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Intuitionistic fuzzy normed space is defined using concepts of t-norm and t-conorm. The concepts
of fuzzy completeness, fuzzy minimality, fuzzy biorthogonality, fuzzy basicity, and fuzzy space of
coefficients are introduced. Strong completeness of fuzzy space of coefficients with regard to fuzzy
norm and strong basicity of canonical system in this space are proved. Strong basicity criterion in
fuzzy Banach space is presented in terms of coefficient operator.

1. Introduction

The fuzzy theory, dating back to Zadeh [1], has emerged as the most active area of research
in many branches of mathematics and engineering. Fuzzy set theory is a powerful handset
for modeling uncertainty and vagueness in various problems arising in the field of science
and engineering. The concept of fuzzy topology may have very important applications
in quantum particle physics, particularly in connection with both string and &(* theories
introduced and studied by El Naschie [2-4] and further developed in [5]. So, further
development in E-Infinity may lead to a set transitional resolution of quantum entanglement
[6]. A large number of research works are appearing these days which deal with the concept
of fuzzy set numbers, and the fuzzification of many classical theories has also been made. The
concept of Schauder basis in intuitionistic fuzzy normed space and some results related to this
concept have recently been studied in [7-9]. These works introduced the concepts of strongly
and weakly intuitionistic fuzzy (Schauder) basis in intuitionistic fuzzy Banach spaces (IFBS in
short). Some of their properties are revealed. The concepts of strongly and weakly intuitionistic
fuzzy approximation properties (sif-AP and wif-AP in short, resp.) are also introduced in these
works. It is proved that if the intuitionistic fuzzy space has a sif-basis, then it has a sif-AP.



2 Abstract and Applied Analysis

All the results in these works are obtained on condition that IFBS admits equivalent topology
using the family of norms generated by t-norm and t-conorm (we will define them later).

In our work, we define the basic concepts of classical basis theory in intuitionistic fuzzy
normed spaces (IFNS in short). Concepts of weakly and strongly fuzzy spaces of coefficients are
introduced. Strong completeness of these spaces with regard to fuzzy norm and strong basicity
of canonical system in them is proved. Strong basicity criterion in fuzzy Banach space is
presented in terms of coefficient operator.

In Section 2, we recall some notations and concepts. In Section 3, we state our main
results. We first define the fuzzy space of coefficients and then introduce the corresponding fuzzy
norms. We prove that for nondegenerate system the corresponding fuzzy space of coefficients is
strongly fuzzy complete. Moreover, we show that the canonical system forms a strong basis for
this space.

2. Some Preliminary Notations and Concepts

We will use the usual notations: N will denote the set of all positive integers, R will be the set
of all real numbers, C will be the set of complex numbers, and K will denote a field of scalars
(K =R, or K =0C), R: = (0,+0). We state some concepts and facts from IFNS theory to be
used later.

One of the most important problems in fuzzy topology is to obtain an appropriate
concept of intuitionistic fuzzy normed space. This problem has been investigated by Park
[10]. He has introduced and studied a notion of intuitionistic fuzzy metric space. We recall it.

Definition 2.1. A binary operation * : [0, 1] — [0,1] is a continuous t-norm if it satisfies the
following conditions:

(a) * is associative and commutative,
(b) * is continuous,
(c)ax1l=a,VYae][0,1],
(d) axb<c+*dwhenevera<candb<d,Va,b,c,de[0,1].
Example 2.2. Two typical examples of continuous t-norm are a * b = ab and a * b = min{a; b}.

Definition 2.3. A binary operation ¢ : [0, 1]> — [0,1] is a continuous {-conorm if it satisfies
the following conditions:

(a) ¢ is associative and commutative,

(p) ¢ is continuous,

(y) ae0=a,Vae[0,1],

(1) aob<codwhenevera<candb<d,Va,b,cdel01].

