz, az; Over, e1,¢) |
ﬂz(y) < 61} #@ and

ﬂz(T]/) <e; for every y € Q(ﬁhﬁs,az; as, ai, 115) = Q(ﬂlfﬂs, p;00€1, €1, ﬂ5)~ (2.46)
Choose y(t) = oper. Then y € P, and
a(y) = ope1 > h, P2(y) = P3(y) = oper <e1 = ay, Pi(y) =0< as. (247)

It follows that {y € Q(f1, B3, a2; as, a1, as) | o(y) < a1} # 2.
For y € Q(p1, B3, a2; as, ai, as), one has that

a(y)= min y(t) > h=e0p, ﬁg(y)— max y(t) <aj=e, p1(y) = max|y' ()| < as.

te[k, 1-k] e[k, 1-k] te[0,1]
(2.48)
Hence we get that
0<y() < fy—; te[0,1; -as<y'(t)<as, te[0,1]. (2.49)
Then (A3) implies that
ftyt)+hy'(t)) <E, tel0,1]. (2.50)

So
p2(Ty) = max (Ty)(®)
= J:‘i’l (Ay + Ilf(“ry(”) +h, y'(u))du> ds
1
o ;alf <Ay + J; flu,y(u)+hy (u))du) ds

< J:(i)l <UJ;) flu,y(u) +h,y' (u))du + ff(u, y(u)+h, y'(u))du) ds

Za,f < f flu,y(u)+hy (u))du+f f(u,y(u)+h,y (u))du)

l 10(1 i=1
J(]) (0E+E(1—s))ds+ Za,f i¢f1(oE+E(1—s))ds
1 1 &i i3
_¢‘1(E)[I ¢‘1(o+1—s)ds+ Za,f ¢ (o+1-s)d ]
l 1 =1
=e = a.

(2.51)

This completes Step 3.
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Step 4. Prove that a1 (Ty) > as for y € P(p1, ay; az, as) with fz3(Ty) > as.

For y € P(B1,a1;a2,a5) = P(B1,a1; ez, a5) with B3(Ty) > asz = e»/0p, we have that
ai(y) = mingepr1-xy(t) > e2 and f1(y) = maxiepo1)|y(t)| < as and maxep,1-x (Ty) (t) > e2/0p.
Then

— 1 2 = =
a1 (Ty) = tefllcl,llr—lk](Ty)(t) > 0of2(Ty) > oo 5~ 2= % (2.52)

This completes Step 4.
Step 5. Prove that f,(Ty) < a; for each y € Q(p1, fo; a1, as) with ax (Ty) < as.

For y € Q(B1, f2; a1, as) with a»(Ty) < a1, we have B (y) = maxeeo1|y(t)| < as and
P2(y) = maxeepo, 1y (t) < ar = ey and ax(Ty) = minge(x,1-x (Ty) (t) < as = e10p. Then

1 1
Ty) = Ty)(t) < — min (T —ei00 = e1 = ay. 2.
Pr(Ty) = max(Ty)(t) < o min (Ty)(t) < _-e100=e1 =@ (2.53)

This completes Step 5.

Then Lemma 2.5 implies that T has at least three fixed points y1, y», and y3 in P such
that

Ba(y1) <e, a1(y2) > ez, Pa(y3) > e, a1 (y3) < es. (2.54)

Hence BVP(1.5) has three increasing positive solutions x1, x2, and x3 such that

Eé}é‘i‘l x1(t) <ei+h, teﬁ}ilr}k]xz(t) >er+h, o)
ggﬁ x3(t) > e +h, tefgilr_lk]xg(t) <ey+h. .
Hence
x1(1) <ei+h, x2(k) >ex+h, x3(1) >e; +h, x3(k) < ep + h. (2.56)
The proof is complete. O

3. Examples

Now, we present one example, whose three solutions cannot be obtained by theorems in
known papers, to illustrate the main results.

