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1. Introduction

In [1], Aczél and Chung introduced the following functional equation:

! m
D filajx+piy) = D gk(Ohi(y), (1.1)
j=1 k=1

where f;, g, hx : R — Cand a;,p € R forj = 1,...,1, k = 1,...,m. Under the
natural assumptions that {g1,...,gm} and {hy, ..., hy,} are linearly independent, and a;f; #0,
aifj#aip;foralli#j,i,j=1,...,1, it was shown that the locally integrable solutions of (1.1)
are exponential polynomials, that is, the functions of the form

9
2. P(), (1.2)
k=1

where ri € C and py’s are polynomials forall k = 1,2,...,4.
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In this paper, we introduce the following n-dimensional version of the functional
equation (1.1) in generalized functions:

1

m
Zui oT; = ka ® W, (1.3)

j=1 k=1
where uj, vg, wp € D'(R") (resp., 5’1;;([&”)), and o denotes the pullback, ® denotes the
tensor product of generalized functions, and Tj(x,y) = a;jx + fjy, aj = (aj1,...,jn),

Bi = Bi---Bjn) x = (X1, %0), ¥ = (Y1,---,Yn), ajx = (@j1X1,...,&jnXn), Piy =
Biayi, - Binyn), j = 1,...,1. As in [1], we assume that a;,f;, #0 and a;,p;, # a;,Pip for
allp=1,...,n,i#j,i,j=1,...,L

In [2], Baker previously treated (1.3). By making use of differentiation of distributions
which is one of the most powerful advantages of the Schwartz theory, and reducing (1.3) to
a system of differential equations, he showed that, for the dimension n = 1, the solutions
of (1.3) are exponential polynomials. We refer the reader to [2-6] for more results using this
method of reducing given functional equations to differential equations.

In this paper, by employing tensor products of regularizing functions as in [7, 8], we
consider the regularity of the solutions of (1.3) and prove in an elementary way that (1.3) can
be reduced to the classical equation (1.1) of smooth functions. This method can be applied
to prove the Hyers-Ulam stability problem for functional equation in Schwartz distribution
[7, 8]. In the last section, we consider the Hyers-Ulam stability of some related functional
equations. For some elegant results on the classical Hyers-Ulam stability of functional
equations, we refer the reader to [6, 9-21].

2. Generalized functions

In this section, we briefly introduce the spaces of generalized functions such as the Schwartz
distributions, Fourier hyperfunctions, and Gelfand generalized functions. Here we use the

following notations: |x| = x% ot xX al =+t ag, al =y, !, X = x?l,...,xﬁ”,

and 9% = of,...,0y", for x = (x1,...,x,) € R", a = (ay,...,a,) € N}, where N is the set of
nonnegative integers and 0; = 0/0x;.

Definition 2.1. A distribution u is a linear functional on CZ(R") of infinitely differentiable
functions on R" with compact supports such that for every compact set K C R” there exist
constants C and k satisfying

[(u, p)] SCZ sup |0%¢| (2.1)

|a|<k

for all ¢ € CX(R") with supports contained in K. One denotes by ®'(R") the space of the
Schwartz distributions on R".

Definition 2.2. For given r,s > 0, one denotes by S; or S;(R") the space of all infinitely
differentiable functions ¢(x) on R” such that there exist positive constants k and k satisfying

_ |x*0Pp(x)|
lollne == sup

Rladhich avid } (2.2)
X€eRn, a,ﬂENS h|“| k|ﬁ|(x'r[3'5
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The topology on the space S; is defined by the seminorms |||/, x in the left-hand side of (2.2),
and the elements of the dual space $'; of S are called Gelfand-Shilov generalized functions. In
particular, one denotes .$'; by ¥ and calls its elements Fourier hyperfunctions.

It is known that if r > 0 and 0 < s < 1, the space S$(R") consists of all infinitely
differentiable functions ¢(x) on R” that can be continued to an entire function on C" satisfying

lp(x +iy)| < Cexp (= alx|"/" +bly|/4=) (2.3)

for some a,b > 0.
It is well known that the following topological inclusions hold:

S2—g, Fo8y (2.4)

We briefly introduce some basic operations on the spaces of the generalized functions.

