Hindawi Publishing Corporation
Advances in Difference Equations
Volume 2008, Article ID 845121, 9 pages
doi:10.1155/2008 /845121

Research Article

Existence of Positive Solutions for a Class of
m-Point Boundary Value Problems

Xuemei Zhang'-2 and Weigao Ge'

! Department of Mathematics, Beijing Institute of Technology, Beijing 100081, China
2 Department of Mathematics and Physics, North China Electric Power University,
Beijing 102206, China

Correspondence should be addressed to Xuemei Zhang, zxm74@sina.com
Received 22 August 2007; Revised 29 November 2007; Accepted 8 January 2008
Recommended by Svatoslav Stanek

This paper investigates the existence of positive solutions for a class of second-order singular m-
point Sturm-Liouville-type boundary value problems by using fixed point theorem in cones. The
results significantly extend and improve many known results even for nonsingular cases.

Copyright © 2008 X. Zhang and W. Ge. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

The study of multipoint BVPs for linear second-order ordinary differential equations was ini-
tiated by II'in and Moiseev [1]. Since then many authors studied more general nonlinear mul-
tipoint boundary value problems. We refer readers to [2-5] and the references therein.

Motivated by works mentioned above, in this paper, we study the existence of positive
solutions for the following second-order singular m -point boundary value problem:

(p)x' () +gt) f(t,x(t)) =0, 0<t<1,

m-2
ax(0) = b lim p()x'(t) = ;aix(gi), (1.1)

m-2

cx(1) +d lim p(H)x'(t) = ;bix(éi)r

where a > 0,b > 0,¢c >0,d >0,p := ad + acf(l)(l/p(s))ds +bc > 0,¢4 € (0,1), a;,b; €
(0,40)(i=1,2,...,m—-2),p e C([0,1], [0, +0)), g € C((0,1), [0, +o0)), and g may be singular
att=0and/oratt=1.
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Under the assumption that f is sublinear, that is, fo = lim,_o(f(x)/x%) = 0 and f, =
lim,—o(f(x)/ xP) = 0, or that f is superlinear, that is, fo = 0, fo, = oo, there are many results
available in literature (see, e.g., [2-4]). However, we remark that « = f = 1 in [2-4]. So it
is interesting and important to discuss the existence of positive solutions for BVP (1.1) when
0O<a<1l0<p<lora>1p > 1 Many difficulties occur when we deal with them,
for example, the construction of cone and operator. So we need to introduce some new tools
and methods to investigate the existence of positive solutions for BVP (1.1). Moreover, the
methods used in this paper are different from those in [2-4] and the results obtained in this
paper generalize some results in [2-4] to some degree.

To obtain positive solutions of (1.1), the following fixed point theorem in cones is funda-
mental.

Lemma 1.1 (see [6, 7]). Let 1 and L, be two bounded open sets in a real Banach space E such that
0€Qand Q) C Q,. Let operator A : PN (ﬁz \ Q1) — P be completely continuous, where P is a cone
in E. Suppose that one of the two conditions is satisfied.

(i) There exists xo € P\ {0} such that x — Ax # txo, forall x € PN 0Qy, t >0, and Ax # ux,
forallx € PNoQy, pu>1.

(ii) There exists xo € P \ {0} such that x — Ax #txo, for all x € PN 0Qy, t > 0, and Ax # ux,
forallx € PNoQy, pu>1.

Then, A has at least one fixed point in P N (Qy \ ).

2. Preliminaries

The basic space used in this paper is E = C[0, 1]. It is well known that E is a real Banach space
with the norm || - || defined by ||x|| = maxo<«<1|x(t)|. Let K be a cone of E, and let K, = {x € K :
|x|| <7}, 0K, = {x e K:||x|| =7}, K;g={x € K:r <||x|| < R}, where 0 < r < R.

To establish the existence of multiple positive solutions in E of problem (1.1), let us list
the following assumptions:

(Hy) p € C([0,1], [0, +o0)) and 0 < Ll(dt/p(t)) < +o0;

(Hz) g € C((0,1),[0,+00)), g(t)#0, on any subinterval of (0,1) and ng(t)dt < +oo;

(Hs) f € C([0,1] x [0, +o0), [0, +o0)) and f(t,0) = 0 uniformly with respect to t on [0, 1];

(Ha) A <0, p~ 3P aip(&) > 0, p~ S bigp (&) > 0, where

m-2 m-2
(@) p- D ap(é)
A — i=1 i=1
m-2 m=2 4
a3 big (&) -Zlbid’(é) (2.1)