Example 3.1. Consider the following BVP:

x"(t) + f(t,x(t),x'(t)) =0, te(0,1),

x(0) = jIx(}L) +6, (3.1)

x'(1) = %x’(%)
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Corresponding to BVP(1.5), one sees that ¢(x) = x = ¢ 1(x), & = 1/4, & = 1/2, a1 =
1/4, ap =0, p1 =0, pp =1/4, A =6.1tis easy tosee that h = A/1 —a; = 8, choose o = 1/2,
then ' (1+1/0) 31" pi < 1.

Choose k = 1/4, then 0y = 1/4, choose e; = 10, e, = 50, ¢ = 20000 and Q, W and E
are given by
o 107

1
(c+1-5)ds=—;
zzl L&) 9 %

0=minfa(7). 257} 15

fd) (0+1—s)ds+

(3.2)
e
W=¢ = 1600;
<00 11—k - s)ds>
B e\ _ 960
E= ‘l’( L ) - 1077
such that
(o) e
> = - . .
c_00>ez>o_0>el>0, QO>Ww (3.3)
If
(480
107 € [8,48],
480 8000 — (480/107) [140 146]
— + x (x —48), € |l—,—1,
fo(u) = q 107 58 — 48 ( ) 373 (3.4)
8000, x € [58,20008],
{ (x — 20008) + 8000, x > 20008,
let
1+sint  u?+0?
t,u,v) = , 3.5
ftw0) = fow) + ~aoas+ 5 it (35)
then

(A1) f(t,u,v) <40000/3 forall t € [0,1], u € [8,20008], v € [-20000,20000];

(Az) f(t,u,v) > 1600 forall t € [1/4,3/4], u € [58,808], v € [-20000,20000];

(A3) f(t,u,v) <960/107 for all t € [0,1], u € [8,48], v € [-20000,20000];

then Theorem 2.10 implies that BVP(3.1) has at least three decreasing and positive
solutions x1, x7, x3 such that

50 1 146 50 1 146
X1(1) < g, x2<1> > T, JC3(1) > ?, XS<Z> < T (36)

Acknowledgments

The author is grateful to an anonymous referee for detailed reading and constructive
comments which make the presentation of the results readable. This work is supported
by Science Foundation of Hunan Educational Committee (08C) and the Natural Science
Foundation of Hunan Province, China (no.06JJ5008).



14 Boundary Value Problems

References

[1] M. K. Kwong and J. S. W. Wong, “The shooting method and nonhomogeneous multipoint BVPs of
second-order ODE,” Boundary Value Problems, vol. 2007, Article ID 64012, 16 pages, 2007.

[2] W. Sun, S. Chen, Q. Zhang, and C. Wang, “Existence of positive solutions to n-point nonhomogeneous
boundary value problem,” Journal of Mathematical Analysis and Applications, vol. 330, no. 1, pp. 612-621,
2007.

[3] L. Kong and Q. Kong, “Second-order boundary value problems with nonhomogeneous boundary
conditions. IL,” Journal of Mathematical Analysis and Applications, vol. 330, no. 2, pp. 1393-1411, 2007.

[4] L. Kong and Q. Kong, “Multi-point boundary value problems of second-order differential equations.
L,” Nonlinear Analysis: Theory, Methods & Applications, vol. 58, no. 7-8, pp. 909-931, 2004.

[5] L. Kong and Q. Kong, “Second-order boundary value problems with nonhomogeneous boundary
conditions. I,” Mathematische Nachrichten, vol. 278, no. 1-2, pp. 173-193, 2005.

[6] Y. Liu, “Non-homogeneous boundary-value problems of higher order differential equations with p-
Laplacian,” Electronic Journal of Differential Equations, vol. 2008, no. 20, pp. 143, 2008.

[7] R. I. Avery, “A generalization of the Leggett-Williams fixed point theorem,” Mathematical Sciences
Research Hot-Line, vol. 3, no. 7, pp. 9-14, 1999.



	Introduction
	Main Results
	Examples
	Acknowledgments
	References