Example 2.4. Two typical examples of continuous f-conorm are a ¢ b = min{a + b;1} and
a<ob=max{a;b}.
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Definition 2.5. Let X be a linear space over a field K. Functions y; v : X xR — [0, 1] are called
fuzzy norms on X if they hold the following conditions:

(1) p(x;t) =0,V <0, Vx € X,
2
3

ulxt) =1, vt>0=x=0,
plex;t) = p(x;t/|cl), Ve #0,

(4) pu(x;-) : R — [0,1] is a nondecreasing function of t for Vx € X and lim;_, ,p(x;t) =
1,Vx €X,

)
)
)
)

(5) u(x;s) * u(y;t) <p(x+y;s+t),¥x, ye X, Vs, t € R,
(6) v(x;t) =1,Vt<0,Vx € X,

(7) v(x;t) =0,VE<0=x =0,

(8) v(cx;t) =v(x;t/|c|), Ve #0,

)

(9) v(x;) : R — [0, 1] is a nonincreasing function of f for Vx € X and lim;_, ,v(x;t) =0,
Vx € X,

(10) v(x;8) ov(y;t) 2 v(x+y;s+1),Vx, y € X, Vs, t €R,
(11) p(x;t) +v(x;t) <1,Yx € X, Vt € R.

Then the 5-tuple (X;p;v;*;¢) is said to be an intuitionistic fuzzy normed space (shortly
IENS).

Example 2.6. Let (X;|| - ||) be a normed space. Denote a x b = ab and a ¢ b = min{a + b; 1},
for Va,b € [0,1], and define y and v as follows:

t
—, t>0,
p(x;t) = { t+ x|l

0, t<0,
2.1
; (2.1)
—, t>0,
v(x;t) = { t+ x|
1, t<0.

Then (X; p; v; *;¢) is an IFNS.
The above concepts allow to introduce the following kinds of convergence (or
topology) in IFNS.

Definition 2.7. Let (X; u; v) be a fuzzy normed space, and let {x,},.n C X be some sequence,
then it is said to be strongly intuitionistic fuzzy convergent to x € X (denoted by x, = x,
n — oo or s-lim,_,,,x, = x in short) if and only if for Ve > 0, Ing = no(e) : p(x, —x;t) > 1 -,
v(x, —x;t) <g, Vn>mny, Vt € R.

Definition 2.8. Let (X; u;v) be a fuzzy normed space, and let{x,},.n C X be some sequence,
then it is said to be weakly intuitionistic fuzzy convergent to x € X (denoted by x,, = x, n —
oo, or w-lim, _, X, = x in short) if and only if for Vt € R, Ve > 0, Ing = no(&;t) = p(x, —x;t) >
1-¢,v(x, —x;t) <€, Vn > ny. More details on these concepts can be found in [10-19].



4 Abstract and Applied Analysis

Let (X; p;v) be an IENS, and let M C X be some set. By L[M], we denote the linear
span of M in X. The weakly (strongly) intuitionistic fuzzy convergent closure of L[M]
will be denoted by Ls[M] (L,,[M]). If X is complete with respect to the weakly (strongly)
intuitionistic fuzzy convergence, then we will call it intuitionistic fuzzy weakly (strongly)
Banach space (IFB,,S or X, (IFB;S or X;) in short). Let X be an IFB;S (IFB,,S). We denote
by X} (X},) the linear space of linear and continuous in IFB;S (IFB,,S) functionals over the
same field K.

Now, we define the corresponding concepts of basis theory for IFNS. Let {x,},n € X
be some system.

Definition 2.9. System {x,},cn is called s-complete (w-complete) in X (in X) if
Ls[{xn}neN] =Xs (Lw[{xn}neN] = Xw)

Definition 2.10. System {x;},.n C X:({x5},eny C X;,) is called s-biorthogonal (w-
biorthogonal) to the system {x,},cn if x},(xk) = 6nk, V1, k € N, where 6, is the Kronecker
symbol.

Definition 2.11. System {xp},en C Xs ({Xn}ueny C Xw) is called s-linearly (w-linearly)
independent in X if 377, A,x, = 0in X, (in X,,) implies A, =0, Vn € N.