Definition 2.3. Let u € ' (R"). Then, the kth partial derivative 0xu of u is defined by
(0ku, @) = —(u, drp) (2.5)
fork=1,...,n Let f € C*(R"). Then the multiplication fu is defined by
(fu ) = (u, fo). (2.6)

Definition 2.4. Letu; € 9'(R™), j = 1,2. Then, the tensor product u; ®u; of u; and u; is defined
by

(ur @ uz, p(x1,%2) ) = (ur, (U2, 0(x1,%2))),  @(x1,x2) € CZ(R™ x R™). (2.7)

The tensor product u; ® 1, belongs to @' (R™ x R™).

Definition 2.5. Let u; € 9'(R"%), j = 1,2, and let f : R" — R™ be a smooth function such
that for each x € R™ the derivative f'(x) is surjective. Then there exists a unique continuous
linear map f* : ®'(R™) — D'(R™) such that f*u = u o f, when u is a continuous function.
One calls f*u the pullback of u by f and simply is denoted by u o f.

The differentiations, pullbacks, and tensor products of Fourier hyperfunctions and
Gelfand generalized functions are defined in the same way as distributions. For more details
of tensor product and pullback of generalized functions, we refer the reader to [9, 22].
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3. Main result
We employ a function ¢ € C*(R") such that

p(x)>0 VxeR",

supp ¢ C {x e R" : [x| <1}, (31)

g(x)dx =1
RVI

Let u € ' (R") and ¢(x) = t "¢(x/t), t > 0. Then, for each t > 0, (u * ¢;)(x) =
(uy, g1 (x—y)) is well defined. We call (u* ¢5) (x) a regularizing function of the distribution u,
since (u * ¢5)(x) is a smooth function of x satisfying (u * ¢5)(x) — u as t — 0% in the sense
of distributions, that is, for every ¢ € C¥(R"),

(u, ) = tlirgj(u * @) (X)(x) dx. (3.2)

Theorem 3.1. Let uj, vy, wx € '(R"), j = 1,...,1, k = 1,...,m, be a solution of (1.3), and
both {v1,...,vm} and {wy, ..., wy} are linearly independent. Then, u; = f;, vx = gk, Wk = hy,
j=1...,Lk=1,...,m where f;, g, hx : R" — C,j=1,...,1,k=1,...,m, a smooth solution of
(1.1).

Proof. By convolving the tensor product ¢;(x)¢s(y) in each side of (1.3), we have, for j =
1,...,1,

[(uj o T;) * (g (X) s ()] (&, 1) = (uj o Tj, g5 (& = X)ps (1 — )
= <uf/f|af|_14ft(a}1 (aig—x+y)) 16| o (B;* (Bin-v)) dy>
= <u7v qut,a,- (ajg—x+y)psp(Bin-y) dy>

= <u]" (q“t,ﬂj * ‘Ps/ﬁj) (“]'é + p]ﬂ - x)>

= (Uj * Gra; * @ p,) (& + Bim),
(3.3)

where |aj| = aj1,...,jn, “]71 = (a;

],%’ ceey (x;}l), Pra; (X) = |¢xj|‘1q;t (cx}Tlx). Similarly we have for
k=1,...,m,

[(k @ wie) * (g () ()] (&, 1) = (Vk * g91) (§) (wr * g55) (7). (3.4)

Thus (1.3) is converted to the following functional equation:

1 m
D Fi(x,y,t,5) = > Gr(x, ) Hi(y, s), (3.5)
j=1 k=1
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where

Fi(x,y,t,8) = (U * Pra; * ¢s ;) (ajx + Bjy),

(3.6)
Gk(x/ t) = (Z}k * (P't)(x), Hk(y' S) = (wk * (P‘S)(y)l

forj =1,...,1, k = 1,...,m. We first prove that lim;_,¢-G(x,t) are smooth functions and
equal to v forallk =1,...,m. Let

I
F(x,y,t,s) = ZFj(x, y,t,s). (3.7)
=1
Then,
I
tlirgEF(x, y,t,9) = D (uj * gop,) (ajx + ) (3.8)
=1

is a smooth function of x for each y € R", s > 0, and {Hj, ..., Hy,} is linearly independent.

