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By Faa di Bruno’s formula, using the fixed-point theorems of Schauder and Banach, we study

the existence and uniqueness of smooth solutions of an iterative functional differential equation
X' (t) =1/ (coxO(t) + crx(#) + - -+ + cppxl™ (1)),

1. Introduction

There has been a lot of monographs and research articles to discuss the kinds of solutions of
functional differential equations since the publication of Jack Hale’s paper [1]. Several papers
discussed the iterative functional differential equations of the form

X(t) = H<x[0] ), x1(t), ..., xlm (t)), (1.1)

where x0(t) = t, xU(t) = x(t), x*I(t) = x(x*1(t)), k = 2,...,m. More specifically, Eder
[2] considered the functional differential equation

x'(t) = xPl(p) (1.2)

and proved that every solution either vanishes identically or is strictly monotonic.
Furthermore, Fe¢kan [3] and Wang [4] studied the equation

X(t) = £ (xP 1)) (13)
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with different conditions. Stan&k [5] considered the equation
X' (1) = x(t) + x12 (1) (1.4)

and obtained every solution either vanishes identically or is strictly monotonic. Si and his
coauthors [6, 7] studied the following equations:

x'(t) = x"t),

) 1 (1.5)
x(t) = Iy
xX'(t) = ! (1.6)

coxO1(t) + crxlI(t) + - - - + cppx[ml(t)

and established sufficient conditions for the existence of analytic solutions. Especially in [8,
9], the smooth solutions of the following equations:

x(t) = iajx[ﬂ (1) + E(b),

=1

J (1.7)
x'(t) = D a;j(t)xUl(t) + F(t),
j=1

have been studied by the fixed-point theorems of Schauder and Banach.

A smooth function is taken to mean one that has a number of continuous derivatives
and for which the highest continuous derivative is also Lipschitz. Let x € C" if x/,..., x" are
continuous, C" (I, I) is the set in which x € C” and maps a closed interval I into I. As in [9],
we, using the same symbols, denote the norm

n
Il = kZ:O||x<’<>||, el = max{|x ()]}, (18)

then C"(I, R) with || - ||, is a Banach space, and C"(I,I) is a subset of C"(I, R). For given
M;>0(i=1,2,...,n+1),let

Q(M;, ..., Mp1;I) = {x eC"(I,I): |x<i>(t)| <M;i=12,...,mn;
(1.9)
|x(n)(t1) - x(")(t2)| SMunlt—t|, Lt b e I}-

For convenience, we will make use of the notation

xg(t) = x0 (200, xget = (x0®)", (110)
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where i, j, and k are nonnegative integers. Let I be a closed interval in R. By induction, we
may prove that

Xujic(£) = Pirc(x10(t), .., x1,j-1 ()5 - - 5 ko (F), -, Xij-1 (), (1.11)
j terms j terms
Pix = Pix| ¥'@),...,. X @;...;x0@),....xP@) |, (1.12)
j terms j terms j terms
—N— o ~ = - ~
Hi=Pi| 1,...,; My, ..., My;...; My,..., My |, (1.13)

where Pj is a uniquely defined multivariate polynomial with nonnegative coefficients. The
proof can be found in [8].

In order to seek a solution x(t) of (1.6), in C*(I,I) such that ¢ is a fixed point of the
function x(t), that is, x(&) = ¢, it is natural to seek an interval I of the form [¢ — §,¢ + 6] with
6>0.

Let us define

X(§;§0/~- -/gn; 1, My, . -~1Mn+1;1)

. (1.14)
= {x€Q( My, Myt 1) 1 x@) = 80 =&, 27 (@) =&, i=1,2,...,n}.