1

| 1
@(t)=b+ aJ;) mdr, o) =d+ cJ‘t %dr, te[0,1],

are linearly independent solutions of the equation (p(t)x'(t))' = 0.
We remark that (H;) implies that g may be singular at t = 0 and/or att = 1 and (2.1)
shows that ¢ is nondecreasing on [0, 1] and ¢ is nonincreasing on [0, 1].
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Lemma 2.1. Assume that A #0. Then for any y € E, the boundary value problem
(p(H)x'(H) +y(t)=0, 0<t<l,

m-2
ax(0) = b lim p(£)x'(t) = ;‘ aix (&),

cx(1) +dlim p(t)x'(t) = be(gl

has a unique solution x(t), and x(t) can be expressed in the form

1
x(f) = fo G(t, 9)y(s)ds + A(y())g(®) + B(y()b(t),

where

s 1
b+af %dr><d+cjﬂ %dr), if0<s<t<1,
G, s) = ) A
d
s p(7)

)
b+ aJZ}%dr) <d + cj —

m-2 1

1 alj G(& )y (bt p- Za@(;
i1
A(y()) N A m-2

Q|-
/N N

r>, if0<t<s<1,

1 ,
b f G hy®dt - bp(@)
i1

i=1 0
m-2 m-2 1
1 IR aif G(&, ty(t)dt
B(y(")) = — A ’:1 1:1

- zbq}@l) Zb f G Hy(Bde|

Proof. The proof follows by routine calculations.

It is not difficult to show that A(y(:)) and B(y(-)) have the following properties.

Proposition 2.2. From (2.5), one has

m-2 1 m-2
) Zai,[) G(g t)dt p- Zaﬂi’(éi) )
Ao <5 |7, 7 ) Iyl := Ayl
bif G(‘gl/ Zb ¢(§1
i=1 70
Proposition 2.3. From (2.6), one has
m-2 m-2
| Save Safc@nal
Buy®l<5| " s ||y|| = Bllyl.
p-bw(E) 3 f G& t)d

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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By (2.4), one remarks that there exists 7 > 0 such that for t, s € Jy,
G(t,s) 27, (29)

where 0 € (0,1/2), Jo=1[6,1-06].

3. Main results

In this section, we apply Lemma 1.1 to establish the existence of positive solutions for BVP
(1.1). We consider the following two casesfor 0 <« < 1,0 < <1,and a > 1, § > 1. The case
0<a<1,0<p<1istreated in the following theorem.

Theorem 3.1. Suppose (H1)—(Hs) and f satisfies the following conditions:
(Hs5)a>0,b20,c¢>0,d>0, p=ad+acfy(1/p(s))ds + be > 0;
(He) there exists 0 < a < 1 such that 0 < lim inf,_o-minejo 1) (f (£, x)/x*) < +o0;
(Hy) there exists 0 < p < 1 such that 0 < limsup,_,, maxeo1)(f (¢, x)/xP) < +o0.
Then BVP (1.1) has at least one positive solution.

Proof. By Lemma 2.1, x € C?[0,1] is a solution of problem (1.1) if and only if x € C[0,1] is a
solution of the integral equation

1
x(t) = _[0 G(t,5)g(s)f (s, x(s))ds + A(g() f (-, x()) )y (t) + B(8() f (-, x()))p(®), (3.1)

where G(t,s) is defined by (2.4), and the definitions of A(g(-) f(-,x(:))) and B(g(-) f(-,x(-)))
are similar tothose of A(y(-)) and B(y(-)), respectively. For the sake of applying Lemma 1.1,
we constructa cone Kin Eby K = {x€ E: x(t) >0, t € [0,1]}.

Define T : K — K by

1
(Tx)(t) = L G(t,5)g(s)f (s, x(s))ds + A(g() f (- x()))g () + B(g() f (- x(-))(t),  (32)

then T : K — K is completely continuous.
Define w : [0,1] — R by

(1, te[6,1-0],
0 70
t 1-—
0/ ¢ 8/ 8]/
cwh) =18/ 6 10, (3.3)
79< 8)' | 87 ]'
8 70 70
L——<t—1 §>, te |1-6,1-=

Obviously, w is a nonnegative continuous function, thatis, w € K, and ||w|| = 1.
Suppose that there is a £; > 0 such that

x-Tx#0, VxeK,0<|x| <& (3.4)
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(if not, then the conclusion holds). The conditions (He) and f(t,0) = 0 imply that there exist
o >0, &2 > 0 such that

f(t,x)>0x", 0<x<e. (3.5)

Let
1-6 1/(1-a)
£3 = min {51,52, <TO' g(s)ds) } (3.6)
0

Choose 0 < r < £€5. We now show that
x-Tx#{w, VYxe€oK,, {>0. (3.7)