We may choose y,, € R", s,, > 0 such that H,,, (Y, 5m) = b,(,?) #0. Then, it follows from (3.5)
that

1 m-1
Gm(x, 1) = by <F<x, Yot 5m) = >0V Gr(x, t>>, (3.9)
k=1

where b,(co) = Hx(Ym,5m), k=1,...,m—1. Putting (3.9) in (3.5), we have

m—1
FO(x,y,t,5) = 3 .Ge(x, VH (y, ), (3.10)
k=1
where
FO(x, y,t,8) =F(x,y,t,5s) - bf,?)_lF(x, Ymot, Sm)Hm(y,s), (3.11)
HO(y,5) = Hi(y,) - b 6O Hu(y,s), k=1,...,m-1. (3.12)

Since lim; _, o+ F(x, y, t, s) is a smooth function of x for each y € R", s > 0, it follows from (3.11)
that

thIBEF(l) (x,y,t,5) (3.13)

is a smooth function of x for each y € R", s > 0. Also, since {Hj,...,Hy} is linearly
independent, it follows from (3.12) that

(HY,...,HY) (3.14)
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is linearly independent. Thus we can choose ,,-1 € R", 5,1 > 0 such that H,, (1) 1(ym 1,Sm-1) =
(1) 1 #0. Then, it follows from (3.10) that

_ m-2
Gm—l (.X', t) = br(i)—l ' <F(1) (x/ Ym-1, £ Sm—l) - Zb,(cl)Gk(x, t)> ’ (315)
k=1
where bl(j) = H,il) (Ym-1,5m-1), k =1,...,m —2. Putting (3.15) in (3.10), we have
m-2
FO(x,y,t,5) = > Ge(x, hHD (y,9), (3.16)
k=1
where

FO(x,y,t,5) = FO(x,,t,5) — b0 " FO (x, yr, b, 51 ) H (1, 5),

e (3.17)
(2) (y,s) = (1)(]/, s) — b(l) (1)H(1)1(y, s), k=1,..., m-2.
By continuing this process, we obtain the following equations:
m—p
FP(x,y,t,8) = 3 Ge(x, HHY (y,5), (3.18)
k=1
forallp=0,1,...,m -1, where FO = F, H,(CO) =Hy, k=1,...,m
() 1 " o
Gm-p(x,t) = by, <F(p) (%, Ym-ps t, Sm—p) — Z by G(x, t)> (3.19)
forallp=0,1,...,m-2,and
m=1)y "1 m—
Gi(x,t) = (bi 1)) Fim-1) (x,y1,t,51). (3.20)
By the induction argument, we have for eachp =0,1,...,m -1,
Jim FP(x,y,t,s) (3.21)

is a smooth function of x for each y € R", s > 0. Thus, in view of (3.20),

g1(x) := tlir&Gl(x,t) (3.22)
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is a smooth function. Furthermore, G;(x,t) converges to gi(x) locally uniformly, which
implies that v; = g in the sense of distributions, that is, for every ¢(x) € CZ(R"),

(01, 9) = tli%fGl(x,t)¢(x) dx

(3.23)
- [t ax
In view of (3.19) and the induction argument, for each k = 2,...,m, we have
gk(x) = tlino1+Gk (x,t) (3.24)

is a smooth function and v, = gk for all k = 2,3, ..., m. Changing the roles of Gy and Hj for
k=1,2,...,m, we obtain, foreachk =1,2,...,m,

hi(x) := tliHoEHk(x’ t) (3.25)

is a smooth function and wy = hi. Finally, we show that for each j =1,2,...,1, u;jisequal to a
smooth function. Letting s — 0* in (3.5), we have

1 m
> (w % pray) (ajx + iy) = D Gr(x, i (y). (3.26)
j=1 k=1

For each fixed i, 1 <i < I, replacing x by a; ! (x — f;17), multiplying ¢ (y) and integrating with
respect to i, we have