2. Smooth Solutions of (1.6)

In this section, we will prove the existence theorem of smooth solutions for (1.6). First of all,
we have the inequalities in the following for all x(t), y(t) € X:

[Vt - xt)| <1t -tal, ht €L j=0,1,...,m, 2.1)
"x[j]—x[j]||§j||x—y , j=1,...,m, (2.2)
l|x - y|| <&"||x™ -y, (2.3)
and the proof can be found in [9].
Theorem 2.1. Let I = [¢ - 6,¢ + O], where ¢ and 6 satisfy
1 1
§>2——cm—r 0<0<é- i (24
ool ~ Sl ool — Sl :

where |co| > > |cil, then (1.6) has a solution in

X(éléO/ '/én; 1IM2/" '/Mn+1;I)/ (25)
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provided the following conditions hold:

0
" -1
=¢ <zcl-> : 26)
i=0

—s-1
(=1)° (k Dis! (& S\
P ey silso!- <§§Ci> <i—'>

“Sk-1!
RE

where k =2,...,n, and the sum is over all nonnegative integer solutions of the Diophantine equation
s1+28p+--+(k—=1)sx1=k—-lands=s1+sy+++ k1,

(ii)

2.7)

—-s-1 rf iHi s
S e 6)‘“<|co| Zla> (i)

>itolcil Hi Stoleil Hi-r \ ™
X(T) <W> <My, k=2,...,n,

(2.8)

where s;1+2sy + -+ (k—1)sg.1=k—-1lands=s1+ Sy + -+ + Sk_1,

(iii)

5 (n—1)s!
sqlsp!-- sn_l!l!S12!SZ s (1’1 - 1)!5”’1

m —-s-2 m s1+1 m S
x [(s+1)(§—6)52<|co| _Z|Ci|> (Zlci|Hi1> <Z|Ci|Hi2>
im1 i=0 0
m Sp-1 m -s-1 m s1—1
x <Z|Ci|Hin—1> +S1(§—5)_H<|Co| —Z|Ci|> <Z|C,-|H,-1>
g i1 i=0
m sp+1 m s3 m Sp-1
x <Z|Ci|Hi2> <Z|Ci|Hi3> <Z|Ci|Hin—1> @9)
i=0 i=0 i=0
m —s-1 m 51 m Sp-2
+o sy (E—8) <|c0| - Z|c,-|> <Z|Ci|H"1> e <Z|Ci|Hin2>
i1

i=0 i=0
m Sn-1-1 m
X <Z|Cl’|Hin—1> <Z(;|Ci|Hin>
i=0 p

< Mn+l/

where s1+2sy +--+(n—1)s,.1=n—-lands=s1+ S+ -+ 5,1,
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Proof. Define an operator T from X into C*(I, I) by

t
(Tx)(t) = &+ J' ! (2.10)

ds.
¢ coxl0(s) + c1xlU(s) + - - + cpxlmI(s)

We will prove that for any x € X, Tx € X,

t m -1
I(Tx)(t) - ¢| = L m%‘ < <(§—5)<|Co|—§|6il>> t-¢l <6, (2.11)

where the second inequality is from (2.4) and x(I) C I. Thus, (Tx)(I) C I.
It is easy to see that

1

0 Sha

(2.12)

and by Faa di Bruno’s formula, for k = 2,...,n, we have

(k-1) m . I\ S1
® o 1 (-1 (k- 1)ls! 1 [ (Tt cixll(t))
(Tx) (t) - <erZO Cix[i] (t) > _Z s1lspl- - Sk—ll (Z:ZO c,-x[i] (t))s+1\ 1!

(Sracx®)' ™ ((Sreatie) P\
x T (k_l)!

o (k= 1)ls! 1 Sy cixait () \
_Z s1!sp!- - skq! (Z;ZoCix[i](t))M( 1! )

() ()

(2.13)

where the sum is over all nonnegative integer solutions of the Diophantine equation s +2s; +
oo+ (k=1)sk.1=k-lands=s; +5y+ -+ Sk_1.
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Furthermore, note (Tx)(¢) = ¢, by (2.6) and (2.7),

1 S :
Srhex@) ~ e

®) (-1 (k 1)'5' 1 S cixait(§)\™
(Tx)0 @) =, silsal skl (g3 c l)s+1< 1 )

x (M) (W)skl

o (D -1)ts! 1 Smocipia\”
-3 (=57)