Definition 2.12. System {x,} ,en € Xs ({Xn}en € Xw) is called s-basis (w-basis) for X (for Xy,)
ifVx e X, I\ ey CK: 20 Xy = xin X, (in Xyp).

We will also need the following concept.

Definition 2.13. System {x,},cn C X is called nondegenerate if x,, #0, Vn € N.

3. Main Results
3.1. Space of Coefficients

Let X be an IFNS, and let {x,},cn C X be some system.
Assume that

K2 = {{)Ln}neN cC: Zlnxn converges in Xw},
n=1
(3.1)
K= {{)Ln}neN cC: Zinxn converges in Xs}.
n=1

It is not difficult to see that XX and X are linear spaces with regard to component-
specific summation and component-specific multiplication by a scalar. Take YA = {1, },cn €
XZ, and assume that

UK <X, t> = irnllfy (i AnXn; t>; 7% <X, t) = supv <i AnXn; t>. (3.2)

n=1 n=1
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Let us show that px and vi satisfy the conditions (1)-(11).
(1) Itis clear that px (X; t)=0,vt<O.

(2) Let yK(X; t) =1,Vt > 0. Hence, p(>; Auxy;t) =1,Vm € N, Vt > 0. Suppose that
the system {x,},cn is nondegenerate. It follows from the above-stated relations
that, for m = 1, we have u(A1xq;t) = 1, Vt > 0. Hence, 11x; = 0 = Ay = 0. Continuing
this way, we get at the end of this process that A, =0, Vn € N, that is, 1=0.

(3) The validity of relation yK(AX; t)=p At/ c]), Vc #0 is beyond any doubt.

(4) As p(x;-) is a nondecreasing function on R it is not difficult to see that pux (;-) has
the same property. Let us show that lim;_, g (A;t) = 1. Take Ve > 0. Let S, =
Sy Anxy and w-limy, , xSy = S € Xy It is clear that 3t) > 0 : u(S;ty) > 1—¢. Then
it follows from the definition of w-lim,, that 3myq(e; to) : p(Sm —S;t) 21 -¢, Ym >
my(e; tp). Property (4) implies

U(Sm;2t0) = (S — S+ S;to + to) > pu(Sm — S; to) * u(S; to). (3.3)
As a result, we get
U(Sm;to) 21—¢, Vm >my(e;ty). (3.4)
As p(x;-) is a nondecreasing function of ¢, it follows from (3.4) that
U(Sm;t) 21 —¢, VYm >mg(ety), Vt > t. (3.5)
We have

pic (L) = inf pu(Spit) = min{y(sl;ﬂ; o (S ) Inf (S ) } (3.6)

where my = mg(¢;ty). As lim;_, o pu(Sk;t) = 1 for Yk € N, we have Jti(e); Vt >
ti(e) : u(Sk;t) > 1—¢,k = 1,mp— 1. Let £2 = max{t(¢),k = 1,mo — 1 }, then it is
clear that

u(Sist)21-¢, V=12 (3.7)
It follows from (3.5) and (3.6) that
i£1f UW(Sm;t) 21—-¢, Vt>t. (3.8)
mz2my
Let t. = max{ty; t}. Hence, we obtain from (3.6) and (3.7) that

yK(X; t> >1-¢, Vi>t,. (3.9)

Thus, limtémﬂK(X; t)=1, VA € KZ.
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(5) Let A, 71 € KC(X = {Ay}yens H= i) o) and s,t € R. We have

‘uK<X+ﬁ;s + t) = i?nf,u (i (M + ) Xp; s + t>
n

=1

= iﬂf,u <i ApXn + i UnXn; S + t>
n=1 n=1

<i XnXn; s> * ”<i fnXn; t>] (3.10)
n=1 n=1
= I:igf,u<i )Lnxn,'5>] * I:igfﬂ<i X t>]

n=1 =)

(6) Asv(x;t) =1,Vt <0, itis clear that vK(X; t)=1,Vt<0, Ve K2

(7) Let the system {x,},cn be nondegenerate. Assume that vK(X; t) =0, Vt >0,
then v(3;; Anxy;t) = 0,Vt >0, Vm € N. For m = 1, we have v(Aixy;t) = 0, Vt >
0= Mx; = 0= A = 0. Continuing this process, we get 1, =0,VYn € N = A = 0.