In fact, if there exist x; € 0K, {1 > 0 such that x; - Tx; = {iw, then (3.7) implies that
¢1 > 0. On the other hand, x1 = 1w + Tx; > {1w. So we can choose ¢* = sup{{ | x1 > {w}, then
&1 < ¢ < +oo, x1 > *w. Therefore,

1/(1-a)

g(s)ds) . (3.8)

1-6
§*=§WwHSHMH=r<63§<To
[¢]

Consequently, for any t € [0,1], (2.9) and (3.5) imply

1
x1(t) = J; G(t,5)g(s)f (s, x1(s))ds + A(g() f (-, x1(:)) ) (D)
+B(g()f(x1())) () + Giw(t)
1
> J:) G(t,s)g(s)o[x1(s)]“ds + Liw(t)

o, (3.9)
> L G(t,5)g(s)o(¢) [w(s)]“ds + Liw(t)

1-6
zfmrvL g(s)ds + &w(t)

> (& + G)w(t),

that is, x1(f) > (¢* + {1)w(t), t € [0,1], which is a contradiction to the definition of ¢*. Hence,
(3.7) holds.

Now turning to (Hy), there exist m > 0, g4 > 0, for t € [0,1], x > &4, such that f(t,x) <
mxP. Letting p = maxoct<1, o<x<e, f (£, %), then

0< f(t,x) <mxP + p. (3.10)
Choosing R > ¢4 such that

M mM
%?+%3<L (3.11)
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where M = maxte[o’l]LlG(t, s)g(s)ds + A||<p|| + l§||¢||, now we prove that
Tx#Ax, Vx€0Kg, A>1. (3.12)

If not, then there exist xg € 0Ky, Ag > 1 such that Txy = Aoxo. By (2.7), (2.8), and (3.10), then
for any t € [0,1], we have

1
Aoxo(t) = L G(t,5)8(s)f (s, x0(s))ds + A(g() f (- x0())) () + B(() f (-, x0()) ) p(#)

1 (3.13)
< (e mipl?) || G, )g(6)ds + Ayl + Bl
50 R < JoR = Aollxol| < (e + ml|xo|lP) [ G(t, 5)g(s)ds + All|| + Bl|p|], that is,
uM  mM
Rt R >1, (3.14)

which is a contradiction to (3.11). So (3.12) holds.

By (ii) of Lemma 1.1, (3.7) and (3.12) yield that T has a fixed point x € K, g, 7 < ||x|| < R.
Thus it follows that BVP (1.1) has at least one positive solution x with r < ||x|| < R. The proof
is complete. O

The following theorem deals with the case a > 1, f > 1.

Theorem 3.2. Suppose (H1)—(Hy) and f satisfy the following conditions:
(Hg)a>0,b>0,¢>0,d>0,p=ad+ acﬁ(l/p(s))ds +bc>0;
(Ho) there exists a > 1 such that 0 < lim inf,_,,,,minsepo17 (f (£, x)/x*) < +oo;
(Hio) there exists p > 1 such that 0 < limsup,_, . maxe[o1) (f(t,x)/xP) < +oo.
Then BVP (1.1) has at least one positive solution.

Proof. By Lemma 2.1, x € C?[0,1] is a solution of problem (1.1) if and only if x € C[0,1] is
a solution of the integral equation (3.1). By (Hg), we know that G(t, s) is positive and con-
tinuous function in [0,1] x [0,1]. For the sake of applying Lemma 1.1, we construct a cone
K*in E by K* = {x € E : x > 0,ming;)x(t) > T|lx||}, where T = min{l/L,V/A}, V =

min{mintE[O,l]d)(t)/mintE[O,l]q’(t)}/ A = max{l, ”4)”/ ||(P||}/ L = max(t,S)E[O,l]x[O,l]G(t/ S), I =
min s)ef0,11xj01]G(t, s) > 0. Obviously, 0 < I' < 1. Define T* : K* — K* by

1
(Tx)(t) = | G(t,5)g(s)f (s, x(5))ds + A(g()f (-, x())g(t) + B(§()f (- x(-)))p(t).  (3.15)
0

Then, for any x € K*, by (3.15), we obtain T*x > 0 and

1
(T*x)(t) = | G(t,5)g(s)f(s,x(s))ds + A(g() f (-, x())) g (t) + B(g() f (-, x(-)))p(H)
0

1
< fo Lg(s)f (s, x(s))ds + A[A(g()f (- x())) + B(g() f (-, x(-)))], forte[0,1].
(3.16)
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On the other hand, we have for ¢ € [0, 1],

1
(T*x)(t) = L G(t,5)g(s)f (s, x(s))ds + A(() f (- x () g (t) + B(g() f (- x())) (D)

1
> [ 15()f (s, x(6))ds + LAIAGOF(,x() + BEOF(x0)]

1
- %L Lg(s)f(s,x(s))ds + %A[A(g(.)f(.,x(_))) +B(()f (o xO))] (3.17)

>T U;) Lg(s)f(s,x(s))ds + A[A(g()f (-, x())) + B(() f (-, x()))]
> T||T*x||.