Isp!- - sg! (éZZoci)SH 1!

y (Zﬁo cipin >52 o (Zﬁo Ciik-1 )S“
2! (k-1)!
:gk/ k:2/"~/n/

(Tx)'(¢) =

(2.14)

where sy +2s, +--++ (k—1)sg.1 =k—-1and s =s1 + sy + -+ + sk_1. Thus, (Tx)(k)(g) = ¢y for
k=0,1,...,n,

-1
T3 0] = |ga e | < <<§ 5)<|Co| Z|cl>> <1=M, (@19
i=0 CiX
By (2.8), we have
© (k=1)Is! 1 Soleillcan (O™
|(TX) (t)' < Z s1lsp!l - spq! |Zzocix[<](t)|s+1< 1! )
Slcillxa ()] 2 Solcillxwir-1 ()]
< T ) < e-1)! >
—s-1
(k - 1>s o1 SholclHa \*"  (2.16)
<Z s1lsp!l- - sk-1! (§ %) <|CO| Z|Cl> ( 1! >

8 <Zi—0|Ci|Hi2> (Zi—olci|Hik—1) ok
2 k—1)!
<My, k=2,...,n,

where s1 +2sp +---+ (k—1)sy.1 =k—-land s =51 + 8y + -+ + Sk_1.
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Finally,

|(T2) (1) = (T2) " (1) |

(n-1)!s!
< Z splspl e 5, 1115121520 (= 1)1

m -s-1 m s1 m s2 m Sn-1
X <Zcix[i](t1)> <Zcix*i1(tl)> <Zcix*i2(tl)> <Zcix*in—1(t1)>
i=0 i=0 i=0 i=0
—-s-1 m s1 m Sy m Sp-1
<ZC1 Ut) > <Zcix*i1 (t2)> <Zcix*i2(t2)> <Zcix*in—1(t2)>
i=0 i=0 i=0

(n-1)!s!
s Z s1lsp! sy g 115121520 (= 1) 157
m 51
<Z|Ci||x*il(tl)|>
i=0
m ' —s-1
<ZC1‘X[Z] (t2)>
i=0

" [ (= Cixlli] ()" ) (=i Cixl[i] ()™
X <g|ci||x*in_1<t1>|>s“ .
(gc x*ﬂm))ﬁ - <gcix*i1<tz>>51 <g|ci||x*iz<t1>|>sz
x <§;| »||x*m_1<t1>|>s“+ + <g‘cl~x“l<tz>>_5_1 @mnxm(tmyl
x < c ||x*lz(tz>|>sz~-- <g|ci||x*inz(tz>|>m

Ci x*in_1(t1)> - <Zcix*in—l (t2)> ]
i=0

(n-1)!s!
<2 s1lsal - sp P22 - (= Tyt
m —5-2 m s1+1 m ER
x (S+1)(§—5)52<|Co| —Z|Ci|> <Z|Ci|Hi1> (Zlci|Hi2>
i=1 i=0 i=0
m Sn-1 m -s-1 m s1—1
X <Z|Ci|Hin—1> +Sl(§—5)_s_1<|00| _Z|Ci|> <Z|Ci|Hi1>
i=0 i=1 i=0
m 52+1 m S3 m Sn-1
X <Z|Ci|Hi2> <Z|Ci|Hi3> <Z|Ci|Hin—1>
i=0 i=0 i=0
m -s-1 m 51 m Sp-2
+...+Sn_1(§—6)_s_1<|C0| —Z|Cl‘|> <Z|Ci|Hi1> <Z|Ci|Hin—2>
i=1 i=0 i=0

m Sn_]*l m
X <Z(;|Ci|Hin—1> <Z{;|Ci|Hin>] |t —to,
1= 1=

X

‘Ms (T_L,Ms

[}

i=

(2.17)
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where s; +2sp + -+ (k—1)sk.1 =k —1and s =51 + 5 + - -+ + sk-1. By (2.9), we see that