(8) Clearly, vi (cA;t) = v (\;/|c]), Ve #0.

(9) It follows from the property (9) that v(x;:) is a nonincreasing function on
R. Therefore, vx (X; -) is a nonincreasing function on R. Let us show that
limt_,va(X; t) = 0. Let S; = 2t Anxy and w-limy, .S,y = S € X. Take Ve > 0. It
is clear that 3ty > 0 : v(S;ty) < €. Then it follows from the definition of w-lim,,, that

Img = mo(e; to) : v(Swm — S; to) < g, Vm > my. We have

V(Sm;ito) =v(Sy — S+ S;tg+ty) <v(S,—S;ty) ov(S;ty) <e, Ym>my (3.11)

As v(x;-) is a nonincreasing function, it is clear that

v(S.;t) <e, VYm>my, Vit (3.12)

We have

VK <X; t) =supv (Sy;t) = max{v(Sl;t);...;v(SmO_l;t); sup v(Sm; t)}. (3.13)

m>mg

As lim;_, ,v(Sk;t) = 0 for Vk € N, we have Tty (g); Vt > ti(e) : v(Sk;t) < g k =
1,mo—1. Let 2 = max{tx(e), k =1, mp—1 }. Itis clear that v(Si;t) < ¢, Vt > 2. It
follows from (3.12) that sumemov(Sm; t) < g, Vt > to. Let t, = max{to; t°}, then it is

clear that vK(X; ) <gVix>t, = limtéva(X; t) =0.
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(10) Let X,ﬁ € JC;’(X = (M) pens B = {pnl,en) and s, t € R. We have

% <X+/7;s + t> = supv <§m:()tn + Pn)Xn; S + t>

n=1

< sup [v <zm: AnXn; s> ov <zm: HnXn; t>]
m n=1 n=1 (3.14)
= [supv <i AnXn; s>] o [supv <i HnXn; t>]
m n=1 m n=1

= vK<X; s> ovk (i;t).

(11) Consider the following:

UK (X,' t> + VK (X; t> = i?ﬂf/l <i AnXn; t> + supv<i A t>

n=1 m n=1

< sup [/4 <i AnXn; t> +p (i X t>] (3.15)
" n=1 n=1

<1, VYAeKY VieR

Thus, we have proved the validity of the following.

Theorem 3.1. Let (X; y; v) be a fuzzy normed space, and let {x,},cn C X be a nondegenerate system,
then the space of coefficients (K=; pk; v) is also strongly fuzzy normed space.

The following theorem is proved in absolutely the same way.

Theorem 3.2. Let (X; p; v) be a fuzzy normed space, and let {x, },cn C X be a nondegenerate system,
then the space of coefficients (KZ; px; v) is also weakly fuzzy normed space.

3.2. Completeness of the Space of Coefficients

Subsequently, we assume that (X;u;v) is IFBS. Let us show that (XZ; ux;vk) is a strongly
fuzzy complete normed space. First, we prove the following.

Lemma 3.3. Let x0#0, xo € X, and let {A,},cny C R be some sequence. If s-lim,,_, o, (Ayx0) = 0,
that is, Ve > 0, Ing = ng(€) : p(Anxo;t) > 1 —¢, v(Apxo; t) < g, YVt € Ry, and Yn > ny, then \,, — 0,
n — oo.

Proof. As x¢#0, it is clear that 3ty > 0 : pu(xo;tp) < 1. We have p(A,xo;t) = p(xo; (t)/[An])
for A, #0. Assume that the relation lim, 1, = 0 is not true, then 3{A,, }, . and 36 > 0 :
|[An| > 6, Yk € N. It is clear that limy_, (A, x0;t) = 1 uniformly in ¢. On the other hand,
for tx = |y, | to, we have p(Ay, xo; k) = p(xo;tp) < 1. So we came upon a contradiction which
proves the lemma. O
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Further, we assume that the following condition is also fulfilled.
(12) The functions p(x;-), v(x;-) : R — [0, 1] are continuous for Vx € X.