(i * @) () = =D () * ra, * sy, ) (X) + ZIGk(aflx - By, e ()ys(y) dy,  (3.27)
j#i k=1

where y; = a; ' (Bia; — a;f;) forall 1 < j <1, j#i. Letting t — 0" in (3.27), we have

wi == (uj * gy, ) (%) + ngk(aflx - o' Biy) () ys (v) dy = fi(x). (3.28)
A k=1

It is obvious that f; is a smooth function. Also it follows from (3.27) that each (u; *
ge)(x),i=1,...,1, converges locally and uniformly to the function f;(x) as t — 0%, which
implies that the equality (3.28) holds in the sense of distributions. Finally, letting s — 0* and
t — 0" in (3.5) we see that f;, g, hx,j = 1,...,I, k = 1,...,m are smooth solutions of (1.1).
This completes the proof. O

Combined with the result of Aczél and Chung [1], we have the following corollary as
a consequence of the above result.



8 Advances in Difference Equations

Corollary 3.2. Every solution uj,vx,wx € ®'(R), j = 1,...,1, k = 1,...,m, of (1.3) for the
dimension n = 1 has the form of exponential polynomials.

The result of Theorem 3.1 holds for u;, vk, wi € 5'%;(]1%”), ji=1...,Lk=1,...,m
Using the following n-dimensional heat kernel,

Ei(x) = (4ort) ™% exp <%’;'2> t>0. (3.29)

Applying the proof of Theorem 3.1, we get the result for the space of Gelfand generalized
functions.

4. Hyers-Ulam stability of related functional equations

The well-known Cauchy equation, Pexider equation, Jensen equation, quadratic functional
equation, and d’Alembert functional equation are typical examples of the form (1.1). For the
distributional version of these equations and their stabilities, we refer the reader to [7, 8].
In this section, as well-known examples of (1.1), we introduce the following trigonometric
differences:

T(f,8) = fx+y) = f(x)g(y) -g(x) f(v),
T(f,8) = g(x +y) = g(x)g(y) + f () f (v),
T:(f,8) = f(x —y) = f(x)g(y) + g(x) f (v),
Ts(f, g) = glx - y) - g(x)g(y) — f(x) f(v),

(4.1)

where f,g : R* — C. In 1990, Székelyhidi [23] has developed his idea of using invariant
subspaces of functions defined on a group or semigroup in connection with stability
questions for the sine and cosine functional equations. As the results, he proved that if
Ti(f,8), 7 = 1,2,3,4, is a bounded function on R2", then either there exist Ap € C, not
both zero, such that Af — ug is a bounded function on R”, or else T;(f,g) = 0,j = 1,2,3,4,
respectively. For some other elegant Hyers-Ulam stability theorems, we refer the reader to
[6,9-21].
By generalizing the differences (4.1), we consider the differences

Gi(u,v):=uoA-uv-veu,

Gy(u,v) :=voA-vV+UulU,
(4.2)
G3(u,v):=uoS-uv+vQu,

Gy(u,v):=voS-vRV-URU,

and investigate the behavior of u,v € 5’%; (R™) satisfying the inequality ||G;(u,v)|| < M for

each j = 1,2,3,4, where A(x,y) = x+y, S(x,y) = x -y, x,y € R", o denotes the pullback,
® denotes the tensor product of generalized functions as in Theorem 3.1, and ||G;j(u, v)|| < M

means that [(G;(u,v), ¢)| < |||z forall ¢ € Sifg(R").
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As a result, we obtain the following theorems.

Theorem 4.1. Let u,v € 5’%% satisfy ||G1(u, v)|| < M. Then, u and v satisfy one of the following
items:
(i) u = 0, v: arbitrary,

(ii) u and v are bounded measurable functions,

(iii) u = c- xe'®* + B(x), v = e!*'%,
(iv) u = AMe®* - B(x)), v =(1/2)(e"* + B(x)),
(V) u=Aet*—eX),v=(1/2)(e’* +e¥),

)

(Vi) u=b-xe“*,v=e""%,

where a € R", b,c € C", A € C, and B is a bounded measurable function.