(Tx)"™(t1) = (Tx)™ (t2) | € My lts - ta]. (2.18)

Now, we can say that T is an operator from X into itself.
Next, we will show that T is continuous. Let x, y € X, then

=Tyl = I =Tyl + [ - (o« S - )|

(s s )
e\ Zitocixli(s) Xy ciyll(s)

1 1
Srocxll(t) X ciylil(t)

+§%?
" i%ain (£ iXxin (£
[(Z?—locl (t))s+1 <ZCx i1 ( )> <§cx 2 )>
) el Yt (
<§Cx . )> (Zz =0 zﬁV t‘))SJr1 (ch ! )>
X<ZCiy*i2(t)> <Zciy*ik—1(t)> ”
=0 i=0
m 2 /o
< 6(§—5)—2<|Col —Zlc,-|> <Z|ci|||x[i] —y[i]”>
i=1 i=0

m 2/ m
+ (§—5)_2<|Co| —Zl]|ci|> <§0]|ci|||xm —y[”||>

n
(k - 1)!s!
" ér?eazx 2 silsal - se T2 - (k — 1)

m —-s-1 m —-s-1 m S1
x [ <Zcix[i](t)> - <Zciy“] (t)> <Z|Ci||x*i1(t)|>
i i0 i0
m Sk-1 m —-s-1
x <Z|Ci||x*ik—l(t)|> + <Zciym(t)>
=0

i=0
x <ic1~x*i1 (t)> - <iciy*i1 (t)>
i=0 i=0

= max
tel

+ max
tel

(k- 1)!s!
Z Sl!Sz! ce Sk_1!1!512152 ce (k - 1)!51"1
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x <Z|Ci||x*i2(t)|> <Z|Ci||x*ik—1(t)|>
i=0 i=0
m -s-1 m B m Sk—2
+ <Zciym(t)> <Z|Ci||y*i1(t)|> <Z|Ci||y*ik—2(t)|>
i=0 i=0 i=0

X <icix*ik—l(t)> = <iciy*ik—1(t)> 7 ]
i=0 i=0

< e 5>-2<|CO| Sl > <|cO| S > - vl

i=1

(k-1)!s!
" Z 2 silsal s P22 - (k= )P

m 52 /o
x [(s +1)@E- 5)_5_2<|Co| - Z|c1-|> <Z|ci|||x[” ~y! ||>
i=1 i=0
m 51 m Sk-1
x <Z|Ci|Hi1> <Z|Ci|Hik1>
=0 =0
m -s-1 m s1—1
+51(§—5)_S_1<|CO| _Z|Ci|> <Z|Ci|Hi1>
i1 =0
m s2+1 m Sk-1 /1
x <Z|ci|Hi2> <Z|Ci|Hik1> <Z|Ci| Kl _y[i]H>
=0 =0 i=0
+tse1(§—0)” <|C0| Z|C1 <Z| |H11>
m Sk-2 m Sk-1—1 m
x <Z|Ci|Hik—2> (Zlci|Hik—1> <ZCiHik>
=0 =0 =0
(Sl -]
i=0

+6"1(E-6)" <|Co| Z|c1> <|co|+ii|ci|>||x<">—y‘")
i=1

(2.19)

where s1 +2sp +--++ (k—1)sy.1 =k—-land s =51 + 8y + -+ + Sk_1.
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Moreover, we can find some constants P, such that

iz (k=1)s!
G < silsyl s 121 (k = 1)1

. [<s P 5)_s_z<|00| - g|ci|>sz <§|ci|||x[” -yt ||>x
+Sl(§—5)_s_l<|col —§|ci|> 7 <§m(; |Hﬂ>511
x<g|ci|Hi2>sz+l...<2|C1|Hlk1) < | _y[i]“> (2.20)
+o s (- 6)” <|c0| Z|cl> <2|ci|Hﬂ>l---