Take s-fundamental sequence {Xn}neN C Xz, Ay = { )L,(c")} Then limn,mqm/iK(Xn -

Xm; t) = 1 uniformly in ¢ € R, that is,

keN"

lim ir}fy(i <)L,((") —)Ll((m)>xk> =1, (3.16)

k=1

uniformly in t € R. Take Vky € N and fix it. We have

(4= S0 A B 61
k=1 k=1

Then from property (5), we get

(A = A0 x5t 2 y<§<x§f) —A;(m)>xk;§> *,1<k02_1<)t,§"> —A;{m)>xk;£>. (3.18)

k=1 k=1

It follows directly from this relation that limn,mﬁmy(()tl(;:) - )LI(CT))xkO ;1) = 1 uniformly in
t. As xi, #0, Lemma 3.3 implies limn,mﬁml)ug) - )t,((’:)| = 0, that is, the sequence { )t,(;l) }nEN
is fundamental in R. Let /\g) — Ag, as n — oo. Denote L = {\,},cn. Let us show

that limnéwyK(Xn - t) = 1 uniformly in t. Take Ve > 0. It is clear that 3ng, Yn > ny,
Vp € N : ux(An — Auip; t) > 1 - ¢, Vt € R. Consequently,

,
infu (Z (A =0 )i t> >1-¢ VYn>ng VpeN, VieR,. (3.19)
4 k=1
Hence,
T
y< ()L,(c") - .)L,(cn+p)>x1<,‘ t) >1-¢, Vn>ng, Vr,pe N, VtER,. (3.20)
k=1

As shown above, limn,mémﬂ(()u,((") - )L,(cm))xk ;1) = 1 uniformly in t € R,. Now let us take into
account the fact that limmqu(/\g")xk; t) = p(Aexi;t), Vt € R, Indeed, if Ay = 0, then u(0;¢t) =
1, Vt € R,, and clearly, limméwy()l,((m) xi; 1) =1 for Vt € R,. If Ay #£0, then for sufficiently large
values of m we have )t]((m) #0, and as a result,

Il(/\}(( )xk; t) =pul x;—— s #(xk; —> = #()kak,‘ t), Vt e R+. (321)
)‘Iim)i [Ax]




Abstract and Applied Analysis 9

Passage to the limit in the inequality (3.20) as p — oo yields

y(Z (A,ﬁ”) - /\k>xk;t> >1-¢, VYn>mng, VreN, VteR,. (3.22)
k=1
We have

r+p r+p r-1

ﬂ<z<)tgl) —)Lk>xk; t> = /4< (A;(n) _)Lk>xk - <)‘z(<n) _)Lk>xk; t>
k=r k=1 k=1
r+p . ¢ r-1 ” ¢ (323)
(@0 5) o (02 5)

>1-¢, Vn2>nyVr,pe N, Vt€R,.

As 1, € K:, itis clear that Hmé") :Vm > m(()") ,Vp € N:

m+p
,4<Z Af{")xk;t> >1-¢, VteR,. (3.24)
k=m

We have

m+p m+p m+p
y(Z )kak;t> = /4<Z <.)Lk _)L,(C")>xk + Z )LI(Cn)xk; t>
k=m k=m

k=m

m+p . m+p . 3.25
2p (Z(lk —/\,i )>xk} £> * U <Z )»L Jxi; %) (3.25)
k=m k=m

>1-g¢, VmZm(()"), Vpe N, VteR,.

It follows that the series X7, Acxi is strongly fuzzy convergent, that is, 3 s-
limy, - o5 >ipnq MeXk. Consequently, A € K2, and the relation (3.22) implies that lim,, -, oo pix (A —
X,‘ t) = 1 uniformly in, Vt € R,. It can be proved in a similar way that lim,,_, , vk (Xn - X,‘ t)=0

uniformly in Vt € R,. As a result, we obtain that the space (KZ; ux;vk) is strongly fuzzy
complete. Thus, we have proved the following.