Theorem 4.2. Let u,v € .S’%Z satisfy ||G2(u, v)|| < M. Then, u and v satisfy one of the following
items:

(i) u and v are bounded measurable functions,
(ii) v = e~ and u is a bounded measurable function,
(iii) v = c- xe™®* + B(x), u = +[(1 - c- x)e"*'* - B(x)],
(iv) o= (e * +AB(x))/(1 =A%), u= (Ae®* + B(x))/(1 - 1?),
V)v=(01-b-x)e“*, u==b-xe”,
(vi) v = e¥ *[cos(c-x) + A sin(c-x)], u = VA2 + 1" * sin(c- x),

where a € R", b,c € C", A € C, and B is a bounded measurable function.

Theorem 4.3. Let u,v € 5’%5 satisfy ||Gs(u, v)|| < M. Then, u and v satisfy one of the following
items:

(i) u = 0 and v is arbitrary,
(ii) u and v are bounded measurable functions,
(i) u=c-x+r(x),v=AMc-x+r(x))+1,
)

(iv) u = A sin(c-x), v = cos(c- x) + A sin(c- x),

for some ¢ € C", A € C and a bounded measurable function r(x).

Theorem 4.4. Let u,v € 5’%; satisfy ||G4(u,v)|| £ M. Then, u and v satisfy one of the following
items:

(i) u and v are bounded measurable functions,

(ii) u = cos(c-x), v =sin(c-x), c € C".

For the proof of the theorems, we employ the n-dimensional heat kernel

Ei(x) = (4ort) ™ * exp ("Z'Q), t>0. (4.3)
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In view of (2.3), it is easy to see that for each t > 0, E; belongs to the Gelfand-Shilov space
S}Z (R™). Thus the convolution (u * E;)(x) := (uy, E;(x - y)) is well defined and is a smooth
solution of the heat equation (0/0; — A)U = 0in {(x,t) : x € R",t > 0} and (u * E;)(x) —
u as t — 0% in the sense of generalized functions for all u € 5’} g

Similarly as in the proof of Theorem 3.1, convolving the tensor product E;(x)Es(y) of

heat kernels and using the semigroup property

(Et * Es) (x) = Epis(x) (4.4)

of the heat kernels, we can convert the inequalities ||G;(u, v)|| < M, j = 1,2,3, 4, to the classical
Hyers-Ulam stability problems, respectively,

|U(x+y,t+s)-U(x,HV(y,s) - V(x,HhU(y,s)| < M,

|[V(x+y,t+s)-V(x,t)V(y,s) +U(x, H)U(y,s)| < M, i
[U(x -y, t+s)-U(x,t)V(y,s) + V(x,hU(y,s)| < M, (+2)

|[V(x -y, t+s)-V(x,t)V(y,s) - U(x, HHU(y,s)| < M,

for the smooth functions U (x,t) = (u * E;)(x), V(x,t) = (v * E;)(x). Proving the Hyers-Ulam
stability problems for the inequalities (4.5) and taking the initial values of U and V ast — 07,
we get the results. For the complete proofs of the result, we refer the reader to [24].

Remark 4.5. The referee of the paper has recommended the author to consider the Hyers-
Ulam stability of the equations, which will be one of the most interesting problems in this
field. However, the author has no idea of solving this question yet. Instead, Baker [25] proved
the Hyers-Ulam stability of the equation

1
> filajx +Bjy) =0. (4.6)
j=1

References

[1] J. Aczél and J. K. Chung, “Integrable solutions of functional equations of a general type,” Studia
Scientiarum Mathematicarum Hungarica, vol. 17, no. 1-4, pp. 51-67, 1982.

[2] J. A. Baker, “On a functional equation of Aczél and Chung,” Aequationes Mathematicae, vol. 46, no. 1-2,
pp. 99-111, 1993.

[3] J. A. Baker, “Distributional methods for functional equations,” Aequationes Mathematicae, vol. 62, no.
1-2, pp. 136-142, 2001.

[4] E. Deeba, E. L. Koh, P. K. Sahoo, and S. Xie, “On a distributional analog of a sum form functional
equation,” Acta Mathematica Hungarica, vol. 78, no. 4, pp. 333-344, 1998.