(St -1

< S 6 ) [ - 5],

k=1

where
Pk (é/ 6/ ci/ HI]) = P(é/ 6/ Cl/ e /Cm; Hll/ e /H1k+1; e / Hmlr cry Hmk+1;) (221)

are the positive constants depend on §,6,¢;, and Hyj;, i =1,...,m; j=1,...,k+1. Then

ITx-Ty|, < ¢-6) <|co|—Z|ci|> <|co|+Zzlcz>Ix vl
i=1

+ "Z-lpk (4,06, ci, Hij) “x(k) -y ”
=

+ 6™ = 6)—2 <|c0| - i|cl|> <|c0| + Zl|cl > ”x(" (n
i=1

<Tlx -yl

(2.22)
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Here,
I'= maX{(é- 6)_2<|CO| - ilci|> <|C0| + lecz >; max_ {Pc(¢,6,ci, Hij) };
i=1

6" -6)7 <|CO| - Z|Ci|> <|CO| + Zilci|> }
i=1 i=1

k=1,...,n-1.50 we can say that T is continuous.
It is easy to see that X is closed and convex. We now show that X is a relatively compact
subset of C"(I,I). For any x = x(t) € X,

(2.23)

n n
el < llxll+ X ||| <181+ 6+ 1+ 3 M (2.24)
k=1 k=2

Next, for any t1, ¢, in I, we have
lx(t1) — x(t2)| < [t — to- (2.25)

Hence, X is bounded in C*(I, I) and equicontinuous on I, and by the Arzela-Ascoli theorem,
we know X is relatively compact in C"(I, I), since C"(I, I) is the subset of C"(I, R), and we
can say that X is relatively compact in C*(I, R).

From Schauder’s fixed-point theorem, we conclude that

t
x(t) =&+ f ! (2.26)

¢ coxl0(s) + cixU(s) + -+ cpxlm (s)

for some x = x(t) in X. By differentiating both sides of the above equality, we see that x is the
desired solution of (1.6). This completes the proof. O

Theorem 2.2. Let I = [¢ - 6,¢ + O], where ¢ and 6 satisfy (2.4), then (1.6) has a unique solution in

X(é/ éOI' . '/éﬂ/‘ 1/ MZ/' . -/Mn+1; I)/ (227)

provided the conditions (2.6)—(2.9) hold and T’ < 1 in (2.23).

Proof. SinceI” < 1, we see that T defined by (2.10) is contraction mapping on the close subset X
of C"(I, I). Thus, the fixed point x in the proof of Theorem 2.1 must be unique. This completes
the proof. O

Remark 2.3. By Theorem 2.1 or Theorem 2.2, the existence and uniqueness of smooth solutions
of an iterative functional differential equation of the form (1.6) can be obtained. If n — +oo,
we can also find that the solution is C*-smooth.
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Now, we will show that the conditions in Theorem 2.1 do not self-contradict. Consider
the following equation:

1
t+(1/2)x(t) + (1/4)x(x(t))’

x'(t) = (2.28)

wherecg =1, ¢1=(1/2), ¢z =(1/4),and ¢ > 4. Moreover, we take 0 < 6 < ¢ — 4. Then, (2.4)
is satisfied, and ¢, 6 define the interval I = [¢ — 6,¢ + 6]. Now, take ¢y = ¢,

é1= i;é_l,

16 . _ 1 1
§2 = _@ 2(1 + Eél + Zé%), (229)
2

&= 33—353 <4 +2& + sﬁ) % ) <2 +& + tﬁ),

then (2.6) and (2.7) are satisfied.
Finally, if we take

My=1, M,;=28(¢-6)"2 M;s=2392(-6)"+16(¢-6)">M, (2.30)
as positive, and
My =8232(¢ - 6)* +576(& — 6) > M, + 8(¢ - 5)2 <6M§ + 5M3>, (2.31)

then (2.8) and (2.9) are satisfied.
Thus, we have shown that when ¢, ..., ¢ and My, ..., My are defined as above, then
there will be a solution for (2.28) in X (¢; éo,...,¢3;1,..., My I).
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