Theorem 3.4. Let (X; y; v) be a fuzzy Banach space with condition (12), and let {x,},en C X bea
nondegenerate system, then the space of coefficients (K; px; v ) is a strongly fuzzy complete normed
space.

Consider operator T : X2 — X defined by

X

TA=Y Auxn, A= {An}uen € K5, (3.26)

n=1
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Let s-lim,, oA, = A in K%, where Ay = {A;(") Jen € A5 We have

y(TXn - TX; t) = ﬂ(i <)L,(<") - )Lk>xk, > > mfy <i ()L,((n) - ./\k)xk; t>

k=1 k=1 (3.27)

=p(L-1 ),

It follows directly that s-lim,, . TA, = T4, that is, the operator T is strongly fuzzy continuous.
Let A € Ker T, that is, TA=0= >oq Anxy = 0, where 1= {An}uen € L. Ttis clear that if the
system {x,},cn is s-linearly independent, then A,, = 0, Vn € N, and as a result, Ker T = {0}. In
this case, 3T : ImT — JC;. If, in addition, ImT is s-closed in X, then T~ is also continuous.
Denote by {e,},cny C K% a canonical system in X2, where e, = {6uk}reny € K5
Obviously, Te, = x,, Vn € N. Let us prove that {e,},cy forms an s-basis for AZ. Take

VA= { A} en € K and show that the series 37 A,e, is strongly fuzzy convergent in AZ. In
fact, the existence of s-limy, o >neq AnXy, in X implies that Ve > 0, 3mg € N,

m+p
#<Z AnXn; t> >1-¢, Vm>my, Ype N, VteR,. (3.28)
We have
m+p r
/4K<Z Xnln; t> = inf<Z XX t) >1-¢, Ym>my, Vp€N, VtER,. (3.29)

It follows that the series 377, A,e, is strongly fuzzy convergent in X2. Moreover,

,uK<1—Z)LnEn;t> =pux({.- 50, Nprs .- 5t 1nf‘u< Z Ay )
n=1

n=m+1

(3.30)

>1-¢, Vm>my, Vt€R,.

Consequently, s-limy, o D,eq An€n = A, that is, A = Sine1 Anen. Consider the functionals
ey, (X) = A, Vn € N. Let us show that they are s-continuous. Let s—limnﬂwxn = ), where
A, = {)Ll((") }een € K. As established in the proof of Theorem 3.4, we have )Ll((n) — Ag as
n — oo, that is, eZ(Xn) — e (X) asn — oo for Vk € N. Thus, e} is s-continuous in K= for
Vk € N. On the other hand, it is easy to see that e} (ex) = 6.k, Vi, k € N, that is, {e},} 5 is
s-biorthogonal to {e,},cn- As a result, we obtain that the system {e,}, N forms an s-basis for
KZ. So we get the validity of the following.

Theorem 3.5. Let (X; u; v) be a fuzzy Banach space with condition (12), and let {x,},cn C X be
a nondegenerate system. Then the corresponding space of coefficients (KZ; px; vi) is strongly fuzzy
complete with canonical s-basis {€y},cn-

Suppose that the system {x,},cn is s-linearly independent and ImT is closed, then it is
easily seen that {x,},cn forms an s-basis for ImT, and in case of its s-completeness in X, it
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forms an s-basis for X;. In this case, X% and X are isomorphic, and T is an isomorphism
between them. The opposite of it is also true, that is, if the above-defined operator T is an
isomorphism between X and Xj, then the system {x,},cn forms an s-basis for X;. We will
call T a coefficient operator. Thus, the following theorem holds.

Theorem 3.6. Let (X;u;v) be a fuzzy Banach space with condition (12), let {x,},cny C X be a
nondegenerate system, let (K; px;vi) be a corresponding strongly fuzzy complete normed space,
and let T : K5 — X, be a coefficient operator. System {xy},en forms an s-basis for X if and only if
the operator T is an isomorphism between K. and X;.
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