Therefore, T*K* ¢ K* is completely continuous.
Define w*(t) = f(l)G(t,s)g(s)ds, then w* € K* \ {6} and

1 1
lj g(s)ds <w*(t) < LI g(s)ds, Vte][0,1]. (3.18)
0 0
Considering (Hg) and f(t,0) = 0, there exist e > 0, &5 > 0 such that

f(t,x)>ex", x2e¢s. (3.19)

-1) }

-1/(a
Choose R* > max{esI'!, F(‘Z“‘l)/(“‘l)e‘l/(“‘l)Ll‘“/(“‘l)(f(}g(s)ds) by Suppose that

x #T*x for x € 0K}, (if not, then the conclusion holds). We now show that
x-T*x#6w*, Vx € 0Ky, 6>0. (3.20)

In fact, if there exist xg € 0K%., 6o > 0 such that xg — T*xp = Syw*, then 69 > 0 (since
x#T*x for any xo € 0K%.). Noticing xo = 6w* + T*xp > ow*, we can choose 6™ = sup{6* |
xg > 6*w*}, then 6y < 6™ < +o0, xg > 6 w*.

From xy € K*, ||x¢|| = R*, we have

-1/(a-1)

1
Xo(t) > I'R* > r—u/(lx—l)e—l/(a—l)Ll—a/(a—l) (I
0

g(s)ds>

~a/(a-1)

1 1
2r—a/(a—l)e—l/(a—l)l—a/m—l)( I g(s)ds> LI g(s)ds (321)
0

1 —a/(a-1)
> [~/ (1) g=1/(a=1) o/ (a=1) <I g(s)ds> w* (t).
0
So, by the definition of 6**, we have

1 ~a/(a-1)
6% > /et /(D ra/ (e (f g(s)ds) : (3.22)
0
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Noticing xo(t) > T'R* > &5, 0 <I' < 1, then (3.19) and (3.22) imply

1
xo(t) = j G(t,)g(5) f (5, x0(8))ds + A(()f (, x0()))s(8)

0

+B(g()f (-, x0(-))) () + Gow™ (1)

1
> f G(t,5)g(s)e[xo(s)]“ds + Gow* (t)
0

1
> f G(t,5)g(s)e(6™)" [w*(s)]“ds + Sow*(t)
’ (3.23)

a

> J:G(t, s)g(s)e<6**lJ:g(s)ds> ds + 6ow*(t)

> F“J::G(t, s)g(s)e <6**lj:g(s)ds> ads + Sow* (t)

a

= [e<6**lrf:g(s)ds> + 6

> (6™ + 6p)w*(t),

w" (£)

which is a contradiction to the definition of 6**. Hence, (3.20) holds.
Next, turning to (Hjp), there exist v > 0, &6 > 0, fort € J,0 < x < &, such that 0 <
f(t,x) < vxP. Choosing r* > 0 satisfies

1 - - -1/(p-1)
r<{eo ke L[ gods Algll+ Blgl| oo (3.24)
0

Now we prove that
T"x#u'x, Vx€oK;, p*>1 (3.25)

If not, then there exist x; € 0Kj., uj > 1 such that T*x; = yjx; and

T

x1(t) < pyxa ()

1
- jo G(t,5)g(5)f (5, 11(5))ds + ARV (,11())g () + BEOSCxONSO (596
1 ~ ~
< ullx ] [L fo g(s)ds + Allgl + Blgll].

Therefore, 7* = ||xi|| < vl|x1||P[Lf, g(s)ds + Allll + Bl|¢ll], that is, r* > [L[g(s)ds + Aly]|

+B ||¢||]71/(ﬁ71)v‘1/ (-1, which is a contradiction to (3.24). So (3.25) holds.

By (i) of Lemma 1.1, (3.20) and (3.25) yield that T* has a fixed point x € Kl g 17 < ||| <
R*. Thus it follows that BVP (1.1) has at least one positive solution x with r* < ||x|| < R*. The
proof is complete. O
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Remark 3.3. The condition about f in Theorem 3.1 is sublinear, while the condition about f
in Theorem 3.2 is superlinear. Generally, the problems of superlinearity are more difficult to
study than those of sublinearity. So we need stronger conditions in dealing with superlinear
problems. For example, the condition (Hg) in Theorem 3.2 is stricter than (Hs) in Theorem 3.1.
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