[5] E. Deeba and S. Xie, “Distributional analog of a functional equation,” Applied Mathematics Letters, vol.
16, no. 5, pp. 669-673, 2003.

[6] E. Deeba, P. K. Sahoo, and S. Xie, “On a class of functional equations in distribution,” Journal of
Mathematical Analysis and Applications, vol. 223, no. 1, pp. 334-346, 1998.

[7] J. Chung, “Stability of approximately quadratic Schwartz distributions,” Nonlinear Analysis: Theory,
Methods & Applications, vol. 67, no. 1, pp. 175-186, 2007.

[8] J. Chung, “A distributional version of functional equations and their stabilities,” Nonlinear Analysis:
Theory, Methods & Applications, vol. 62, no. 6, pp. 1037-1051, 2005.



Jae-Young Chung 11

[9] L. Haormander, The Analysis of Linear Partial Differential Operators I, Springer, Berlin, Germany, 1983.

[10] P.Gavruta, “An answer to a question of John M. Rassias concerning the stability of Cauchy equation,”
in Advances in Equations and Inequalities, Hadronic Mathematics, pp. 67-71, Hadronic Press, Palm
Harbor, Fla, USA, 1999.

[11] S-M. Jung and ]J. M. Rassias, “Stability of general Newton functional equations for logarithmic
spirals,” Advances in Difference Equations, vol. 2008, Article ID 143053, 5 pages, 2008.

[12] H.-M. Kim, J. M. Rassias, and Y.-S. Cho, “Stability problem of Ulam for Euler-Lagrange quadratic
mappings,” Journal of Inequalities and Applications, vol. 2007, Article ID 10725, 15 pages, 2007.

[13] Y.-S. Lee and S.-Y. Chung, “Stability of Euler-Lagrange-Rassias equation in the spaces of generalized
functions,” Applied Mathematics Letters, vol. 21, no. 7, pp. 694-700, 2008.

[14] P. Nakmahachalasint, “On the generalized Ulam-Gavruta-Rassias stability of mixed-type linear and
Euler-Lagrange-Rassias functional equations,” International Journal of Mathematics and Mathematical
Sciences, vol. 2007, Article ID 63239, 10 pages, 2007.

[15] A. Pietrzyk, “Stability of the Euler-Lagrange-Rassias functional equation,” Demonstratio Mathematica,
vol. 39, no. 3, pp. 523-530, 2006.

[16] J. M. Rassias, “On approximation of approximately linear mappings by linear mappings,” Journal of
Functional Analysis, vol. 46, no. 1, pp. 126-130, 1982.

[17] J. M. Rassias, “On approximation of approximately linear mappings by linear mappings,” Journal of
Functional Analysis, vol. 46, no. 1, pp. 126-130, 1982.

[18] J. M. Rassias, “On approximation of approximately linear mappings by linear mappings,” Bulletin des
Sciences Mathématiques. 2e Série, vol. 108, no. 4, pp. 445446, 1984.

[19] J. M. Rassias, “Solution of a problem of Ulam,” Journal of Approximation Theory, vol. 57, no. 3, pp.
268-273, 1989.

[20] J. M. Rassias, “Solution of a stability problem of Ulam,” Discussiones Mathematicae, vol. 12, pp. 95-103,
1992.

[21] J. M. Rassias, “On the stability of the Euler-Lagrange functional equation,” Chinese Journal of
Mathematics, vol. 20, no. 2, pp. 185-190, 1992.

[22] 1. M. Gel’fand and G. E. Shilov, Generalized Functions. Vol. 2. Spaces of Fundamental and Generalized
Functions, Academic Press, New York, NY, USA, 1968.

[23] L. Székelyhidi, “The stability of the sine and cosine functional equations,” Proceedings of the American
Mathematical Society, vol. 110, no. 1, pp. 109-115, 1990.

[24] ]. Chang and ]. Chung, “The stability of the sine and cosine functional equations in Schwartz
distributions,” Bulletin of the Korean Mathematical Society, vol. 46, no. 1, pp. 87-97, 2009.

[25] J. A. Baker, “A general functional equation and its stability,” Proceedings of the American Mathematical
Society, vol. 133, no. 6, pp. 1657-1664, 2005.



